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Abstract Let P be a sub set of Banach space E and P is normal and regular cone on E; we generalize and obtain 

some sufficient conditions for the existence of common fixed point of multivalued mappings satisfying 

contractive type conditions in cone metric spaces. Our results unify, generalize and complement the comparable 

results from the current literature. 
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                                                            I.  INTRODUCTION AND PRELIMINARIES 

Fixed point theory plays a basic role in applications of various braches of mathematics, from elementary calculus 

and linear algebra to topology and analysis. Fixed point theory is not restricted to mathematics and this theory 

has many applications in other disciplines. This theory is closely related to game theory, military, economics, 

statistics and medicine. Much work has been done involving fixed points for multivalued contractions and none 

expansive maps using the Hausdorff metric was initiated by Markin [1].Later, an interesting and rich fixed point 

theory for such maps was developed. Nadler Jr. [2] has proved valtivalued version of the Banach contraction 

principle which states that each closed bounded valued contraction map on a complete metric space has a fixed 

point(see also[3],[4],[5],[6],[7]and[8]). 

Quiet recently, Huang and Zhang [9] introduced the concept of cone metric space, replacing the set of positive 

real numbers by an ordered Banach space. He also gave the condition in the setting of cone metric space. These 

authors also studied the strong convergence to a fixed point with contractive constant in metric space and 

introduce the corresponding notion of completeness. Subsequently many authors have generalized the results of 

Huang and Zhang [9] and have studied fixed point theorems for normal and non-normal cone (see [10]). S. Hoon 

.Cho and Mi Sun Kim [11] have proved certain fixed point theorems using Multivalued mapping in the setting of  

contractive constant in metric spaces and also S. Hoon Cho and J.S. Base [12] proved fixed point theorems for 

multivalued mappings in cone metric spaces. R. C. Dimri,  Amit Singh and Sandeep Bhatt[13] also proved  

common fixed point theorems for two multivalued maps in complete metric spaces with normal constant M=1. 

Further, Mujahid Abbas, B.E.Rhoades and Talat Nazir [14] obtained and generalized sufficient conditions for the 

existence of common fixed points of multivalued mapping satisfying contractive conditions in non-normal cone  



                                                                             ISSN: 2319-8753                                          

Copyright to IJIRSET                                                         www.ijirset.com                                                                5830 

 

International Journal of Innovative Research in Science,  

Engineering and Technology 

(An ISO 3297: 2007 Certified Organization) 

Vol. 2, Issue 10, October 2013 

metric space.Wardowski [15] introduced the concept of multivalued contractions in cone metric spaces and, 

using the notion of normal cones, obtained fixed point theorems for such mappings.  

The purpose of this paper is to prove some common fixed point results for multivalued mappings taking normal 

and non-normal in cone metric spaces. Our results extend and unify various comparable results in literature [16], 

[17], and [18]                                       

Definition 1.1 [9]   Let E be a real Branch space and P a subset of E. Then P is called a cone if it is satisfied the 

following conditions, 

(I) P is closed, non-empty and P ≠ {0};  

(II)            for all        and non negative real numbers         
(III           –                
For a given cone   , we define a Partial ordering ≤ on   with respect to            if and only if           we shall write       if             , int P denotes the interior of P. The cone P is called regular if every 

increasing sequence which is bounded above is convergent and every decreasing sequence which is bounded 

below is convergent. 

Definition 1.2 [9]: Let   be a non- empty set. Suppose that the mapping             satisfies, 

(I) 0  (     for all   ,       and  (     = 0 if and only if x = y; 

(II)  (     =  (     for all x , y    ; 

(III)   (     =(     (     for all x, y   X. 

Then d is called a cone metric on X and (X, d) is called a cone metric space. 

 

Example 1.3 [9]: Let      2
,   = {(                 },     and              defined by  (     = (|     |,      ) where   ≥ 0 is a constant. Then (   ) is a cone metric space. 

Example 1.4 Let E=  1
, P = {{  }                     }  (     a metric space and               defined by d(     = { (      }     . Then  (      is a cone metric space. 

 

Definition 1.5[9]:  Let (   ) be a cone metric space. Let {�n} n≥1 be a sequence in X and �    . Then 

  (I)  {    }  ≥1 converges to x whenever for every c  E with 0     there is a natural number N such that  

            (� , x )    for all       

 (II)   { � } ≥1 is said to Cauchy sequence for every c   E with 0   c  there is a natural number N such that   

         (� , ��)  c for       �     
(III) (   ) is called a complete cone metric space, if every Cauchy sequence is convergent in X. 

Let (     be a cone metric space. We denote by   ( ) the family of non-empty closed bounded sub set  . Let  

  (    Hausdorff distance on   (      . for       (    (       max{       (             (    }  
where  (        { (        } is the distance from the point a to the sub set B. An element     is said to 

be a fixed point of a multivalued mapping      , if     (x). 

 

Lemma 1.6[19] A function F: P P is called ≤ increasing, if for each x, y   P, �   if and only if  (    (  . 

Let         be a function such that 

( 1)  (  = 0 if and only if t = 0; 

( 2) F is   -increasing; 

( 3) F is surjective. 
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We denote by �(     the family of   functions satisfying  (   ,(   and  (   . 

Example 1.7 Let  (       for each      Then  �(    . 

Lemma1.8 (I) Let  :     be a mapping subadditive, then F   �(     is sub additive. 

 

(II) Let E be a Banach space. If cn   E and cn⟶0, then for each c   int(P) there exist  N such that  cn  c             . 

                                                      II.   MAIN RESULTS 

Theorem 2.1:  Let (X, d) be a complete cone metric space and let T, S: X⟶ CB(X) be any two multivalued maps 

satisfying for each  ,     X, 

                                  F[ (      ] ≤   [ { (       (      }]     [ { (       (     }] 
                                                             [ { (        (     }]                                                          (2.1.1)          �, y            , with for some       [    ]. And F   �(                F is sub additive 

and        (                (      .Then   and   have a common fixed point. 

 
Proof: For every                    (     and        (        .            

 

Similarly we can have      (                                        Then we have    

          [ (          ]      [ (           )]  
 

            ≤   [ { (         )   (            }]     [ { (            (            }] 
                                             [ { (            )   (          }] 
 

                                        ≤   [ { (         )   (          }]     [ { (             (         }]   [ { (         )   (           }] 
                                        ≤   [ { (         )   (          }]       [ { (             (         }] 
                                           + [ { (            }] 
  

                                        ≤   [ { (         )   (          }]      [ { (             (         }]       [ { (             (          }] 
 

                                       ≤ (         [ (             (          ]    
  

   ⇒  [ (          ]   ≤ቀ        (      ቁ  [ (          ]                                                                             (2.1.2) 

  Where ቀ        (      ቁ  = L  

Hence  [ (          ]  =     [ (      ]                                                                                                 (2.1.3) 

  

For     � , we have that 

    [ (        ]  ≤   [ (             (                   (          ] 
                 ≤   [                             ]  (       

                                           ≤         [ (      ]                                                                                            (2.1.4) 
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Hence        (         = 0 by (2.1). Applying Lemma 1.8 (ii), {   } is Cauchy sequence in (      for   > �. Since (     be a complete cone metric space, there exist ࢛   suchthat       (      ࢛. i.e.    ⟶࢛.Let      (  be given. We can choose a natural number   such that   (          ቀ (     ቁ          > 1.By (    and (   ,  ቀ (     )ቁ    (      for all   >  1.  

Then we have, 

                      [ (     ]   ≤  [ (       )    (       ] 
                                           ≤  [ { (         (        }]+ [ { (           (    }] 
                                            +  [ { (         (      }]+ [ (        ] 
                                           ≤  [ { (         (         }]+ [ { (            (    }] 
                                            +  [ { (         (       }]+ [ (        ] 
 

                                           ≤ [ { (          (     }]+ [ { (            (    }    (        ] 
                       + [ { (        (          (       }]+  (         

     ⇒(      [ (     ]  ≤  [ { (      }]   [ { (       }]+[ {  (       )}] 

                                           ≤ [ { (      }]  [ { (       }]+[  { (       )}] 

 

                 ⇒  [ (     ]   ≤    ( (        (          (                                                                                          (2.1.5) 

                                           ≤           =  , for all   ≥ 1, thus   [ (     ]     for all �     
We get      [ (     ]     and as �⟶  we get

    , and P is closed,   [ (     ]   .Hence  [ (     ]      By (     (        and so ࢛     .Now if ࢜ is another fixed point of T. Then from 3.1 we 

have  [ (    ] =0. Hence  [ (    ]       and  [ (    ]   .By(   ,  (    = 0 and     . Hence ࢛ =     ࢛ =     . Therefore, ࢛ is the fixed point of  . Similarly, it can be established that ࢛ = ࢛ =     ࢛    . Thus ࢛ is the common fixed points T and S. 

 

Corollary: 2.2 Let ( ,    be a complete cone metric space and let   ,   : X⟶    ( ) be any two multivalued 

maps satisfying for each  ,      , 

                      [ (       ] ≤    [ { (       (      }]     [ { (       (     }]              (2.1.6)          

for all �,                 [    ]. And F   �(              F is sub additive and        (                (      .Then T and S have a common fixed points in    
 

Proof: If we take   = 0 in theorem (2.1), then we get the above result. 

 

Corollary: 2.3 Let ( , ) be a complete cone metric space and let  ,  : X⟶ CB( ) be  any two multivalued 

maps satisfying for each  ,      , 

                     [ (      ] ≤    [ { (       (     }]                                                                           (2.1.7) 

 for all �,               [    ]. And     �(                  is sub additive and        (                (      .Then T and S have common fixed points in   . 

 

Proof: If we take   = 0 and    in previous theorem 3.1, then we get the above result. 

Remark 2.4 If we take   = 0 previous theorem 3.1then we get the result of 

                     [ (      ] ≤   [ { (       (     }]   [ { (        (     }]    
 Where      ⟶    ( ) be any two multivalued maps, for all x, y   X,         , with for some     [    ]. And F   �(               F is sub additive and        (                (        
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Theorem 2.5 Let ( , ) be a complete cone metric space and let   ,   :  ⟶   ( ) be any two multivalued maps 

satisfying for each ,                                [ (      ] ≤   �    [ {  (     (      (     }]                                               (2.1.8)               For all �, y         [   ]. And F   �(                  is sub additive and       (                (      .Then   and   have a common fixed point. 

 

Proof: For every                    (    and       (        .            

Then we have 

             [ (          ]      [ (           )]  
 ≤   �  [ { ቀ          ቁ   (           (             }]                                                                             �  [ { ቀ          ቁ   (            (          }] 
                                           ≤  [ { (           }] 
     ⇒    [ (          ]    ≤   [ { (       }]                                                                                    (2.1.9) 

So, for   > �, we have                     [ (        ]  ≤  [ (            (                    (          ] 
                                             [                          ]   (       

                                                   [ (      ]                                                                                              (2.1.10) 

 

Hence            (           by (2.5). Applying lemma 1.8 (ii), {   } is Cauchy sequence in (      for   > �. Since (      be a complete cone metric space, there exist ࢛    such that         = ࢛            Let        be given. Choose a natural number  1such that (     )      ቀ  ቁ for all    1. 

By(      (   ,  [ (      ]      for all   ≥ 1. Then we have                          [ (      ]    [ { (    ,     (       }] 
                                           ≤  �  [ { (       (          (     }] [ (       )]       

                                                                                                                                                                       

≤  �  [ { (       (           (     }]   [ (       )]    
    

                                            ≤  �  [ { (       (       }   { (         (     }] ⇒  [ (      ]   , for all n ≥ N1. Thus  [ (      ]             �     we get 
    [ (     ]  P, and as �⟶  we get      ⟶0.Since P is closed,   [ (     ]     

Hence      [ (      ] = 0. By(   ,  (        So,                Now, if   is another fixed point of  . 

Then from 2.5, we have   (        Hence    (         
Hence   [ (    ]     By(   ,  (       and       Then              
Therefore, ࢛ is the unique fixed point of T.  

Similarly we can establish that,             Thus ࢛ is the common fixed point of   and  . 

Corollary: 2.6. Let (X, d) be a complete cone metric space and let T, S: X⟶ CB(X) be any two multivalued 

maps satisfying for each x, y   X, 

                    F[ (      ] ≤    [ { (    }]…                                                                                      (2. 1.11)             

for all �,              [    ]. And     �(                F is sub additive and        (                (       Then T and S have a common fixed point in X. 
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Proof: The proof of the corollary immediately follow by taking  (     as maximum value in the previous 

theorems 2.5. 

Note: 2.7 we have prove the above theorems in the setting P is a normal cone with the normal constant k 

Theorem 2. 8.  Let ( ,  ) be a complete cone metric space and P be a normal cone with normal constant . 

Suppose        ⟶    ( )be any two multivalued maps satisfying each     [ {     }]    �  [ { (     (      (      (      (     }]………………[12]  or all x ,y   X where     [0,1].And    �[    ] such that   is sub additive and        (    = 0. i.e.       (    = 0.Then T and S have a common fixed point in X. 

Proof: For every                    (   and       (        .           . 

Similarly we can have     (    and                                . 

Then we have 

                [ (         ] ≤  [ (            ] 
                                      ≤   �   [ { (           (          (             (          ) (           }] 
                                      ≤   �   [ { (           (           (           (         (            }] 
                                      ≤   �   [ { (           (           (            }] 
                                      ≤   �   [ { (           (            }] 
      ⇒ [ (          ] ≤  [ { (          }]   
Then we get 

               [ (         )] ≤  [ (      ].                                                                                                    (2.1.13) 

So for n > m, we have                    [ (        ]  ≤  [ (            (                    (          ]  
                                                 [                          ]   (       

                                                   [ (      ]…                                                                                        (2.1.14) 

We get  ‖ (        ‖ ≤           ‖ (      ‖. Hence          (        = 0,by 2.8.    .   [ (        ]⟶ 

0 as     �   .Applying lemma 1.8](ii), {   } is a Cauchy sequence in X. Since(     be a complete cone 

metric space, there exist     such that           . i.e        as      . 

Since                 [ (     ]    [ (           (       ] 
 

                                             ≤  �  [ { (        (          (      (        (       }]      
     [ (        ] 
                                                     �  [ { (       (           (      (        (        }]                                                          
                                            +   [(        ] 
                                           ≤   [ { (     }]                      [‖ (     ‖]  =   K[ ‖ (     ‖]⟶0.Hence ‖ (     ‖= 0, by(   ,‖ (     ‖=0.  

                                  ⇒   =  . So ࢛ is a fixed point of  . Now v is a another fixed point of  , then   

                         [ (    ] ≤  [ (      ]    
                 ≤   �  [ { (     (      (      (      (     }]  
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                                           ≤   �  [ { (     (     (     (     (    }] 
                                           ≤   [ { (    }] ⟶0. Hence  ‖ (    ‖ = 0 by (F1),‖ (    ‖ =0. 

              And       . Therefore,   is the unique fixed point of T in    
Similarly, it can be establish that    u.Hence            . Thus u is common fixed points of   and   in . 

Theorem 2.9 Let ( , ) be a complete cone metric space and P be a normal cone with normal constant .     

Let  ,  : X⟶   ( ) be any two multivalued maps satisfying for each  ,                [ (  ,  ) ] ≤   [ { (      (      (       (     (      (        (      (     }] 
                                          + [ { (       (     }]+ [ { (       (     }] 

                            + [ { (    }]                                                                                                     (2.1.15)             or all � ,      where     [0,1].And    �[    ] such that   is sub additive and        (    = 0. i.e.       (    = 0.Then T and S have a common fixed point in X. 

Proof: For every                    (   and       (        .           . 

Similarly we can have     (    and                                . 

Then we have,                    [ (         ] ≤  [ (            ]  
                                         ≤ [ { (          (              (             (           (            (         }   { (            (             } ] 

                             +  [ { (           (              }] 
                                         + [ { (            (           }] 

                                           +   [ { (          }] 
                                              [ { (           (           (          (           (             (          }   { (             (          } ] 
                +   [ { (            (           }] 
                                           +  [ { (          (            }] 
                                          + [ { (          }]   
                                           ≤    [ { (           (             (            } { (             (          } ]                        
                                           +   [ { (            (           }]+ [ { (            }]  
                                           +   [ { (          }] 
                                           ≤     [ { (          }]  +   [ { (            (           }] 
                                            + [ { (            (           }] 
                                          +  [ { (          }] ⇒               [ (         ] ≤ (        [ (          ]+(      ) [ (          ] ⇒               [ (         ] ≤  [        (      ]  [ (          ] where   =

       (           ⇒            [ (         ]   ≤   [ (          ] ≤   [ (            ]≤………..≤    (�0,�1). 

So for m > n, we have 

   F[ (        ]   [ (           (                   (          ] 
              ≤[                              ] [ (      ] 
 ≤         [ (      ] ,  

we get    ‖ (        ‖    
         [ ‖( (      )‖].Hence         (         =0 by (2.9),      [ (        ⟶0 as   ,�⟶0.Applying lemma 1.8 (ii),{   } is a Cauchy sequence in X. Since (     be a 

complete   cone metric space, there exist       such that           = 0. i.e     ⟶ ࢛( ⟶ ). 
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            Since  [ (     ]   [ { (      (             (           (          (           (     }   { (         ) (            } ] 
                                           + [ { (        (           )}] 
                                           + [ { (          (         }] 
    +   [ { (         }]. 
                                             [ { (      (          (       (          (           (     }   { (         ) (            } ] 
                                           +  [ { (        (        )}]+ [ { (       (         }] 
                                           +   [ { (         }]. 
                                           ≤  [ { (       (          (          } { (         ) (         } ] 
                                           +  [ { (        (        )}]+  [ {  (         }] 
                                           +   [ { (         }] 

                                             ≤   [ { (     }]+  [ { (        (        )}] 
                                           +  [ {  (         }]+   [ { (         }] 
We get, F‖  (     ‖ ≤ K  [k{ ( ‖ (     ‖   ( ‖ (       (         ‖   ( ‖ (          ‖   ( ‖ (         ‖ }]⟶0. 

As n⟶ , we have F‖  (     ‖ = 0 by(  ), ‖  (     ‖ = 0⇒ ࢛ =    is a fixed point of  . 

Now if   is another fixed point of T, then 

                          [ (    ] ≤   [ (      ] 
                                           ≤ [ { (     (      (        (     (       (     }   (       (     ] 
                +  [ { (       (     }]+ [  { (       (      }]+ [ { (    }] 
                ≤   (      [ (    ] . Hence  ‖ (    ‖= 0 by (F1),‖ (    ‖ = 0. 

           Therefore        is a unique fixed point of   in    
Similarly it can be established that      . Hence            . Thus ࢛ is a common fixed point of   and    
Corollary: 4.1 Let ( ,  ) be a complete cone metric space and P be a normal cone with normal constant K. 

Let      ⟶    ( ) be any two multivalued maps satisfying for each  , �      
F[ (        ] ≤ [ { (       (       (        (     (       (         (       (      }] 

                                            + [ { (        (      }] 
                                            + [ { (        (      }]  

+  [ { (    }]                                                                                                    (2.1.17) 
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