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Abstract: In this paper we consider P (0= A= 1) of meromorphic functions geZ such that

(2+grz
(1-Dzgrz

Re ( P )} = @ be the class of 4 — starlike functions of order &« (0 = & <= 1), and analogous to the class $5(g, for

(2l+grz)
geL, we define the class F*[5 A] (@) of meromorphic functions geZ then, obtaining some subordination results on
functions in this class.
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I. INTRODUCTION

Let A be the class of functions f normalized by
f@=z+2 _ az" (1.1)
which are analytic in the open unit disc U = {z €C: Izl < 1} and let S be the subclass of A

consisting of functions which are also univalent in U.

Let ¢(2) be an analytic function with positive real part on U that satisfies ¢(0)=1, ¢'(0) >0 and

which maps the unit disc U onto a region starlike with respect to 1 and symmetric with respect to
the real axis.

Ma and Minda [2] introduced and studied the class 5*( ¢ consists of functions f €S for which

if—;' < ¢(z) (zeU).

Following Ma and Minda [2], Ravichandran et. al [9] defined a more general class 5 (¢) of starlike

functions of complex order consists of functions fES for which
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1+ i(gjii‘;} - 1) < ¢(z) (zeU),

where b # 0 is a complex number.

Let £ be the class of meromorphic functions g normalized by
1 oo
g(z) =<+ 2, _ bz, (1.2)
which are analytic and univalent in the punctured open unit disc U*={z € C:0 < Izl < 1 }=U-{0},

where U = {z€C: IzI< 1 }.

The function g€ £ is said to be meromorphic starlike of order @ (0 = a <1), if g(z) # 0 and
Re (Z2)>a (zeU"),

gi=)
and this class is denoted by M5 *(a) or £*(a). Where first introduced by Pommerenke

[7], denoting it by E(a).

Similarly the function g€ I is said to be meromorphic convex of order a(0 = a < 1),ifg’(z) #0
and

Refl+ %} >a (zeU),

and this class is denoted by MC( @ ). Where also, firt introduced by Pommerenke [7], denoting it
by K( ).

In this paper for functions geE, g(z) # 0 given as in (1.2) we consider ;ﬁ—i‘i:; (0 =4 < 1) such

(1-Tizgriz)

that - Re (-15! Drem

) = a be the class of meromorphic A-starlike functions of order & (0 < & < 1.

Zgr(z)

Taking A=0 it reduce to the class o with

ZgrE)

- Re (,.;.-_m:' =a (0 = a < 1) of meromorphic starlike functions of order «, and then analogous to
the class 5, (@), for g€ E, we define the class F*[b A](¢) of meromorphic functions g € I as follows

Definition 1.1
Let ¢(z) be an analytic function with positive real part on U that satisfies ¢(0) =1, ¢'(0) > 0 and

which maps the unit disc U onto a region starlike with respect to 1 and symmetric with respect to

the real axis. Let F*[b. A](¢) be the class of functions g, g€ Z, g(z) # 0 satisfying
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1 ((1 —Azg'(2)

T\ @il 1)“"‘“‘2)’

where 0 = 4 < 1 and b # 0 is a complex number.

Taking 4 = 0 our class F*[5A]() reduce to the class M (¢) defined by Mohammed and Darus
[6].

Using mainly the method of subordination we obtain some results for the class F*[b 4](g).

Let F and G be analytic functions in the unit disc U. The function F is subordinate to G written F <
G if G is univalent, F(0) = G(0) and F(U) = G(U). In general, given two functions F and G which

are analytic in U, the function F is said to be subordinate to G if there exist a function w analytic in
U with w(0)=0 and (¥zeU), Iw(z)l < 1, such that F(z) = G(w(z)).

The general theory of differential subordinations was introduced by Miller and Mocanu [3] (see
also [4] and [5]).

Our results and their proofs are motivated by similar manners as results of Srivastava and Lashin
[10], Ravichandran et. al [9], Ramachandran [8], Ali and Ravichandran [1] and Mohammed and
Darus [6].

To prove our main results, the following lemmas are needed

Lemma 1.2 [S] Let ¢ be a convex function defined on U, ¢(0) =1. Define F(z) by

F(z) =zexp (f: 2l

dx) .

=4

Let q(z) = 14¢;z +c,z° + ... be analytic in U. Then

52 < (2),

if and only if for all Isl = 1 and Itl = 1, we have

a(tz)  sF(tz)
a(s2)  F(s2)’

Lemma 1.3 [4] Let q(z) be univalent in the unit disc U and ¥ and ¢ be analytic in a domain D

containing q(U) with @ (w) # 0 when w € q(U). Set Q(z)=zq'(z) ¥(q(z)) and h(z) = 7(q(2))+Q(2).

Suppose that either h(z) is convex, or Q(z) is starlike univalent in U. In addition, assume that
zhriz)
2(=)
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7 (p(2))+zp'(z) @ (p(2)) < ¥ (q(2)) + 2q'(2) @(q(2)),

then p(z) < q(z) and q(z) is the best domenant.

II. SUBORDINATION RESULTS
First we prove the following result for functions in the class F*[b 4](g]) .
Theorem 2.1
A function g€ F*[b A](p) for g(z) #0 if and only if
(2521 = exp (7120 g¢),
where w(z) is analytic in U satisfying w(0)=0 and Iw(z)| = 1.
Proof:
First let g € F"[b, A](¢), applying Definition 1.1. We get

(': 1-Azg' (=)

1
1=3 Ag(=)+glz)

b

+1) < ¢(2), 2.2)

therefore, there is a function w(z) analytic in U with w(0) = 0 and Iw(z)l = 1 such that

1 f(1-A=g"(2) _
1= b (.lgiz}+giz} t 1) - qb[W[zj )’ @3
or
1/1-A4"(=) | 1y _ 1-g(w(=))
rf Cor i) R @4
Integrating both sides of (2.4) from 0O to z gives
1{1-4 z 1—¢(w (7))
2 (Sring(2) + Inz) = ] e (2.5)
SO
-1
el = 1—gb (wi({)
Tn[z(g@)="] = [ A, (2.6)
Hence the result
-1 4
=iy = 1-¢ (w ({)
[2(e(2))=7F = exp (J; 5752 dg) @7

Conversely, suppose that
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-4 3 ol
[2(2(2)=12 = exp (7 =272 dg) 2.8)

Now differentiating (2.8) with respect to z we obtain

! [2(g(2))1 "

(0(2)~ + 2z(g(z))= g’ (zjl -

1+4
= 1= lw () 1—¢(wizl)
exp ("rl} 4 d{) =

(2.9)
begin{split}
from (2.8) and (2.9) we obtain

1/1-44" (=) 1y 1—¢5-I:1.-'.":H:':|
b {m gl=) ;) - = : (2.10)
Hence

1 ':1—,-1}35" ':z}
1-3 (Ag—.:z:.w.;z} + 1) < ¢(2). 2.11)
Therefore
g € F[b.A](e) . (2.12)

This completes the proof of Theorem 2.1.
Taking A=0 in Theorem 2.1 gives Theorem 2.1 in [6], then we have the following corollary.

Corollary 2.2
A function g € F"[b, 4] (g) for g(z) # 0 if and only if

(20(2))s = exp ([7 22D g ) (2.13)

where w(z) is analytic in U satisfying w(0)=0 and Iw(z)l = 1.
Using Lemma 1.2 we obtain the following necessary and sufficient conditions for functions to
belong to F[b A](g).

Theorem 2.3
Let ¢(z) and F(z) be as in Lemma 1.2. The function g € F'[b 4](#} if and only if for all

Isl = 1 and Itl =1,

1—-1

[s(g(sz}}f ; S.FFE'.E:I ( 214)
H(g(w)) A Fls=)
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Proof:

Let g € F7[b, A](g)
Define the function p(z) #0 by

2 a(g@)T 2.15)

plz)

Differentiating (2.15) with respect to z we get

-4 g A
M=) _ 1 IS " "
o = 5 He@)FTE ()= it (g ()= g (2) (2.16)
Dividing (2.16) by (2.15) gives
zpi(z) _1 il Azg' (=)
T op(=) b, -“’ [g( j) [1+.1 gi=) + 1]’ (2.17)
(g(=))t+2
or
=p) _ . 1 _ﬂzg" (=) T
1+_'pl:z} =1 o Py + 1_, (2.18)
then by Definition 1.1
=pr(z) _ . 1[1-A=g'i(=) 1
tom 1 ) Progere + 1_ < ¢(z). (2.19)
And applying Lemma 1.2, we get that
zpr(z) _ . 1 ﬂz_g"l:z}
+ piz) =1 b |:1+.j|. gl=) + 1] = qb[z:]’ (220)
if and only if for all Is|= 1 and Itl = 1,
'_—.1
pit=) [sl_gls-z}jl _; ] sFltz} (221)

pila=) tFi(==)

t{g(em))+2
This completes the proof of Theorem 2.3
If we take A= 0 in Theorem 2.3 then we have the following corollary due to [6].

Corollary 2,4
Let ¢(z) and F(z) be as in Lemma 1.2. The function g € F*[5.4](¢) if and only if for all Is| < 1

and Itl =1,
Copyright to IJIRSET www.ijirset.com 4485
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( =gi=ez) ji sF(t=z)
tgltz) tFiez)
Theorem 2.5

Let q(z) be univalent and q(z) # 0 in U and such that zqq =

Re[14 2/&) _ za'(z) q“ﬁ>0(mt}y¢0)

alz) alz)
If g(z)€E £ for g(z) # 0 and

{1-A)=zgr(=)
Ag(z)+e(=)

Then

zg11(z)
I+

{{1-A)=gt(=)
A glz)+g(z)

< q(2)-
Proof:

Define the function p(z) by

p(z) = EE2ZEE ey,

A glz)+e(=)

ZE“Z}
glz ) aiz)
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(2.22)

;"Z} 18 starlike univalent in U, and

(2.23)

zq!(z)

qz) -¥ (2.24)

(2.25)

(2.26)

differentiating (2.26) with respect to z, we obtain

1-4 glz}[z_g iz)+g' 'E}]—ng =n®

Pr@=1;

and

EPIE) _

Iglg}}z ’

zg(=)[=g"" (2)+g (2)]-=2(gr (=))°

(2.27)

gi=)

piz) (g(=))®
_zgr(z)
T ogr(=

=gti=)
gi=)

SO

zptz) _ 1-4 =gt(=)

zgt(2)

(2.28)

=g (=) zg' (=)

P@Y o = 11 e

_ (1-Dzg1(n)

gz g(z) ¥

=) zg' (=)

T Agl=d+g(a)
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By setting
B(w)=w
and
pw)=-T,
it can be easily observed that 8(w) is analytic in the complex plane C.,¢ (w) is analytic in the

complex plane C\{0} and that
¢ (w)#=0 (weC\{0}).

Also, by letting
Q) = 24(0% (@) = v 22,
and

h(z)= B(d@)+ Q) = 4@y 2.
Thus

zQriz) = Z{_ g(=)[zq "' (2)+q'(2)]-=(g'(=))* { —aq(z)

Q=) (gl=))® =g i)
= H—WfEH}H— Sqicﬂ, (2.30)
griz) g (=)
and
’zqfl:zj n ! !
@ _ al@lze" (@) +a (-2t ()" a(2)
= (g(=))* ar(z)
= z—qfi':3}+1- zqfcz} . (2.31)
gri=) g (=)
. =q'(=) . . . )
Since (2 is starlike and univalent in U so
zq' (2
ik gl=l ! _ =qiii=) =qt(=z)
Re{—zrz—} = Re{ ——+1-——} >0. (2.32)

i @(z) | 4l

Then, Q(z) is starlike and univalent in U.

Now
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- "y [ [ z
=h'(2) . gl=l[zg (=)+g Lz}]—z[q Lz}} —glz)
- = z19 (@ -y —= { 0 }
Q=) I__r;l‘z:l:l yzg'iz)

=zq11(=) zq'(z)  q(=)
= E 22 T8 .
griz) ql__z::l ¥ (2 33)

And from (2.23) we know that

zqr(z)  =zq'(z)  g(=)
Re[1+ o) 0 F]>0

therefore, by an application of lemma 1.3 we get that

{(1-X)=gti=)
p(z)= ng'iz} < g(z), (2.34)

and q(z) is the best dominant.
This completes the proof of Theorem 2.5.

If we take 4=0, then we have the following corollary.

Corollary 2.6
Let q(z) be univalent and q(z)#0 in U and such that %i;} is starlike univalent in U,
and
zqn(z) _ zq'(z) _ q(=)
Re[l+——————""]>0 (ze U,y #0). (2.35)

q(=) ql=) ¥

If g(z)e Z for g(z) # 0 and

zg'(2) g () s (2 24 (5)

—_ —_ = _
22y (1+ 22 -2 ) < a@ v L2 (2.36)
then
2 2 g(2) (2.37)
902

and q(z) is the best dominant.
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