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Abstract: The present paper prescribes upper bounds for oscillatory motions of neutral or growing amplitude in
magnetorotatory thermohaline configurations of Veronis (Veronis, G., J. Mar. Res., 23(1965)1) and Stern types (Stern,
M.E., Tellus 12(1960)172) in porous medium(Darcy-Brinkman model) in such a way that also result in sufficient
conditions of stability for an initially bottom-heavy as well as initially top-heavy configuration.
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I.LINTRODUCTION

The convective phenomenon which is driven by the differential diffusion of two properties such as heat and salt is
known as thermohaline convection or, more generally, double diffusive convection. The onset of motion in
thermohaline convection is fundamentally different from Rayleigh — Benard convection and is of direct relevance to the
fields of astrophysics, oceanography, limnology and chemical engineering etc. For a broad view of the subject one may
be referred to Turner [1] and Brandt and Fernando [2]. Two fundamental configurations have been studied in the
context of thermohaline convection problem, one by Veronis [3], wherein the temperature gradient is destabilizing and
the concentration gradient is stabilizing and another by Stern [4] wherein the temperature gradient is stabilizing and the
concentration gradient is destabilizing. The main results derived by Veronis and Stern for their respective problems are
that instability might occur in the configuration through a stationary pattern of motions or oscillatory motions provided
the destabilizing temperature gradient or the concentration gradient is sufficiently large but compatible with the
conditions that the total density field is gravitationally stable. Thus thermohaline configurations of the Veronis and the
Stern type can be classified into the following two classes:

1. The first class, in which thermohaline instability manifests itself when the total density field is initially bottom
heavy, and

2. The second class, in which thermohaline instability manifests itself when the total density field is initially top heavy.

Banerjee et al. [5] derived a characterization theorem for thermohaline convection of the Veronis type that disallow the
existence of oscillatory motions of neutral or growing amplitude in an initially bottom heavy configuration for the
certain parameter regime.

The problem of thermohaline instability in porous media has attracted considerable interest during the past few decades
because of its wide range of applications including the ground water contamination, disposal of waste material, food
processing, prediction of ground water movement in aquifers, the energy extraction process from the geothermal
reservoirs, assessing the effectiveness of fibrous insulations etc.([6],[7]). The thermohaline instability problem in porous
media has been extensively investigated and the growing volume of work devoted to this area is well documented by
Nield and Bezan[6] and Vafai [8].Prakash and Vinod[9] have proved the nonexistence of nonoscillatory motions in
thermohaline convection of Stern type in porous medium. In the early researches most of the researchers have studied
double diffusive convection in porous medium by considering the Darcy flow model which is relevant to densely
packed, low permeability porous medium. However, experiments conducted with several combinations of solids and
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fluids covering wide ranges of governing parameters indicate that most of the experimental data do not agree with the
theoretical predictions based on the Darcy flow model. Hence, non-Darcy effects on double diffusive convection in
porous media have received a great deal of attention in recent years. Poulikakos [10] has used the Brinkman extended
Darcy flow model for the problem to investigate the linear stability analysis. Recently, Givler and Altobelli [11] have
demonstrated that for high permeability porous media the effective viscosity is about ten times the fluid viscosity.
Therefore, the effect of viscosities on the stability analysis is of practical interest. Thus in the present paper the
Brinkman extended Darcy model has been used to investigate the thermohaline convection in porous medium.

The work of Banerjee et al.[5] have been extended to magnetorotatory thermohaline instability problem in a porous
medium by Prakash et al. [12] in the form of characterization theorems for magnetorotatory thermohaline convection of
Veronis type and Stern type that disapprove the existence of oscillatory motions of growing amplitude in initially
bottom-heavy configurations of the two types respectively and left open the possibility for the derivation of the
analogous theorems for an initially top-heavy configuration of the Veronis type and an initially top-heavy configuration
of the Stern type.

Moreover, when compliment of the sufficient conditions contained in the characterization theorems of Prakash et al.
[12] holds good, oscillatory motions of growing amplitude can exist, and thus it is important to derive bounds for the
complex growth rate of such motions when both the boundaries are not dynamically free, so that exact solutions in the
closed form are not obtained. Thus present communication, which prescribes upper bounds for the oscillatory motions
of neutral or growing amplitude in magnetorotatory thermohaline configurations of Veronis and Stern types in porous
medium in such a manner that also results in sufficient conditions for stability for an initially top heavy or initially
bottom configuration, may be regarded as a further step in this scheme of extended investigations.

Il. MATHEMATICAL FORMULATION AND ANALYSIS

An infinite horizontal porous layer filled with a viscous fluid is statically confined between two horizontal boundaries z
=0 and z = d maintained at constant temperatures T, and T, and solute concentrations S and S; at the lower and upper
boundaries respectively, where T, < To and S; < Sp(as shown in Fig.1) in the presence of uniform vertical magnetic
field. The layer is rotating about its vertical axis with constant angular velocity . It is further assumed that the
saturating fluid and the porous layer are incompressible and that the porous medium is a constant porosity medium.
Darcy-Brinkman model has been used to investigate the present problem. Let the origin be taken on the lower boundary
z=0 with z-axis perpendicular to it.
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Fig.1 Physical Configuration
The governing hydrodynamic equations in the non dimensional form are given by [12]:

AD? - 29w — (£4 D7) (D? - a*Jw = Ra*8 — Rya®¢ — QD(D? — a®)h; + 2 DT Q)
(D*—a? —EgR)8 = —w, )
(D:— o —i) = —;iw, 3
(D% - a* — op,)h; = —Dw, )
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A(D? - 2*)7 - (24 D;%)7 = —QDE - X Dw, ®)
(D*—a? —op)E = - 200, (6)
with boundary conditions
w=0=¢d=Dw=h,=f=DE=0atz=0andatz=1 ©)
(both boundary are rigid and perfectly conducting)
Theorem 1:- If (g.w.8.4.h).(c = 5, +ig;).o, = 0.5; =0 is a non-trivial solution of equations (1)-(6), with
boundary condition (7) and # = 0. R, = 0.T; = Oand @ = 0, then
AR,
EP [am?(A+8+D51]

_ im,
where {1 = I:i—T:*IZJ’l+o“§l+4r:=D;1:I

mo| e

VIF—T,

le| =

L ifs= min{—ﬂr,ﬂ,i:] and A =

T
EEI’-—

AP

Proof: Multiply equation (1) by w’ throughout, integrating the resulting equation over vertical range of z and utilizing
equations (2)-(6), we get

:EJFDI'W'{D: —a*Pwdz — {§+ DE'L) Jﬁnlw"{D: —a’lwdz +

Ra® fnlﬁ‘{D: —a* —ERBg*)8" dz —R_gu.:rjﬂnl ¢-{D: —a® - Er;fﬁ') p°dz+ €Q fnl{D: —a' —g'p. b (D? -

bz + Ty (T +D7%) )T dz — T,Qefy 5 (D? - a* —opy )iz — Ty fy (D — #)0%dz = . (8)
Integrate various term of equation (8) an appropriate number of times and using the boundary condition (7), we get
ALy UD*wP + 2a%1Dwl? + a*lwl®) dz + (£+ D7*) [{(IDwl? + a*lwl?) dz — Ra® [ (ID8I* + a*l6] 2 Jdz -
Ra*Ec*E 1812 + Rya®z [, (IDgl? + a2 |l Ddz + R,a?E'c B [ Il dz +

eQ [y 1(D? — ah, *dz + €Qo”p, J, (DR, |2 + a?|h, [)dz+ T, Qe (IDE + a2 |&l% + op, [2?) dz + T.a [, (IDZ? +
g dz+ T, (S +07*) [l @z = o. ©
Equating real and imaginary parts of (9) equal to zero and cancelling o; (= 0J throughout from imaginary part, we have
AS;UD*wE + 2a%IDwl? + a*lwl®) dz + (= + Dg* ) [ (IDwI® + a*lwl®) dz — Ra® [ (IDBI? + a?l6]? Jdz —
Ra*ER.a, [, 181%dz + R,a®t f, (ID¢? + 22191 dz + R,a*E'Ea, [, 1¢1% dz + £Q [, 1(D? — 22Dk, 2dz +

€Qp; o, J, (IDh,[? + a? [, 1)dz + T,Qe [, (IDE|? + a*[5]?) dz+T,Qeo,p, J; 517z + T,AL, (IDZI? + 22[71%) dz +

1, _.a
T, (Z+0:1) g2 dz = 0, .
andL ) L
2 [;UDwl? £ a*lwl*) dz + Ra*ER, [} 1812 dz — R.a*E'R, [ 1¢)? dz —
X z 2 Lz Ta rlyaz
€Qp; Jy (Db, I* + a®|b; ") dz+ T, Qep, f; [el*dz — 2 [ 12l dz = 0. (11)

Multiplying equation (11) by & and adding resulting equation to equation (10), we get

ﬂf;(lﬂzwlz + 2a%1Dwl? + a*lwl*) dz + (? + DEL) fD1{|DW'|: +a?lwl?) dz -

Ra? [[(ID6I? + a2161? Ydz+R.a?t [, (IDo|? + a*lo|?)dz +

eQ f,1(D? — ah, Pdz+T,Qe [, (IDE1? + 221812 dz+2T,Qeo,p, [, 1¢12dz + T.A S, (IDZ? + a217)%) dz +

.07 [, 1712 dz = 0. (12)
Also, since w, &, ¢ { and h; vanish at z = 0 and z = 1, the Rayleigh-Ritz inequality [13] gives

fDL|D11f|:dz = _Iﬂni|w|2 dz, (13)
[ID8|?dz = =2 [1812 dz, (14)
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Iy IDl2dz =n? [, 1pl? dz, (15)
1Dk, [2dz = =2 f] 0, |? dz, (16)
[ID7)%dz = =2 [17)? dz. 17

Furthermore, utilizing the Schwartz inequality, we have
1 1
'wl2dz )? fllﬂzwlzdz A= —_rlw'Dzwdz = _|F1|D'.-.r|2dz = ﬁzfllt-.rlzdz,
-IFD o o o o
Consequently,

5 ID2wl2dz = n* [ lwl?de, (18)
and thus
_|"[,.L||:[ZI2 —atlwldz = _I"[:,llillllzfnfl2 + 2a% | Dwl? + a* lwl? )dz

= (n? +a)? [ lwl2dz (19)
Further,

_rnllwlzdz = _II'[:,1 ww'dz
=['(D?- a2 —EcP)8(D? - a® — Ec"B)6" dz

= [, (D% — a%)6|%dz + 2E R, [, (ID6I? + 2%181 )z + E2IolR [ 6] dz. (20)
Since g, = 0, it follows from inequality (20) that
flwl?dz = [7100% - 22)61%dz + E2lo1*R.2 [[161% dz 21)
and
Jylwl?dz = f;1(D? - a*)6|%dz. 22)

Also, emulating the derivation of inequality (18), we have
1102 — a)6|%dz = f, (ID282 + 2a%|D8|? + a*l8]? Jdz

= (n? +a)? [} l6l%de. (23)
Combining inequality (21) and (23), we obtain
1 1
Jylwl?dz = ((x? + a*)* + E2l6lPR.?) [ l6]° de. (24)

Further,
1
_rnlhﬁ.'lzdz = U;lwlzdz)z (fnllitflzdz)

1
= {{ﬁz + a2 +EEIHIEH_E}2 (_Irnllelz dz)

L
Fl

i
2

(.I:,llli[l2 - azlﬂldeJE {Using inequalities (22) and (24)}

i
2 Igp 245
= (7? +a?) {1 + fﬂlif:z}z |—J",:,1E|‘I{D2 - az:]Eidzl (Using Schwartz inequality)
1
_ EZ |E|=.F'-rz E 1
= (n* + o) {1 + 2221 [(Dal? + 21(8) ) dz (25)

Further, since h, (0) =0 = h, (1), we have
[ IDh,l?dz = — [} hiD%h,dz

|- f; h:D%h, de |
Job:Dh, ldz

< J;1h][Dh, ldz

< [y hy |[D?h, ldz

1A

I
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11 g1
< [fnilhzlz dz] [fDLID*hZI* dz] (Using Schwartz inequality)

Si [fnl|th|: dZ]lh [fnl|D:h2|: dz]h‘, {using inequality (16)}
so that we have
f,ID%h,1? dz = n? [) IDh,|%dz
and thus we can write
Qel, 1(D? — a)h, 1* dz = Qeln? + 22) [ (IDh, 1% + 22 |h, 1 ) dz @7)
Using inequalities (13),(15),(17),(18),(25) and (27) in equation (12)and utilizing the fact g, = 0,T;@ = 0 we have
{AGr? + a?) 4 D2 + 220}, lwl?dz + +R.a*z(n? + a?) [ lol?dz + eQ(r? +2%) [, (IDh, |2 + 2% Ih, 12 ) dz +

, (26)

1
TAGE +59) + D7) 1217 dz < 25 {1 4+ 2 2 [Pz, (28)
Equation (11) upon usmg mequallty (13) and the fact T,@ = 0 |mpI|es

Rya? [ lol? dz E" - 'J’I EQ“"J’ (IDh, ? + &*lh, P)dz - = T2 (Y712 dz, (29)
T, fnllfglzdz} (n?+a® ]J’,_, lwl®dz — R.a’E'Ee J’D|¢.| dz — £2Qp, fD{IDhZI + a2 |h, |*)dz, (30)
and

Q J; (IDhy 2 + 221y [z > ) el a2 — BEE2 g2 0 - 2 (712 (31)

Inequality (28) coupled with each of inequality (29), (30) and (31) respectlvely yield the following inequalities
(@ + a7 {a+E)+{n +a)D7 } fyhwl*dz + Qi + 23 {1 = 2} (IDB, [ + &%, 1* ) dz +

T]Jf l712dz < - "E:“,{l +E:|§|:F*f}_5fl|w|:dz, (32)

(w2 +al)?
(m2+a?lr

T [(? + ea + D) -

2{A(n? + a®)? + (n? +a:|D L}f lwl?dz + R,a*E'Be [ — — {A(x? +a]+ﬂ 1}]f lol? dz + eQ[(n® +

a?) — ep, {A(m? + a?) + DTN fnli IDh, 12 + a2l 12 ) dz < 1" :zj {1 + F‘Ifl*a,;} z anllu-|:dz, (33)

(w2+a?)

and
{{:'r: +a’)? {:‘a + ) +(m* +a%)D7 }fDL|W'|:dz+Hsu-:{Tr: +a?) {T—%} fnl|q}|: dz+%[fp: {m*+a’ 0+

D1} — (n? + a? ]]J’ 72z <- ,E:,\l{l+F:|§|:E:}_EII|W'|:dz. (34)

[m?+a?12
Now if & = min { = A —j then depending on the value of & exactly one of the inequalities (32)-(34) will imply
that

_:
(% + P + 8+ (F +220D7) [lwl?dz < 2o {1 4+ Z220h = [y (35)
Since the minimum value of 1—15 4® (for a® = 7°) and the minimum value ofﬁ =
).therefore it follows from inequality (35) that
(Ertas aﬂﬁn-l}{u%} <R =R, (36)

Inequality (36) implies that

+at) ——— 37)

la |‘:—[z 0z -1,
Fr
AR

(A+Bl+4ming 1l ’

where ﬁ_l' T

Further it follows from inequality (35) that
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{Tr:+a:]{'1+“{ﬁ+ 5) +D;'} < R =R, (39)

. . i
Since the minimum value of &

ARy
[ am? (A+ &) +D5 1]

is 4 (for a® = n°) therefore it follows from inequality (38) that

(mf+a?) = (39)

Combining inequalities (37) and (39), we get

AR, -
—— /¥ -1
EF [am?(A+8+D51) v '

which completes the proof of the theorem.

Theorem 1, from the physical point of view of hydrodynamic stability theory, may be stated as: the complex growth
rate o =o, + io; of an arbitrary oscillatory perturbation (z; = 0) of neutral or growing amplitude (g, = 0} in
magnetorotatory thermohaline convection in porous medium of Veronis’ type lies inside a semicircle in the right half of

; - L i —_—
the o, o;-plane whose center is at the origin and whose radius is ——————+/0% — 1.
EP (am?(A+8)+D51]

This result is uniformly valid for an initially top heavy (1 = 1) as well as an initially bottom heavy (i =< 1)

configuration.

Corollary 1: If (.w. 8, ¢.h,).0 = g, + ig;.a; = 0 is a non trivial solution of equations (1) - (6), together with the
re(n+ S+amwinst

boundary condition (7) and R>0,R; = 0. = 0, Ty = 0,and 1< *——————then o, < 0.

He

lal =

Proof: Follows from Theorem 1

Corollary 1 implies that oscillatory motions of growing amplitude are not allowed in magnetorotatory thermohaline

convection in porous medium of Veronis’ type if the initial stability parameter 4 does not exceed the value

L t{ns & +axipst

4 Further this result is uniformly valid for an initially top heavy (4 = 1} as well as an initially bottom
fg

heavy (1 = 1] configuration.

Remarks: The following remarks, now deserve attention

1. If0<R=<R, = %w”’(x‘a + 8)+4r*D7 and o; =0 even then Corollary 1 implies that @, < 0 . This result is
the characterization theorem of Prakash et al. [12], which we see is built into our characterization Corollary 1.
2. If 0 <R ?w”’(x‘a + §)+4m*D7t <R, and g; = 0, even then Corollary 1 implies that o, < 0. a new result

that obviously cannot be averred from characterization theorem of Prakash et al. [12].
Theorem 2: If (c.w. 6. ¢, hy). o = o, + io.. 0. = 0.0; = 0 is a non-trivial solution of equations (1)-(6), together with
the boundary condition (7) and f = 0.R, == 0, then

1zl =
al = = - - -4 02 —1
ol EF~,[4:*I:.1+'B_I+D=‘1_I""
— XIRl 5 . - _ IRl
where 11 = —m — , 0 = min A= and 1 =—7F
‘.'[T.T"' A+ E_:+4.':*D;1} {EE' ‘ﬂﬂ:] Izl

Proof: Replace R with — IRl and R; with — IR; | in equation (1) and adopting a similar procedure used in proving
Theorem 1, we obtain the desired result.
Corollary 2: If (o.w.8,¢.h,).0 = o, + iz, 5; = 0 is a non trivial solution of equations (1) -(6), together with the

[ ~* A+ B |+4""D:11

|&]

boundary condition (7) and R<0,H; = 0 and i< then

g, < 0,

Proof: Follows from theorem 2

Corollary 2 implies that oscillatory motions of growing amplitude are not allowed in magnetorotatory thermohaline
convection in porous medium of Stern type if the initial stability parameter A does not exceed the value

{_"A A+ D|+4""D:1.!

. Further this result is uniformly valid for an initially top heavy (1 = 1) as well as an initially

&l

bottom heavy (4 = 1J configuration. We also have
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3. If 0<IR,|=IRl = 1{§w4 A+ 3)+ ﬂhr:D;l} and o; #0 then o, < 0, a more general result than that
following from theorem 2 of Prakash et al. [12] for the present problem.
4, Ifo=IRl=< {7”4 A+ 3)+ wzﬂgl} = |R| and g; # 0, then o, < 0, a new result that obviously cannot be

averred from characterization theorem 2 of Prakash et al. [12].

REFERENCES

[1] Turner,J. S., “Double diffusive phenomena”, Ann. Rev. Fluid mech.,Vol. 6, pp.37-54, 1974.

[2] Brandt, A, and Fernando, H. J. S., “Double Diffusive Convection”, Am. Geophys. union, Washington,1996.

[3] Veronis, G., “On finite amplitude instability in thermohaline convection”, J. Mar. Res.,Vol. 23, pp.1-17, 1965.

[4] Stern, M. E., “The salt fountain and thermohaline convection”, Tellus,Vol. 12, pp.172-175, 1960.

[5] Banerjee, M.B., Gupta, J.R., and Prakash, J., “On thermohaline convection of the Veronis type”, J. Math. Anal. Appl.,Vol. 179, pp.327-334,
1993.

[6] Nield, D. A., and Bejan, A., “Convection in porous Media”, Springer, New York,2006.

[7] Straughan, B., “Stability and wave motion in porous media”, Springer, 2008.

[8] Vafai, K., “Handbook of porous medium”, Taylor and Francis,2006.

[9] Prakash, J., and Kumar, V., “On Nonexistence of Oscillatory Motions in  ther mohaline Convection of Stern Type in Porous Medium”, J.
Rajasthan Acad. Phy. Sc. Vol.10(4), pp.331-338, 2011.

[10] Poulikakos, D., “Double-diffusive convection in a horizontally sparsely packed porous layer”, Int. Comm. Heat Mass Transfer,Vol. 13,pp.587
—598, 1986.

[11] Givler, R. C., and Altobelli, S. A., “A determination of the effective viscosity for the Brinkman-Forchheimer flow model”, J. Fluid Mech.,Vol.
258,pp.355 — 370, 1994.

[12] Prakash, J., and Gupta, S.K., “A mathematical theorem in magnetorotatory thermohaline Convection in Porous Medium”, Int. J..Math.Arch,

Vol. 3(12), pp.4997-5005, 2012.
[13] Schultz, M.H., “Spline Analysis”, Prentice Hall, Englewood Cliffs, NJ,1973.

BIOGRAPHY

. .

Dr. Jyoti Prakash is presently working as Associate Professor in the department of Mathematics and Statistics,
Himachal Pradesh University, Shimla-171005.His research field is hydrodynamic and hydromagnetic stability.
He has published more than 30 research papers in National/International journals.

Kanu Vaid is a research Scholar doing Ph.D. in the department of Mathematics and Statistics, Himachal
Pradesh University, Shimla- 171005.

Copyright to IJIRSET www.ijirset.com 7272



