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I. INTRODUCTION

The study of the random fixed point theorems in abstract spaces is initiated by Spacek [1] and Hans [2] and are the
stochastic generalizations of the classical fixed point theorems in separable Banach spaces.The research along this line
gained momentum after the publication of the paper by Bharucha-Reid [3] and since then several random fixed point
theorems have been proved in the literature.. Random operator theory is needed for the study of various classes of
random equations. Now this theory has become the full fledged research area and various ideas associated with random
fixed point theory are used to obtain the solution of non linear random system [4 ,5].The study of the random fixed
point theory has attracted much attention in recent years[6,7,8]. These results extend the corresponding result in [9].

In this paper we construct a sequence of measurable functions and consider its convergence to the common unique
random fixed point of four continuous random operators defined on a non-empty closed subset of a separable Hilbert
space. For the purpose of obtaining the random fixed point of the four continuous random operator, we have used a
rational inequality and the parallelogram law.

II. PRELIMINARIES
Throughout this paper (€2, Z) denotes a measurable space consisting of a set {2 and sigma algebra 2. of subsets of

(2 H stands for a separable Hilbert space, and C is a non-empty closed subset of H.

Definition 2.1: A function f :Q —> Cis said to be measurable if f ' (BN C) €, for every Borel subset B of
H.

Definition 2.2 : A function F':{2xC — C is said to be random operator if ~ F'(.,x):€2—> C is measurable for
every x € C.

Definition 2.3 : A measurable function g :{2—> C is said to be random fixed point of the random operator
F:QxC—>Cif F(t,g(t))=g(t) forall t € Q.

Definition 2.4 : A random operator F : Ax C —> C is said to be continuous if for fixed 1 €, F(¢,.):C — Cis
continuous.
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Condition (A).Four mappings E,F, S,T,5:C — C, where Cis a non-empty closed subset of a Hilbert space
H ,is satisfy condition (A) if

ES =SE,FT =TF,E(H) cT(H) and F(H) < S(H)

(D
O e o A N o) N L &% = I A
|Ex—Fy|" < B, + 5,
[$e =T+ Ex T [Se =T+ Ex ]
Bu|Sx—Ex| |1y - By |7y — B[ 11+ x— Ex|1
||Sx—Ty||2 + 1+||Sx—Ty||2
4 [sx—Fy[tlsx—Ex +ry-R1 | Jsx =Ty l]sx— Exf + [Ty - B[]
MR P o R T 6 NSy
+ Bllsx—Ed |1y =B + Bl -1 )

for each x,y € C, with Sx # Tyand ”S)C—Ty”2 + ”Ex —Ty”2 =0. BB, 55 B Bs: Bs» By, B being positive

real number and

B+ B+ B, +2B+ B+ L)+ F <1 ..3)

1. MAIN THEOREM
Let C be a non-empty closed subset of a separable Hilbert space H .Let E,F,S,T be four continuous random

operators defined on C such that for f €€ E(¢,.),F(t,.),T(t,.),S(t,.):C —> C satisfy condition (A).Then

E,F,T and S have a common unique random fixed pointin C .

Proof: Let the function g, :€2—> Cbe arbitrary measurable function. By (1),there exists a function g, :Q—>C
such that 7'(t, g,(¢)) = E(t,8,(t)) for t €{2and for this function g, :€2—> C, we can choose another function
8, :Q—C such that F(t,g,(t))=S(t,g,(t)) for t €Q and so on. Inductively, we can define a sequence of
functions for 1 € (2, {yn (t )} such that

Vo, () =T(t,85,, ) =E(t,8,,(1)) and Yy, ()=5(,8,,.,®)=F(t8,,,®))
for t € QQ and n=0,1,23...

From condition (A),

.4

Now consider for ¢ € Q.
[920 @) = Y0 O = | ECt. 82, (1)~ F (1.8, O
<5 1S, g5, (1)~ E(t, g, O T (1, 83001 (0) = F (2, g )|+ EC2. 82, (00) =T (1, 85 )] ]
1St g2, ) =T (¢, 85, O +|Et. 82, ) =T (2.5, O
|, g2, (00) =T, 8y ) S 2. 82, (1) = Et, g, O +|T(2. 8001 0) = F(t: 85, )] ]
|, 82, ) =T, 800s O +[Et, g5, () =T (2, g3, )|

2
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[Tt 830 ()= F (2, g )| |S (1. 81, ()~ E(t, 85, )|

S, &5, () =T (2, g )|
Tt 8300 (1) = F(t, 80 )| 11 +]|S T, 85, ()~ Et, g, )| ]

1+[S(t, g5, 1) =T (1,85 ()|
1S, 8, (1) = F(t, s O 1S 2. 82, 0) = Et, g5, )| +|[T (2, 8201 (1)) = F (1, 83 )] ]

[S(2, g2, (1) = F(t, 80s ) +|E(t, 85, (1) =T (1, 81, )]

+ /55

+,34|

+ /s

||S(t 82,0 =T (1,83, O S, 85, 1) = E, 8, O +[T 83,1 (0) = F (1,83, )]

1S, g5, 1) ~T(t, 85, )

+ B[St g2, (1)~ E(t, g5, )| + [Tt 831 ()= F(t, 8500 ()] ]

HAISCgn ) -T2

Y2t O = Y5, O 92, O = Y2, O 4], = 3, @]

19200 @ = Y2, O +]32, @ = 3, @

Yau O = Yo O Y20 O = 32, O +]320 O = 30,0 @) ]

19201 ) = 30, @ +]y20 O = 3, @)

Sﬁ1|

[+

+ﬂ2|

:B3| Y2, () = Yoy (t)” | Yot ()= ¥, (t)”
| Yo ()= ¥y, (t)”
1B, | Yo, (1) = Yo (t)” [1+ | Yana (t)z_ Yan (t)” ]
1 +| Yana ()= ¥, (t)”
o p a0 =0 O 2010 =3, O 4320 0~y O )
5 Va0 )= Y O + ]300 0= 5, O

1920t O = Y O Y20 O = Y2 O +[Y20 O = Y O[]

+ ﬂ6 2
| Yot ()= ¥, (t)”

Bl O =35, O +] 92, O = 32,0 @]
A ROESNG (by4)

You = Yot O < B+ By + By + Bs + By + LYo 0 = ¥2s O
(Bs + By + By + B Yot )= v, O
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=B+ B+ B+ S5+ s + 55 )]||y2n (D)= You (t)||2 < (Bs+Bs+ 5y +188)||y2n—] ()= ¥, (t)”z
2 (Bs + Bs + Py + B5)
2w (D)= Yo =
PO = O < s s B o B
(Bs +Ps + B + Ps)
(1=, + By + By + Bs + B + B7)]
||y2n(t)_y2n+1(t)|| < k||y2n—1(t)_y2n(t)||

Where k = (Bs + B+ B+ Bs) P
[1_(ﬂ1+ﬂ3+ﬂ4+ﬁ5+ﬂ6+ﬂ7)] <1 (by3)

ENGESWG|

2
1920 ) = Y5, @) < [ } [NGESNG]

Replacing 2n by n

On further reducing

Y=y, @] S K"y =y,@)| foranteQ 5
Now we shall prove for € Q. , {yn (t )} is a Cauchy sequence. For this for every positive integer p we have ,
teQd

%=y, 0=
<

Yor ()=, @)

Ya =Y, s O+ 3,0 (O =Y, O+ Y, O =t Y, (O =y, O
Yu @ = Y, O]+ Y, O = Vs O+ 4|3,y s O = 3,0, O
ST+ AT |y D=3 @] by )
= K"[+k+k* ..+ |y, () =y, @)
< K
(1-k)
yn(t)—ynﬂ,(t)“ —0 as n—>o0 for t €. ...(6)

||y0(f)—y1(t)|| forall t e Q.

=

From eq (6) .it follows that for # € (2, {yn (t )} is a cauchy sequence and hence is convergent in closed subset C of
Hilbert space H.

For 1€ Q) let {y,(t)} = y(t)as n—> o0 )
Since C is closed, & is a function from C to C.and consequently the subsequences {E (1,8 2n (t ))}, {F (t,8 2n+1 (t ))},
{T(t, 8onsl (l‘))}and {S(l‘, 8onia (t))} of {yn (t)} for ¢t € QQ also converges to the {y(t)}and continuity of
E.F.,T,S gives

E@,S(,8,(1) = E(, y(1))

S(t,E(,8,(1) =S, (1)

F@T(@g,)—>F@ y@)

and

T(t,S(t,8,@) —>T(t, (@)
E@, y(t)=S(, y@)),F(t,y@)=T(t, y(t)) forteld from(l) ...(8)
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IV. EXISTENCE OF RANDOM FIXED POINT
Consider for t € Q.

|E@y@) = y@ = |EC Y1) = y200 O+ Y2 O = yO|
< 2EW Y1) = Yot O + 2]y O = y@)
< 2E(t, y(©) - F(t.8,,, @) +2]
By Pareallelogram law [ + Y| < 2|x|” + [y
[S@,y(@) = E@yO) [T (2. 820 1) = F (2,85, O +|E@. @) =Tt 85,0 ]
[S@ y(0)~T(t, g ) +|Et, y@)~T(t, 8,5, )
|E(t, y(0) =T (2, g2, O) | y(1)) = Et, yO))]” +|T(t. 8300 ) = F(t.85,, D[]
[ y(0) =T (t, g0 @) +|EC, y@) =T (2, g, )|
172, 83,0 () = F (1, 8 s O) St ()~ Et, y(0))|]
[S@ (@) =T (t, 84,0 @)
[Tt 8200 (1) = F(t, 85 ) T1+[S ., y(0)) = Et, y))|
LS, y(0) =T (¢, 85, (1)
1S, y(0) = F(t, 8, )| (St ()~ EC, yO)|| +[T (2, 83001 (€)= F (£, 85,0 )] ]
| y(0) = F(t, g3 )| +|EC y0) =T (2, g3, )|

Yot O=YO|” by @)

<24,

+2,6’2|

+20,

+2p,

+255 |

||S<r YO)=T(t, &, O TS, @)~ Et, yO)| +|T (1, 831 ()~ F(t, 8,01 0] ]
|S@ y)~T(t, g )

+2B,[|S(t. (@)~ Et, y@))|” +|T(2, 83 (0)) = F (2, 8, O[]
F2BS @YD) =Tt o O + 2o =y
|S@, y@) = Et, y@)| [|y@) - y@)|” +|E@. y©) - y@)[ ]

| y@) -y +|E@ y@) - y@)|’
||E(r y(©) = yO)| S @, y@) = Et, y@)|” +||y®) = y@)[ ]

IS y@) - y@) +|E, y@)—yo)
||y(r> YOS y@) - E@, yo)

[s@ y@) - y@)|
ly@ =y 1+]S . y() — E, )| ]

LS y@) - y@)

< 24

+25,
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[S(, y@) = y@)| |S . y@) — Et. ye)|| +[y@) - @)1
[y -y +|E@, y@) - y@)|’
||S(t y©O) =y 1| y) - Et, yo) +|y@) - y@)| 1
|S@ y@) - y@)|
+2B,[S @, y@) ~ Et. y@)|” +y@) - y@)|']

+28,St. y@) =y +2y(®) - y@)|
Therefore for t € Q)

+255

|E@y@) - y@) < 2By -y

(1=28,) |E@.y@e)—y®)| <o

|G, ye) -y =0 (o By <~

E(t,y(®) = y(t) for £ €. .09
From eq (8) and (9)

E(t, y(6) = y(t) = S(t, y(t)) +-(10)

In an exactly similar way we can prove for all £ € ().

F(t,y(t)) = y(t) =T(t,y(1)) an
Again ,if A:QXxC —> C'is a continuous random operator on a non-empty subset C of a seperable Hilbert space H,
then for any measurable function f : €2 —> C the function h(t) = A(t, f(¢)) is also measurable [10].

It follows from the construction of {yn (t)}(by(4)) and the above consideration that {yn (t)}is a sequence of
measurable functions.From (7),it follows that y(#) for ¢ € € is also a measurable function.This fact along with (10)

and (11) shows that g : €2 —> C is a common random fixed point of E,F,S T

V. UNIQUENESS
Let h:Q—>C be another random fixed point common to E,F.T ana S Jthat is for I € Q, E(t, h(t)) = h(t) ,

F(t,h(t)) =h(t) T@h0)=h(t) S@h0))=h) D)
Then for t € QQ,
le®) —h)|” =|E.g() - F(t.h(o)|
1S, g(0) — E(t, g )| ([T (0. h(0)) — F ¢, k@) +]| E(¢, g (1) =T, k()| ]
|S. g =Tt h@)| +|E(t, g0) =T, ()|
||E(r g =T hO) 1St g0~ Et,g@)| +|T(t.h(1)) - F e, k()| ]
|S@, g0) ~T . h®)| +|E, g@) =T, h(0)|

<AB
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||S<r g(0)—E@t, g O) [Tt h(t) - Ft, ()|
IS, g =T, h(e))|
[T, h(e) — F (. h)| 11+]|S 2, g (0) - Et g )] ]

+ B,

|8, 800~ F(t, he)| 1S (2. g0~ Et, g )| +|T(t, h(e)) - F (2. ()| ]
|S(.g() = Fe.h())|” +|E(¢. (@) =T, h(e))|
||S<t g(O) =Tt hO)| 1S ¢, g(1) ~ E@t.g )| +|T (2. 1))~ F (¢, h(1))| ']
|S(t, g(0) -T . (o))
+ B[St g (1)~ Et. g )| +|T (2. b)) — F(t.h(0))| "]
+ B|S . g @) ~T (. ()|
ol ORIC IRV A HORYIG
= (1-Bs®-h@) <0

+ /s

<1
= g(t)=h(t)forall t € Q.
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