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ABSTRACT: Let y,, denote the space of all Orlicz space gai rate sequences. Let A,, denote the space of all Orlicz

space of analytic rate sequences. Mainly in this paper in studied the general properties of Sectional space (;(,\’f, )S of (xy )-
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I.LINTRODUCTION

A complex sequence, whose k™ term is x, is denoted by {xiy or simply x. Let ¢ be the set of all finite sequences. A
sequences X = (Xy) is said to be analytic if supy |xJ"* < «. The vector space of all analytic sequences will be denoted by A
.y was discussed in Kamthan [11]. Matrix transformations involving y were characterized by sridhar [12]and Sirajudeen

1
[13] . A sequence x is called entire sequence if lim Koo (k!|xk |)? = 0. The vector space of all gai of phi sequences will be
denoted by y .Kizmaz [17] defined the following defined the following difference sequence spaces Z( A ) = {x =(xy) : A

x €Z }or Z =1, ¢, ¢y, where A y, = (A ;= (X - Xk+1) )y and showed that these are Banach space with norm
||X|| = |X1| +||AX||OO .Later on Et and Colak[10] generalized the notion as follows :Let me N, Z(A ™) = {x = (x,) : A"™X €

Z} forz=1,, c, cowhere me N,
A”X= (%), (A) = (X Xiesa) » A = (A ) g =(A™ X A™ Xiar) g

The generalized difference has the following binomial representation :
m
my, _ m . nr(m . _ m .
AT = 2 7:0( 1) (}, )Xk+7/ , They proved that these are Banach spaces with the norm ||X||A = ;21 |Xi|+HA XHOo Orlicz

[4] used the idea of Orlicz function to construct the space (L™ ) . Lindenstrauss and Tzafriri [1] investigated Orlicz
sequence space in more detail, and they proved that every Orlicz sequence space Iy contains a subspace isomorphic to

Io( (lé p< oo). Sufebsequently ,the different classes of sequence spaces were de fined by Parashar and Choudhry [2] ,

Mursaleen etel[3] , Bektas and Altin [4] , Tripathy et al.[5], Rao and subramanian[6],and many others. The Orlicz sequence
spaces are the special cases of Orlicz spaces studied in [7].

An Orlicz function is a function M : [0,00) — [0,00) which is continuous, non-decreasing and convex with M(0) =0,
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M(x)> 0, x> 0and M (X) -0 as X — ..

If the convexity of Orlicz function M is replaced by M (x +y) <M (x) + M (y) . then this function is called modulus
function , introduced by Nakano [18] and further discussed by Ruckle [8] and Maddox[9], and many others.

An Orlicz function M is said to satisfy A, condition for all values of u , if there exists a constant K > 0, such that M(2u) <
KM (u) (u > 0). The condition A, is equivalent to M(lu) < KIM (u), for all values u and for | > 1.Lindestrauss and Tzafriri
[1] used the idea of Orlicz function to construct Orlicz sequence space

Oy = XEWZZf_lM{m]<OO, forsome p > 0¢......(1)
T p

Where w={all complex sequence}.The space ¢,, with the norm

x| =inf1p > O:ZflM[Mjs1 ...... (2)
T p

becomes a Banach space which is called an Orlicz sequence space. For M(t) = t*,(1<p < o) the space /,, coincide
with the classical sequence space / . Given sequence x={xy } its n™" section is the sequence X"= {X; X, .. Xn, 0, 0,.....}
o"=(0,0,....... 1,0,0.....).,1 in the n" place and zero's else where ; and 0" = (0,0.,....... 1,-1,0,0.....).,1 in the n" place ,-1 in

the (n + 1)" place and zero's else where .
If X is a sequence space, we define

i X' =continuous dual of X.
i. X% = {a =(a,): D |ax /<o, foreachxe X}

i. X7 = {a =(a): D, axdisconvergent, foreachxe X}
v. X7 = {az (@ )5 > |a x| <o, foreachxe X}

v.  Let XbeanFKspace D ¢@. Then Xf={f(5”):feX'}
X% X X" are called the o¢ — (‘or K d the — T deplitz) dual of X, B- (or generalized K & the — T deplitiz) dual of X, y
- dual of X. Note that X* = X P = X 7. If X = Y then Y* = X*, for p = o, B, ory

An FK space (Frechet coordinate space ) is a Frec space which is made up of numerical sequences and has the property
that the coordinate functional spy(x) = xx (k= 1,2,3,....) are continuous .

An FK - space is a locally convex Frechet space which is made up of sequences and has the property that coordinate
projections are continuous. An metric space  (X,d) is said to have AK (or sectional convergence) if and only if d(x", x)

— 0asn — 00.[10] The space is said to have AD (or) be an AD space if ¢ is dense in X .We note that implies AD by
[4].
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11.DEFINITION AND PRELIMINARIES

I1LADEFINITION
Letw, ¥y, and A,, denote the spaces of all, Orlicz space of gai sequences and Orlicz space of bounded sequence

respectively. Let w denote the set of all complex sequence X = (Xi) ., and M : [0,00) — [0,00) be an orlicz function. Let t

denote the sequence with t, = |Xk|}/k forall K e N denote k eN.Define the sets

1
3
. Klt,
I = 1XeW: M| — — Oask — oo, forsomep > 0.
P
K
t
A}, =1xew:sup | M| — < oo, forsomep > 0.
TP

The space y,, isa metric space with the metric

1
Klx, — Kk
d(x,y)=inf{ p>0:sup,| M (Ktx, ¥k| ) <1t
(”k )kp

The space A, is a metric space with the metric

1

d(x,y)=infd p>0:sup,| M M <1l
(”k )kp

Let (1), = X=X E=E& €x0 ) where is a & =X, + 21X, + .o +KIX, for k=1.23.... and (A, )=
{y =Y. n=nneliy } where 17, =Y; +Y, +...... + Y, for k=1,2,3,....Then (y,,)is a metric space with the

metric.
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1
(KW§‘?d)k K=123,........ <1l

d(x,y)=infs p>0:sup, | M
(”k )kp

And (AM )S is a metric space with the metric

d(x,y)=inf< p>0:sup,| M M k=123,........] <1
(”k )kp

Let O'(}(,C, ) denote the vector space of all sequence X = (Xk )that(%J is an orlicz space of gai sequence . We recall
that CS, denotes the vector space of all sequences X = (Xk) such that (.fk ) is a null sequence.

11.2.LEMMA
Let X be an FK-space D ¢ .Then
(i X" <X
(i)IfXhas AK. X” = X |

(iii)If X has AD, X? < X7
We note that

28 =yt =yl = x4 = A forallx = x,andy = y,iny;,

11.3.REMARK
1 1
Kk Kk

x { x} e o(xy) < (%)e;{h’; = | M q(’ikD —>0askrwo <M (J§;<l|) — 0ask —
7 p* 7 p

1
Jbecause K* —lask - o0 (xk)e (ZK; )s

Hence (ZK; )S =o(y,,) the cesaro space of order 1.

11.4PROPOSITION

(Z |\75| )s c (X:/,)
Proof:
xeli)=&elrn)
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1
k
M @ —0ask >0  But X, =&, —&, 4
P
1 1 1
M (k!|g‘:k|)k <M (lékl|)k M (Jfk_1|)"
i P P
TP T p
E 1
I I
< k'ﬂgjk|)k M —(k'|§'l<‘l|)k — 0ask — oo
TEp ¢ p
(ke
Therefore | M| |=———| | | > 0ask >0 = Xe€ ry
TP

Hence (;{,\’; )S < O

Note: The above inclusion is strict. Take the sequence & @ e I

We have M i =1

1
k
Ty

P

M % =1+0=1
TP

M —%— =1+0+0=1
Tp
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M ézk =1+04+04+0+....... +=1-— ktermsand so on.
P
Now
1 1
k E
M @ =1forallk . Hence | M @ does not tend to zero as ask — oo.
P P

so s e (;(,\’; )S. Thus the inclusion (;(,\’f, )S C (xp,) s strict . This completes the proof.
11.5.PROPOSITION

(ZKZ )S has AK — property Proof:
Let x:(xk)e(;(;j, )s and take X" = (X, X, y.orr. X, 0, ) fOrN =1,2,3,....

qu_ |(<n))k
Hence d(x,x[”])=inf p>0:sup, M . <1
(ﬂk)ip
1 1
_ 20| st _ M)
=inf{ p>0:sup, M M <M M ..... <1

() p () p

Therefore X" — xasn —» ooin(;(h’jl )S .Thus (;(h’j, )S has AK .This completes the proof.

11.6PROPOSITION
(;(,\’; )S is a linear space over the field complex numbers.
Proof: It is easy .Therefore omit the proof.

11.7PROPOSITION

(2 )s s solid
Proof:Let |Xk| £|yk| with y =(y, )e (;(,\’; )S. So, |§k| £|77k|With77=(77k)e;(,\’jI . But (;(,\’j,) is solid.
Hence ¢& = (§k)e Zw. Therefore x =(x, )e (;(,\’; ) .Hence
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(;(,\’f, )S is solid. This completes this proof.

11.8PROPOSITION
Ac [(ZK; )s]ﬂ cAy(a)
Proof:stepl: By proposition 11.4.,we have (;(,\’f, )S c (;(,\’f, ).Hence. (;(,\’f, )S c [(Z,\’; )s]ﬂ
But (Z,\’; )ﬂ = A . Therfore is A — [(;(,\’j, )S ]ﬂ (B
Step2:Let y=Y, € [(;(,\’; )S]ﬂ consider f(x) = Zi:lxk Y, with Xe (;(,\’; )S
Take X=5"-38""=(0,0,.....,-1,0,0,..... ) ,1 in the n th place and zero’s elsewhere .
Then (8" ="M=y, — Yoa-

. f 5” _§n+l
Hence < M w = <M g S]“f”d((é‘"—6”*1)O)£||f||.1.
7P P
So, <M w is bounded.Consequently < M w ey
ZEP ZEP
Thatis <M yf eAy (A) .But y= (yn) is originally in [(;(,\’; )S ]ﬂ
zEp

Therfore [(Z,\’j, )S]ﬂ c Ay (A)CS)

From (4) and (5) We conclude that

AcC [(;(,\’j, )S]ﬁ c Ay (A)
This completes proof.

11.9PROPOSITION
The /3 — dual space of (;(,\’j, )S ISA

ProofilLet y= (yk) be an arbitrary point in [(ZK; )S ]ﬁ . Ifyisnotin A then for each natural number n, we can find an
index k(n) such that
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k(n)
m| KO h=123....)
= n
TP
Define X=(Xk)by
kh)|x
M w =ikfor k=k(n) and
- n
TP
al GO | () bt for i
1 =0 otherwise Then xisin (;(M ),but for infinitely many Kk,
P
KDy, X
vl ¢ )I{k d |oq
P

Consider the sequence z=1{z, } where z,=1Ix;-s with S = k!Z:Xk ;andz, =k!x, (k =2,3,...)

(k!Zka)
1

k
7Z—|(IO S

Then z is a point of (;(,\’; )S .But by the equation Z M does not converge. Thus the sequence y would not

be in [(;(,\’; )S ]ﬂ .This contradiction proves that

[(z;; )S]ﬁ cA ... (7)
Step2:By proposition 1.8 we have A [(;(,’\jl )S ]ﬂ ....(8)

From (7) and (8) it follows that the 3 — dualspaceof [(;(,\’; )s ]ﬂ ISA .This completes the proof.

11.10.PROPOSITION

(22 )} = Aforu=a, 8.7, 1

Proof:
(;(M )S has AK by Proposition 4.5.Hence by Lemmal.2(ii)

weget [z ) I =[(za )] Bt [z )} =
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Hence [()(,’\j, )S]ﬂ =A ... Q)
Step 2: Since AK implies AD.Hence by Lemma 1.2(iii) we get

NS PN

Therefore

i )] =A o10)
Step 3:

(;(,\’f, )S is normal by Proposition 1.7.Hence , by[15 proposition 1.7],we get

[(ZKZ )s]az[(lﬁ )S]V =A ...(1)

From (9), (10) and (11) we have

(G ) I <[l ) Y =0 )T =[] =

11.11.PROPOSITION

The dual space of [(;g,\’; )S] ISA . In other words [(FM )ST =A
Proof:We recall that S ¥ has 1 in the k th place , -1 in the (k+1)" place and zero’s else where with

1 1 1 1 1
< M) M(0)? M ()% M (0)*+
E=s"<M T = T T T
zip zip  mp zkp  xkp
1
k
0,0,0,........ ,.M(lo) 0,..
7 p

Exists. Hence s* e (;(,\’f, )s .We have f(x)= z:’:lgk Y\ with

e ()(M )S and f e [(;(,\’f, )s]‘ ,where [(;(,\’; )ST is the dual space of (;(,\’f, )S Take & € (;(,\’f, )S and

fe [(;(,\’; )ST ,Where [(;(,\’; )ST , is the dual of (;(,\’f, )S Take £=5s (z,’\; )S

Then |y, | <[ d(s*,0)<cforallk......(12)

Thus (yy) is a bounded sequence and hence an analytic sequence .In other words , (y € A) .Therefore
[(;(M )S ]' = A .This completes the proof.

Lemma 2.12

Yo X <Y X" where Xisan AD space and Y an FK space.
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11.12.PROPOSITION
Let Y be any FK-space D¢ Then Y D (}(,’\; )S if and only if the sequence (5k ) weakly analytic.
Proof :The following implications establish the result

Yo (;(,\’jl )S oY [(ZK; )S ]f , Since (;(,\’j, )S has AD and by lemma

<Y"' = A Since [(;(,\’; )S ]f = A < foreachf e y' the topological dual of Y < f(5k) is analytic <> (5k) is
weakly analytic . This completes the proof.

11.13.PROPOSITION
In (;(,\’j, ) weak converges does not imply strong convergence..

Proof:Assume that weak convergence implies strong convergence in (;(h’j, )S . Then we would have
[(;(,\’jl )s ]ﬂﬂ: (;(h’j, )S . But [(;(,\’j, )s ]ﬂﬁ = A’ =T . By proposition 1.4 (;(,\’f, )S is a proper subspace of (Z,\’j, )

Thus [(;(,\’; )S ]ﬂﬂ #* (;((j, )S .Hence weak convergence does not imply strong convergence (;(,’V’, )S . This completes the
proof.

11.14.DEFINITION
Fix k=0,1,2,........ given a sequence (X)K .put
" (gk_pj v @+ Kkx,, +(2+kIx,,, +(341r KX e et (P KX, fOrp=123,.....
? T p

Let (fkyp p=123,... .)e (;(,\’; ) uniformly in k=0,1,2,3,....... Then we call (x,) an “almost orlicz space of gai sequence

”. The set of all almost orlicz space gai sequence is denoted by (A M )

11.15.PROPOSITION
(;(,C, )m oc’a (;(,\’; ) = A, where (AM )is the set of all almost orlicz space of gai sequences.

Proof:Put k=0.Then (fo.p )E (Zl\ijl )

Ux, + 21X, + 3% +....... + plx, .
& ; e(zs)
TP
1
WX, + 21X, + 3% +....... + pix, |p
=M : R P, | — 0asp — o
PP
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1
| A, + 21, + 31X, + ... +pix, |
Yo

—0asp > ...(13)

< (x, )ecs,

< (A, )ecs, putk=1

Then < (f;‘l’p)e y4¢ <:>[

2%, + 3% +AX, +.... .er!pr (ﬂ)
SRV AV

Yo,
1
21X, + 31X, + 41X, +....... + plx, [P
[ 2% +3% ! P, | —> 0asp —»
PP
1
20, +3X, + 41X, +....... + pIx, (P
| 2% 2 3 P, | —>0asp > o ....(14)
P
1
X, +4IX, +....... + pIx, |P
| S+ 4ix, . P | —0 ....(15)
TP
aX, +....... +pIx, |P
| : 1 DX | — 0 ....(16) and so on.
TP
. Ix,
From (13) and (14) it follows that M | —;
TP
Wx, + 2%, + 3, + 41X, +....... + p!x,

=0

L
k
7T P
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M 20X, + 3K, +A4IX, +... + p'x, 0

1

k
7T P

I I
Similarly we obtain M(Z'XZ =0, M(3'X3J=O and so on.
p p

Hence (AM )= 6 denote the sequence (0,0,...... )
Thus we have proved that( V¢ )ma ( ) =6andA,, =6

In otherwords (;(h’; )ma (;( ) =A
This completes this proof

11.16.PROPOSITION
(i ), = (i )res,
Proof:By proposition 1.4 (}(,\7; )s = (Z& )

Also, since every orlicz space of gai sequence M(é—Kj exists,it follows that M éTK exists.  In otherwords
p p
P
M C"ETK €Cs, .Thus (;(,\’; )S cCS, .Consequently, (;(,’J, )S C(;(,\’j, )m cs, ....(17)
P

_ k!X, . O k! xk _ _ _

On the otherhand, if M I € ¥m MCS, .then f ZM is an Orlicz space of an gai of rate
M k=1
T p

KIx
function. But M| —- e cs, .So,

e p

Ux, + 2%, + 33X, + 41X, +....... + pIx

fQ=M —""— == ™% -0

k
7T P
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f(z d _
Hence Q = Z M (’E—K z*is also orlicz space of an gai function .

—Z \a M
T P
Hence M §+ Exm -S0 X= ((Xk) € (;(,\’j ))s but (x,) is arbitrary in yy, MCS, -
k
T P

Therefore (;(,\’j, )m CS, < (;(,\’; )S ....(18)
From (17) and (18) we get (;(,\’j, )S = (;(,\’j, )m CS, -
This completes the proof.

11.17.DEFINITION
. . (@) _ n a-1
Let @ >0 be notan integer Write S.* = E 7:1An X

-y Do 1

Where (Afl“)) denote the binomial coefficient

((ﬂ+a)(ﬂ+a—ﬂl!) ...... (,u+0£+1)j Then

Sy .
(Aga_l)j € (ZM )
11.18.PROPOSITION

Let & >0 be a number which is not an integer.
Then (ZK; )(‘\ o” (;(,\72 ) =6 where @ denotes the sequence (0,0,........ ,0)

(x,)ec” (Zﬁ ) means that

a

Proof:Since (Xn ) e c“(ym) We have (%) € (ZK; ) .

This is equivalentto S € (;(,C, ) This, in turn, is equivalent to the assertion that

a

f (z) = z S*z™* isorlicz space of an gai function.

n=1

f(z
Now f, (Z) = ﬁ since & isnotan integer,f(z)and f, (Z) can not both be integral functions, for if one is an
A

integral function, the other has a branch at z=1. Hence the assertion holds good. So, the sequence 0=(0,0,0....... ) belongs
to both
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(;(,\’j, ) and o“ (;(,\’; ) .But this is the only sequence common to both these spaces.

Then (;(,\’j, )moﬂ (;(,C,) =06.
This competes the proof.
I11.LCONCLUSION

In this paper we have study some properties of orlicz space of ;(” sequences
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