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ABSTRACT: In this paper , we introduced a notion of affine system of Walsh-Paley system type .We
considerbiorthogonal series of the form :f = Y% o(f, ¥,)@n.Where , f belongs to space L?(0,1) =H ,(H is a
Hilbert space) , which we are represented by :H =E @ WyH @ W{H where , E = span (w) , (wis Walsh-
Paley function ) , and W, , Wjare two operators which are defined . Some properties are given with
proves for this representation , as well as we gave a general forms for this space with its prove by using
induction rule . Also {@,}0 is the affine system of Walsh —Paley system type of a function ¢. We
introduced this function by using Walsh-Paley function . Also ,(f,W,)are the Fourier coefficients of a
function f € L2(0,1) in the Walsh -Paley system . We are proving that these coefficients formsbiorthogonal
conjugate to the system {¢,}.0 Of a function ¢ .Finally, we showed that, the affine system of Walsh —Paley
system type of a function ¢ is Bessel system.

KEYWORDS: Biorthogonal series,The space L?(0,1), The Fourier - Walsh series , Walsh - Paley system ,
Bessel system.

l. INTRODUCTION

Definition (1) :Suppose that the functione € L2(0,1),andf01<p(t)dt =0 .For n € NuU{0} , with regard to the
standard representation n = 2% +j , we set :

Pn=Prj=@Q, =W @=W, .. W,¢@,6 k=0,1,..,j=0,.. ,2¢-1

Besides , we set @q(t) = 1. The system {@,}us0= {(W* @}ocqis the affine system of Walsh type of the
function ¢without the constant ¢,(t) =1, where

we=w, . . W, , a=(a, ...,a) €Q2=Upr,{0,1}.

Denote the product of the operators : the operator W, acts first , W, actslast , and the empty product is set
equal to the identity operator I .

Definition (2) :The Walsh - Paley system [3], w=(w,n€NU{0} ) is defined asthe product of
Rademacher functions in the following way . ifn = Yo n, 2¥ € NU {0} has binary coefficients (n, , k €
NuU{0}) , then w, =[Ip_or,* ,where ,
1 ) xeO, 1/2)
r(")z{—1 , xe@1/2, 1)
r(x+k)=r(), x€(@,1) , keN,andr,(x) =r(2“x), xeR ,keN
It is easy to show that the Walsh system {w,}s is affine system of Walsh type , generating by :w =
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Definition (3) :The system of functions {¥,},>o can be defined by the equalities:

Y, =W, =% y(ayy1,. . ., )w(ay,. . . ,a,), ne€Nwhere, y(ay,1,. . . ,a;) are computed in
Sec. 3 ,andbesides , put Wo(t) = 1.

Consider thebiorthogonal expansion :

F~Ereof ¥ @u . . (1)

of a function f € L?(0,1) in the system {¢,}uso.

The main question of the present paper , first to show that the system {(pk,j}}:)l (k - fixed ) is orthogonal
block . Second to show that the system {¥,}.so is biorthogonal conjugate to the system {@,}.0 Of a
function ¢ . The main question under consideration is closely related to wavelet theory , in particular , to
periodic wavelets . In the classical monographs of Daubechies [2], periodic wavelets as periodized wavelets in
L?>(R) were constructed . General periodic wavelets and periodic a multiple - scale analysis were studied in
the paper of Chui and Wang [1] , Skopina [4].

1. NOMATION AND AUXILIARY STATEMENTS

* 0 =Up,o{0,1}* , the family of all finite sequences a = (a;, . . .,a;) consisting of zeros and ones (
including the empty sequence for k =0 ) ;

* |a| , the length of a sequence ¢ €Q , ie., |la|=k for a=(a;, . . .,a) (the length of an empty
sequence is set to zero ) ;

*af3, the concatenation of sequences a,f€Q : if a=(a;, .. .,a,) and f=(By, - . ..B) , then
af =(a;, - . ., B, - . ., B)

Let us point out the natural one - to - one correspondence between the set of natural numbers Nand the
family Q. Suppose thatn € N and n = 2% +j is the standard representation. Consider the binary expansion
j= Yk_ a,2¥Vof the number j =0, ..., 2—1 .The collectiona = (a;, . . .,a;) € Q.ls assigned to
natural number n .

Terekhin , [5], consider the operator structure of multi translation {V,, V;} , setting

Vo f(£) = 2V2f(20) : Vi f(©) = 212f (2t — 1)

In our notation , we will transform {V,, V;} to our operators { W,, W;} as follow :

Vo f(O) + Vi f(£) 22 f(28) +2Y/2 f2t — 1) 22( f(28) + f(2t — 1)

Wy f(t) = 7z 7z NG =f2+f2t-1)
14 -V 2172 f(28) = 22 F(2t — 1 2% 2t) — f(2t—1
W, F(6) = of(t)ﬁ 1f@) 212 fQ20) z fet-1) _2:(fQt) ﬁf( D) _ ron - fe-1)

Now , we introduce Has follow :

H=E® W,H® W,H N )

Lemma (1) :Two operators W, , W, are satisfying the following properties :
(Wof, Wig)=0vf,g €H .

Wy, W, are two isometric operators .

(Wof, Wog)=(f,9)Vf,g9 €H.

(Wi f, Wyg)=(f,9)Vf, g €EH.

Prove (1) :we wanttoshow that (W, f, Wy g) =0V f , g € H .Thisisshownas:

DOI: 10.15680/1JIRSET.2014.0312002
Copyright to IJIRSET WwWw.ijirset.com 17746


http://www.ijirset.com/

g
ki@ ISSN: 2319-8753

IJIRSET : i

International Journal of Innovative Research in Science,

Engineering and Technology
(An ISO 3297: 2007 Certified Organization)

Vol. 3, Issue 12, December 2014

1
(Wof, Wig)= f(f(Zt)+f(2t—1))(g(Zt)—g(Zt—l)) dt
1 0
- [ reo g0 ac
0

1 1 1
—ff(Zt)g(Zt— 1) dt+ff(2t—1)g(2t) dt — ff(Zt— 1) g(2t—1) dt
0 0 0

The integral folf(Zt) g(2t) dt can be computed by :Supp f(2¢t) c [0, %] and Suppg(2t) c [0, %] ,
then , we have:Supp f(2t) g(2t) < Supp f(2t) n Supp g(2t) = [0, %] , how let g =2t ,when t=0, we
have ¢ =2(0)=0, and, when t=1 ,we have ¢ =2(1) = 2.Then , the integral fol f(2t) g(2t) dt =
1202fqgqdg=1201fqg gqdg ,and, Supp fggq< 0, 1.

Now , we want to computed the integration folf(Zt) gt —1) dt as follow :Since : Supp f(2t) c [0, %]
and Suppg(2t—1) c [%, 1] then , we have :Supp f(2t)g(2t —1) < Supp f(2t) NSuppg(2t—1) =9,
then , we have :folf(Zt)g(Zt— 1) dt=0.

For integral folf(Zt —1) g(2t) dt , we obtain :suppf(2t — 1) c [%, 1] , and , Suppg(2t) c [0, %] , then
:Supp f(2t — 1)g(2t) < Supp f(2t — 1) N Supp g(2t) = @ There for [ f(2t—1) g(2t) dt =0.

We want to compute a last integration folf(Zt—l) gt—1) dt Suppf(2t—1)c [%, 1] , and ,
Suppg(2t—1) c [%, 1] , There for  Supp f(2t—1)g(2t —1) < Supp f(2t—1) NnSuppg2t—1) =
E 1].Let q=2t—1 , when t=0, we have g =2(0)—1=0—-1=-1, also , when t=1 ,we have
g=2)-1=2-1=1, there for : [} f@t—1)gt—1) dt=1[" f(q) g(q) dt=1[ f(q) g(q) dt,
Supp f(@)g(q) < [0, 1].

Byusing compensation, we have:(W, f, W; g) = %fol f(@g(@dq-0+0- %folf(q) g(q@) dq =0.

Prove (2) :we want to show that W,, W; are two isometric operators :That is means we are going to
prove that || W, fII = IIfIl

1 1
1wy fli2 = [ (r@0)+ rae - 1y2ae = j (F220) + 2 QOF (2t — 1) + F2(2¢ — 1)) dt
0 0
1 1 1
=f f2(2t)dt+2f f(2t)f(2t—1)dt+f 22t — 1)dt
0 0 0

Let us compute the integral fole(Zt)dt as :Suppf?(2t) c [0, %] , let g=2t , when t =0, we have
q=2(0)=0,and, when t=1 ,we have q=2(1) =2

There for , [ f2(26)dt =3 [} f2(a)dq = 3 J; F*()da

Also the integration folf(Zt)f(Zt —1)dt can be computed as :Since , suppf(2t) c [0, %] , and
suppf(2t—1) c [%, 1] , then:suppf(2t)f(2t — 1) S supp f(2¢) N supp f(2t—1) =@ , then :folf(Zt)f(Zt -
1dr=0.

Now , alast integration folfz(Zt— 1)dt can be found by :Suppf?(2t—1) c [%, 1] and Let g =2t—1 ,
when t =0, we have ¢ =2(0)—1=0—-1=-1, also , when t=1 ,wehave ¢=2(1)-1=2-1=1,
there for f01f2(2t —1)dt = %f_llfz(q)dq = %folfz(q)dq , There for :||W, fll*> = %folfz(q)dq +0+
%folfz(q)dq = folfz(q)dq = If1I2I W, fIl = lIfIl » W, is isometric operator .By using the same working
from above we see that : W; is isometric operator .

DOI: 10.15680/1JIRSET.2014.0312002
Copyright to IJIRSET WwWw.ijirset.com 17747


http://www.ijirset.com/

Q@

IJIRSET ISSN: 2319-8753

International Journal of Innovative Research in Science,

Engineering and Technology
(An ISO 3297: 2007 Certified Organization)

Vol. 3, Issue 12, December 2014

Prove (3) :From property (2) , we have :llWo(f +@II* =IIf +gl* > I W, fI* +2(W, f, Wog)+
| Wo gll* = IfII> +2(f,g) + llgll*,Since , Wy FII*> = 1IflII> , and , [IW,gll>=llgll® , then we have

2(Wof, Wog)=2(f,9)> (W, f, Wog)—(f g)Vf,g €H.

Prove (4) :From property (2) , we have :|| Wy(f + 9)II* = |If + glI?
_ IIW1f||2+2(W1f Wig)+IIlWygl? =IfIP+2(f,g9)+ligll®
Since , Wi fI>=1fI> , and , Wy gl>=llgll* , then we have 2(W,f, Wyg)=2(f,g) -

(Wlf Wig)=(f,g)Vf,g €H.

Lemma (1) , implies this decomposition :

H=EQWHOWH . . . (2)
Acting to eq. (2) by isometric operators W, and W we put :
WoH=WE®DW, HOWW,H. . . (3)

W,H=W,E®QW WHDW,*H
The eq. (2) will be:H=E@® WHD W H®D (Dy=, WH). . . (4)
In general case :
Lemma (2):H = (B 4|<x W*E) ® (D gk W*H). . . (5)

Proof :Eq.(5) can be proved by using induction rule : First , we assume that eq.(5) is true when k=0 :
H=W°H = H , where W°=1 .Second , we assume that it is true when k =s :Finally , we want to
prove it is true when k=s+1 :

Multiplyingeq.(5) by
WoH = (Da<s WoW*E)) @ (Daj=s Wo(W*H)) = (Do<iai<s+1 WE) @ (Diaj=s+1 W*H)

a1=0 a1=0
WiH = (®4j<s Wi (W¥E)) ® (D)q)=s W1(W*H))
= (Bo<ja|<s WE) D (Daj=s+1 WH)

a1=1 a1=1
By substation above in eq.(2) , we obtains
H=E® (®0<|a|<s+1 WO(E) @ (@|a|=s+l WO(H) &) (@0<|a|<s+1 WO(E) &) (®|a|=s+1 WO(H): then:H = E @

a1=0 a1=0 a1=1

(®0<|a|<s+1 WD(E) @ (®]a|=s+1 WD(H) = (®|a|<s+1 WD(E) 69 (®|a|=s+1 WO(H)

1

Lemma (3) :The system {q;k,j}}i; (k - fixed) is orthogonal block.

Prove : (@} = (W @leco > W@ € W¥HSince , W*H L WPH , «zf  lal=|fl=
Also, W*¢ € WH , and , WFf¢@ € WFHThen we have : (W< ¢ ,WF @) =0,and, (W™ @}, =is
orthogonal block .

Wo, @) if <= By

Lemma (4):For all o, €Q , we have : (Wy,@p) =

0 o.w.

Proof :Write the Fourier - Walsh series of the function ¢as @ = Zyeﬂ((p,wy)wy

Also , we have:py; = WP @ = ¥, co(@,w, )WPw, =3, co(@,w,)w;, ,On other hand
(pﬂ = Zyeﬂ(‘Pﬁ ’WOC)WﬁOC y X= ﬁy

The coefficients of the Fourier - Walsh series are uniqueness . Also , we have :If o« =gy for some yeQ .
then(gp ,wo) = (@ ,w,).If cannot be expressedas Byvy € Q , then (@4, wy) =0.
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11. BIORTHOGONAL SYSTEM FOR AFFINE SYSTEM OF WALSH-PALEY SYSTEM TYPE

Denote by{x,},>o the sequence of Fourier — Walsh coefficients of the function ¢. In view of the normalization
in definition(1), we have x, =0 and x; =1 . let us construct a new numerical sequence {y,},soWith the
same normalization y, =0 and y; =1 as follows. For natural numbers n , let us replace the index :x, = x.
and y, =y, ,sothat, for the empty sequence « , we have x, =y, =1.The othery, are determined
successively from the recurrence relations :

Yk ox(ay,. . . a))y(@ysr,. . . ,ax)=0k=12, .. ... (6)

Theorem (1) :The system of functions {¥,},> Is biorthogonal conjugate to the system {@,},> Of a
function ¢ .

Proof :Suppose that o, €Q with |x|=Fk , |Bl=L Let us calculate : (Wu,@p) =Xk y(ays,

..., ak(wal, . . ., av,@f1,. . ., [6/)=0By using lemma (4), we have :

(wlay,. .. ,a,),9B,... ,B))= {(‘(')V“"p) A (ay 'O'M;a”) =By The equation (a,
. . ,av =Ly can be solved only on in the case for which : /<7 and al=F1 , . . ., al=p/.

Moreover , we have |y|=v—1 and a1 =v,. . .,& = Y,_1. Thus , omitting the obvious zero

summands , we finally obtain :(We,@p) =3k y(@i1,- . sa ) W@, - - ,a), @) =Xk x(aq,
. .,avyav+1, . . .,ak By using the recurrence relations , with replacement of @7, . .., akbya/+1, .

. ., ak , we find that

{(lpx:‘Pﬁ):O ,  for k#l

(Yo, 5) 0 L if k=1 ,if x=p
Moreover (W, @) =x1y; = 1.

Theorem (2) :Let be ¢ € L2(0,1) , suupe c [0, 1], fol @(t)dt = 0 . If the inequality Z,;“’:O(Z]?iglkp, wk]-|2)1/2 =
¢ < o, then the affine system of Walsh type {¢, }.-0is Bessel system with Bessel constant B =max {1,c}?.

Proof :¢p = YweqXWo- Fourier-Walsh series of function @.and,p = Y gcq cp@p- polynomial of affine system
{@n}uz1 finite sum .

We consider for k =0,1,. . . ,

Pk = Ylxi=k X« Lpen CgWp - Walsh -Paley polynomials , {wp. : || = k (k — fixed ), B € Q} - orthogonal
system wg =Wgo , || =k B x€Q , x=x, B=p.If pox=p oc, then|x| +|B| =cc|+[B], [e]|=]cc|
and |B|=|p’|, x=ccand B=p

2172 12 2.1/2 . 2172
1Pl =(Z|0<|=k|xoccﬁ| ) = (Z|o<|=k|xtx|2) (Zﬁeﬂ'cﬁ| ) .and Dr=ollPell = (Zﬁeﬂlcﬁl ) .
BeQ

0 Bk < 0 _
wecalculate : (p,we) = Xgea€p(Pp ,Wo) =2 «p (@, wy) (by using Lemma (1)) :(p,wo) =X xp XuCp

y=Bx y=Bx
Qr=0Pk +Wo) = Di=0(Dr »Wo) =Xk=0 Djoc|=k Xoc 2upea €(Wpoc , We) =2 o XocCp-This means :p= Y py !
y=Bx
o o 2:1/2 2. 1/2 ) i 2 1/2
lIpll < X¥=ollpr 1= Xi=0 Xjocj=k [Xc|*) (Zﬁenlcﬁ| ), then we have -”Zﬁeﬂcﬁ(pﬁ” < lloll (Zﬁeﬂlcﬁ| )
. . 1/2 . . .
It is equivalent to : (Zﬁeg|f,<p,;|2) <llel*llfll - Bessel inequality .finally:(X2_ol(f,@,1?)? <

1 2 2,172 *
(s f(®) dO® + Zpealf 0p ) < max {1, ll0l'}-IIfII
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V. CONCLUSION

In our work , we give anew represention of functions in L2(0,1) by using affine system of Walsh-Paley system
type . This representation in binary form which is can be use in communication system, signal processing ,
image processing , and others.
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