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Abstract: Studying the cancer cell growth through trivariate Poisson processes is the core objective of this paper. The
parameters on growth, transitions and loss processes at different independent and inter dependent stages are considered
for stochastic modeling of cancer growth in a human body. Formulation of joint probability functions and deriving
statistical measures were carried out through differential equations. Model behaviour was analyzed with numerical
data.
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I. INTRODUCTION

Cancer is due to the failure of regulating mechanism on cell division, leads to continuous proliferation and growth of
cells. The deviation in the growth and division programming of normal cells will initiate the cancer formations and its
invasion. This may be due to several unexplained reasons. Cancer cells have different DNA compared to
normal/healthy cells. The division of normal cell is in standard pace and it is governed by DNA, proto-oncogenes,
tumor suppressor gene, repair gene, etc. The state of repair gene fails/turned off/unable to fix the problem in the cells
will generate rapid cell division in the organ. These factors will provoke rapid and uncontrolled cell division is a prime
characteristic of cancer.

Assessment of cancer status through mathematical modeling is a fit in approach of understanding its growth. It has
attracted good attention of researchers in mathematical biology. Counting the number of cancer causing cells in the
tumor of different categories through manual methods is hypothetical and beyond experimentations. The numbers of
cells in different categories of human body are variables and influenced by several uncertainties. Hence, there is a need
in understanding the cancer growth with stochastic modeling of biological issues.

The pioneering work on quantification of cancer growth was done by Mayneord [1]. Kendall [2] has given a
breakthrough in modeling a cell growth using the uni-variate birth and death process. Neyman et al. [3] have used
linear birth and death process to describe the tumor growth as density dependent. First order partial differential
equations have been used by Macro et al. [4], Murray [5] and Dewaniji et al. [6] to develop mathematical models for
studying the cancer growth. The limitations on the deterministic assumptions of biological issues in modeling the
cancer growth leads to development of many models based on stochastic assumptions by Neymann [7]; Wette et al. [8];
Dubin [9]; Serio [10]; Tan et al. [11]; Moolgovkar et al. [12]; Hanin et al. [13]; Rinaldo [14], etc., Studies of two stage
stochastic modeling of cancer growth with linear birth and death processes was initiated by Birkhead [15] Later on
Tirupathi Rao et al. [16], Madhavi et al. [17], Tirupathi Rao et al. [18], [19], [20] and [21] have developed several two
stage stochastic models for cancer cell growth. The above reported research work has focused up to the two stage
stochastic modeling for studying the growth of cancer cell. However, three stage stochastic modeling is considered to
be more appropriate and will provide suitable insights of the cancer growth.

This study is focused on modeling the three stage cancer growth using trivariate Poisson processes. The first stage is
considered to be the cell is in normal status. The existing normal cells may generate some more normal cells, some of
them may be transformed in to mutant cells or a part of them may be exposed to the risk of death. The second stage is
considered to be a cell is in the status of mutant (transformed from normal). These cells may generate some more
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mutant cells (benign cells) with the same intensity of growth, some of the mutant cells may further transformed into a
cancerous cell (malignant cell) or a part of the mutant cells may exposed to the event of death. The third stage is
considered to be the cell is in malignant state. These cells may further produce some more malignant cells with faster
rate or a part of them may be exposed to the event of death. Stochastic modeling is carried out under the biological
and theoretical assumptions of cancer pathophysiology as the happenings of the cell division are purely random and
influenced by chance factors. The following is a schematic diagram for cancer growth in three stages.

Figure-1: Schematic Diagram for Three Stage Cancer Growth

Il. STOCHASTIC MODEL FOR CANCER GROWTH

A Stochastic model for three stage cancer cell growth is developed with the following assumptions. Let the events
occurred in non-overlapping intervals of time are statistically independent. Let At be an infinitesimal interval of time.
Let there be ‘n’ normal cells, ‘m’ mutant cells, ‘k’ malignant cells initially at time ‘t” for any n, m, k>0.

Let A; be the rate of growth of cells in ith stage from the same stage; x; be the rate of loss of cells in the ith stage
from the same stage; O jk be the rate of transformation of cells from the jth stage to kth stage. Where, ‘i’ be the stage of

cancer cell, i=1,2,3 denoted by normal, mutant and malignant stage respectively; j’ be the transformation of cells to
the kth stage, j=1,2 and k=2,3 denoted by from normal to mutant and from mutant to malignant.

Let {N(t),t > 0}, {M(t),t > 0}, {N(t),t > O} be individual stochastic processes of normal cell, mutant cell and
malignant cell. Such that, P{N(t) = n} = P, (t) , P{M(t) = m}=P_ (t) ., P{K(t) =k} =P, () and the joint processes
willbe  P{(N(t), M(t), K(t)) = (n,m,k)}=P, ., (D).

Let

P,. = PAN(A 1) = u/ N(t) = n}
= nA4At+0(At) u=n+1
=Ny At + 0(At) u=n-1
=1—-{n(A, + 4)At+0(A1)} ;u=n
=0(At)? u=n=+2

P., = P{M(A1) =v/M(t) = m}
= mA,At+0(At) V= m+1
=My, At + 0(At) v=m-1
=1-{Mm(A, + 1,)At+0(A)} ;v=m
=0(At)? V=m=+2
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P.w = P{K(A D) = w/ K(t) = k}

= K L,At+0(A) sw=k+1

=K1, At +O(Al) sw=k -1

=1—{k(A, + )At+o(A)};w=Kk

=0(At)? w=k+2
for any n,m,k >0.

Pu.mviw = PLIIN(A D), M(A 1), K(A 1)) = (u,v, W)]/[((N(t), M(1), K(1)) = (n,m, K)]}
=nyAt+0o(At) ;u=n+lv=m,w=KkK
=nuAt+0(At) ;u=n—-Lv=m,w=K
=mA,At+0(At) ;u=n,v=m+1Lw=Kk
=mu,At+0(At) ;u=n,v=m-1Lw=Kk
=k LAt+0(At) ;u=nv=mw=Kk+1
=k At+0(At) ;u=n,v=mw=k -1
=no,At+0(At) ;u=n,v=m+1l,w=Kk
=M, At+0(At) ;u=n,v=m,w=Kk+1
=1—AIN(A + 44 + S15) + M(A, + 11, + S53)
+ KA + w)]At+o(A);u=n,v=m,w=K
=o(At)*; u=n+x2,v=m=+2,w=k+2
Let Pn,m,k (t) be the joint probability of existence of ‘n’ normal cells, ‘m’ mutant cells and ‘k’ malignant cells in a

tumor per unit time‘t’. Then Differential difference equations of the model are:

P'n,m,k (1) = —[{A + 6, + s+ {4, + Oy + 1,1+ K{A; + 15}]P, 1 (1)
HO =D AR i O +[(0+D).4]R, OHM-D.A4]R, 1y (1)
H(M +1).26 1P, s OHK =D AR, o (O + [k +2).15]1R, 1 0 (1)
HN+1).60, 1P 1 sk (O +[(M+1).65]R, 12 ()

for nmk>1 @.1)
P1oo(t) = —14P 00 (®) + 24P, 5o O +24R 1 () +25P 5, (1) (2.2)
Poso(t) =—4, Poio(®) +216F 5 0 (0141 o (O +26R 1, (1) (2.3)
Pooa(t) =—£R01(t) + 2145R 0, (O£ P11 (+24R,, (1) (24)
I:)I1,1,0 (1) =—(t + 1) P10 (®) + 22,8 5 s () F224 P, 1 o (151, (1) +26,P, 5 (1) (2.5)
Pooa(®) =—(tt + 1)R05 (0) + 1Py (0224 Py, (2245, (1) + 5P (1) (2.6)
Poua(® =—(tty + 1) Poys (O + £R10 (0 + 226 R 53 OF224 1, (0+255Py 5,0 (1) @7
Po00(t) = 1P 01 (1) + 4Py 10 (D) +£4P00 (1) (2.8)

With the initial condition
pNO,MO,KO (t) =1, Pii (0) =0V iz N01j # MO’ | = Ko
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Where, N, normal cells, M, mutant cells and K, malignant cells in the tumor.

Let P(X,Y,Z;t) be the joint probability generating function of P,  (t) ;

Where, P(X, Y, z;) = > > > x"y"zp, . () (2.9)
k=0 m=0 n=0

Multiplying the equations (2.1) to (2.8) with X" ymZk and summing overall n, m and k, we obtain

S SRy P (0 =3 S AN + 6, + a3+ MU + S+ b+ K + i XY 2P, (1)

k=0 m=0 n=0 k=0 m=0 n=0

8

+

[(n _1)'}‘1])(n ym Zk I:)n—l,m,k (t) + [(n +1)'/u1]xn ym Zk I:>n+l,m,k (t)

Il
o

8 IM8

M- 1P
4

M: 11
My 11

—+

2.
(R AL SOED i

[(m +1)':u2]xn ym n m+1,k (t)

=
I
o
i
o
>
I
o

m=0n

0

Y
1M 11

[(k =1).41X"y"2*P, ;4 (1) *

JﬁS
O

i[(k P41V P (D)

=0n

x"y"Z“[(n+1). O Pk (1) + i i i X"y"z [(m+ D)6 1P misic2 (V)

k=0 m=0 n=0

[

=
Il
o
3
Il
o
>
I
o

(2.10)
Simplifying and rearranging the terms in the equation (2.10) we arrive to the following,
0 0
o PO Y 2 =[HA 6 + it X a1 48, Y1 (Y, Z31)
0
+[HA, + O + 1}y +/lzy2 + Ly + Oy 2]5 p(x,Y,z;t)
0
[ + 132+ A2 + 1) — p(X, ¥, ;1)
oz (2.11)

We can obtain the characteristics of the model by using the joint cumulant generating function of Dy, . ().

Taking X = e', y= e',z=¢e"and denoting c(u,V,w;t) as the joint cumulant generating function of pn'm’k(t) , Q.
(2.11) becomes

L0, y,2:0) = [ + 8+ }+ A8+ 8 45,810, v, 7:0)
u
vV -V wW-Vv a .
+[HA, + 0y + 43+ 4,87 + 11,67 + 5,8 ]EC(X’ Y, Z;t)

P+ g+ A" useW)%cm y.z:1)

(2.12)
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1. DIFFERENTIAL EQUATIONS AND STATISTICAL MEASURES

Let M; ;,(t) denote the moments of order (i, j,1) of normal cells, mutant cells, malignant cells at time ‘t”. Then the

differential equation governing m; ; () are:

M0 )=~ th =3I ) @
Mg () = a0+ (s — 1 =)Mo 0 ©2)
Mg (0 = B )+ (4~ )y 1) ©9)

gmn,o (1) ==01,My 5 (1) + 01, My, 0 (1) + (A4 — 24 — 01 )My 1 o (1) + (A, — £, — B )My (1) (3.4)
0

a Mo, () = (A4 — 1 = S,)My o, () + (A — g5)My 4 (1) + Opsmy (1) (3.5)
gmo,n (t)= P Myoa (t)- Oz Mo 10 )+ Oz Mo 20 (t) + (/12 —H 523)mo,1,1 (t) + (/13 - ‘Us)mo,m (®)
(3.6)
M0 (®) = (4 8+ )M 0+ 201 = = 50 00 @7
gmo,z,o (t) = 01,My 0 () +26,My 1 o () + (A + £, + 63 )My 10 () + 2( 4, — 1, — 535) My 50 (1)
3.8)
gmo,o,z (t) = 835y () + 20,3My 15 (1) + (A + £5) M 4 (1) +2(4; — £5) My 0, (1) 3.9)

Solving the above relations shall provide the following statistical measures.
Expected number of normal cells at time‘t’ is

M0 (t) = No e (3.10)

Expected number of mutant cells at time‘t” is

o,,N
My, (t) = ﬁ[eAt —e®1+ M e™ (3.11)

Expected number of malignant cells during time‘t’ is

(A-C)t (B-C)t
e e 0,.M
m, o, (t) = De” — +—2 0 ® 4 Ee® (3.12)
- (A-C) (B-0) (B-C)
Variance of number of normal cells at time‘t’ is
N, H
M, 00(t) = —'OA [e*" —e™] (3.13)
Variance of number of mutant cells at time‘t’ is
Myo(t) =Dy + Eje® + R e** —Gy g™ ™ 4 H e (3.14)

Variance of number of malignant cells at time‘t’ is
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At R.eB p2At 28t a(B-O) p(A+C)t
My, (t) = R +—2 + 20, A + A +AS _A
o (A-2C) (B-20C) 2(A-C) 2(B-C) (B-3C) (A-0O)
5,G, a(AB)t J e(B+C)t B PEe g g (3.15)
(A+B-2C) (B-C) C o
Covariance of number of normal and mutant cells at time‘t’ is
N H N
my 0 (t) = NoH_2n | Sl (1+E)e‘“ — 1.glAreX (3.16)
' A(A-B) B A
Covariance of number of mutant and malignant cell at time‘t’ is
m011(t) — A.eZAt + AZ.eAt —A3.eBt + A4.EZBt + A\).e(ch)t _Aﬁ.e(AJrC)t
. (3.17)
—5,,G, M 4, BTN
Covariance of number of normal and malignant cells at time‘t’ is
Mo, (1) = A2 —Bye™ —C, . 41,6 (3.18)
Where
0,,0.
A=A -1 —-0,); B=(4 —1,-6y53) ;C=(4—1); D ;2 EN
E =K, D(B-A) N M, 5, H (At +6,). 1= o,NyH 512N i H)
(A-C)(B-C) (B-C) ' A(A—B) B A
2
I U+ +6,) D, =-deNo_ 200 No JNo - JGN, My
’ (A-2B) B(A-2B) (A-B)(A-2B) B(A-B) B
2
- 20,, NOH2 .G, - I " H,=G,-D,~E,~F, : A = o,N,H
2A(A-B) (A- B) A(A-B)(A-C)
o, N,
512N 1+ ) | ) Ai:é‘lzpb"'é‘za':o LA :523[) By _A—B
'+ Co= (B-C) ' 2A-B-C ' A-B-C
o,,N
0,5E, — M, 420
A-B op,H, 512C O lo
= VA = =—=" ;P=(4+
A S A=t L A= A= Pt )
é‘126‘23N0 PD . 512523M0N0 P523M0 PD
=== 94 2A6,. +— ; R =0,,M,— + -
;& A-B P23 (A-C) 2 7870 (A-B) (B-C) (B-0C)

SozR1+R2+2523{A2+A“+A5—A5
(A-2C)  (B-2C) 2(A-C) 2(B-C) (B-3C) (A-C)

5,,G, Jq PE
_(A+B—ZC)_(B—C)}_? ’
| :512N0[1 Ej | 5,N,H
° BC A) (B-C) A(A-B)(A-C) '
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523Do_51280_(512N0j 523(E0_Mo+512NOj
:512A0+523Fo+ (A-B) B (A-B)
° (2A-B-0C) (A-B-C) C

9, Ny +512Co _ 9l

(B-C) 2C (A-B)

- 52360 ;

IV. NUMERICAL ILLUSTRATION AND SENSITIVITY ANALYSIS

In order to understand the model behavior on more detailed way, simulated data sets were obtained. From equations
(3.10), (3.11), (3.12), (3.13), (3.14), (3.15), (3.16), (3.17) and (3.18) the wvalues of

Mmoo (t)’ My (t)’ Myo4 (t), m (t)1 m o, (t), Myqq (t)’ M, 0.0 (t)' Moo (t) and My o2 (t) are computed and
presented in tables (4.1) & (4.2).

V. FINDINGS

The changing patterns of statistical measures with respect to the study parameters are presented in table 4.1 and the

following findings are observed. The findings were made by varying a single parameter and keeping other parameters

are constant.

® Migo, Mo10, Moo1r M110, M1g1, Mo11 M200, Mo20, and Mog2 are increasing with 7&1.

® My is invariant and myig, Mooy are increasing; myyo is invariant, myg, is increasing and mgy; is negative & decreasing;
Mo IS INVariant, Moy is increasing and mgg; is decreasing with ;.

® Mg, Mo1o are invariant and mgg, is increasing; myyq is invariant, myg; and Moy, are decreasing; Maygg, Mgy are invariant
and mqy; is increasing with ;.

® Mygq is decreasing function, mgyg and myg; are increasing; My, Moy; are decreasing and myg; IS increasing; My is
decreasing, Moo and My, are increasing with d;.

® Myg IS invariant, Mgy is decreasing and mg, is increasing; mMyyq is invariant, My, and myy, are decreasing; Mygo IS
invariant, mgyo is decreasing and Moy, is increasing with d,3.

® Mygo, Mo19, Moo M110, Mig1, Mo11 Mage, Mo2o, @Nd Mgy, are decreasing with time t.

The changing patterns of statistical measures with respect to the study parameters are presented in table 4.2 and the

following findings are observed.

® Mago, Moz0, Moor M110, Mioz, Mozz Maoo, Moz, aNd Mo, are decreasing with ;.

® My IS iNvariant, my;o and mgg; are decreasing; myy is invariant, myg; and mgy; are decreasing; maq is invariant, mgyg
is decreasing function and mqg, is increasing with .

o It is observed that myqy, Mg are invariant and myg; is decreasing function of pg myyq is invariant and myg;, mgy; are
increasing functions of pig; M0, Moy are invariant and myg, is decreasing function of 3.

® Mg, Mo1o @nd Moy are increasing; mMyyg, Mo and Mgy; are increasing; Moge, Mo2o, aNd Mg, are increasing with No.

® Mg iS invariant, mye and Mgy, are increasing; myiy, Myp; are invariant and my,; is decreasing; My is invariant, Mgy
and mq, are increasing with My,

® Mgy, Moyo are invariant and meg; is increasing; mMyyp, Myg1, and Mgy are invariant; Moge, Mgy are invariant and mgg, is
increasing with Kq.

VI. ACKNOWLEDGEMENTS
The authors are thankful to acknowledge the funding agency to extract this study as the first author is the principal
investigator of a major research project work entitled “Studies on Stochastic Models for Cancer Growth and its

Applications with Optimal Drug Administration in Chemotherapy” sponsored by the Scientific and Engineering
Research Board (SERB), Department of Science and Technology (DST), Govt. of India.

Copyright to IJIRSET Www.ijirset.com 13013


http://www.ijirset.com/

[1]
[2]
(31
(4]

(5]
(6]

[7]
(8]

[9]

[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]
[18]
[19]
[20]

[21]

IJIRSET ISSN: 2319-8753

International Journal of Innovative Research in Science,
Engineering and Technology
(An ISO 3297: 2007 Certified Organization)
Vol. 3, Issue 5, May 2014

REFERENCES

Mayneord, W.V, “On a law of growth of Jenson’s rat sarcoma”, Amer.J.Cancer, Vol. 16, pp. 841-846, 1932

Kendall, D.G, “Birth and Death processes and the theory of carcinogenesis”, Biometrics, Vol.47, pp. 13-121, 1960

Neyman, J. Scott, E, “Statistical aspects of the problem of carcinogenesis”, Fifth Berkely Symposium on Mathematical statistics and
Probability”, Uni. Of Calif. Press, Berkeley, pp. 745-776, 1967

Marco, L.B., Antino, C.C. and Pier, F.P, “A mathematical model for the evolution of cell population under the action of mutagenic agents”,
Math Biosci., Vol.71, pp.19-40, 1984

Murray, J.M, “Some optimal control problems in chemotherapy with toxicity limit”, Math. Biosci., Vol. 100, pp. 49-67, 1990

Anup Dewanji, Suresh H. Moolgavkar and E. Georg Luebeck, “Two-mutation model for carcinogenesis: Joint analysis of premalignant
malignant lesions”, Mathematical Biosciences, Vol. 104, pp. 97-109, 1991

Neyman, J, “A two-step mutation theory of carcinogenesis”, Mimeograph, US National Institute of Health, 1958

Wette, R., Katz, LN. and Rodin, E.Y, “Stochastic Processes for Solid Tumor Kinetics I. Surface — Regulated Growth”, Mathematical
Biosciences, Vol. 19, pp. 231-255, 1974

Dubin, N, “A Stochastic model for immunological feed back in carcinogenesis: analysis and approximations:, Lect. Notes in Biomath, 9,
Springer, New York, 1976

Gabriella Serio, “Two-Stage Stochastic Model for Carcinogenesis with Time-Dependent Parameters”, Statistics and Probability, Vol.2, pp.
95-103, 1984

Tan, W.Y. and Gastardo, M.T.C, “On the assessment of effect of environmental agents tumor development by a two stage model of
carcinogenesis” Math. Biosci. 74, pp. 143-155, 1985

Moolgavkar, S.H., Dewanji, A. and Venzon, D.J, “A stochastic two stage model for cancer risk assessment I the hazard function and the
probability of tumor”; Risk. Anal., Vol.8, pp.383-392, 1988

Hanin, L.G., Rachev, S.T., Tsodikov, A.D. and Yakovlev, A.Yu, “A Stochastic Model of Carcinogenesis and Tumor Size at Detection”,
Advances in Applied Probability, Vol. 29, No. 3, pp. 607-628, 1997

Rinaldo B. Schinazi, “A Stochastic Model for Cancer Risk”, Genetics society of America, Vol.174, pp. 545-547, 2006

Birkhead, B.G, “The transient solution of the linear birth, death process with random spontaneous mutation”, Math. Biosci. 82, pp.193-200,
1986

Tirupathi Rao, P. and Srinivasa Rao, K, “Two Stage Stochastic Model for Cancer Cell Growth”, Indian Journal of Mathematics Sciences,
Vol.2, No.2, pp.153-168, 2006

Madhavi, K., Tirupatihi Rao, P. and Ramakrishna, S, “Stochastic modeling on stage Dependent Mutant cell growth”, International Journal of
Computational Science and Mathematics. Vol 4(3), pp. 187-196, 2012

Tirupathi Rao, P., Madhavi, K. and Kalpana, P, “Two Stage Mutant Cell Growth through Stochastic Modeling”, Global Journal of
Mathematical Sciences: Theory and Practical, Vol. 3. No. 2, pp. 101-110, 2011

Madhavi, K., Tirupathi Rao, P. and Ramakrishna, S, “Stochastic Modeling on Stage Dependent Mutant Cell Growth”, International Journal
of Computational Science and Mathematics, Vol. 4, No. 3, pp. 187-196, 2012a

Tirupathi Rao, P., Flora Evangil, D. and Madhavi, K, “Stochastic Programming on Optimal Drug Administration for Two stage Cancer
treatment problems”, International Journal of Green Computing, Vol.3(1), pp. 1-10, 2012c

Tirupathi Rao, P., Madhavi, K., Naveen Kumar, B.N. and Reddy, P.R.S, “Stochastic Modeling for treatment Malignancy Growth”,
International Journal of Advanced scientific and technical research”, Vol. 4, Issue 2, pp. 607-618, 2012b

BIOGRAPHY

Dr. Tirupathi Rao Padi is presently working as Associate Professor, Dept. of Statistics,
Pondicherry University, India. He has 23 years of teaching experience to teach undergraduate,
post graduate programs. He has 36 Published research articles in peer reviewed journals,
published 9 text books for graduate courses in statistics, completed 2 research projects and 1 is
ongoing project, organized 24 academic programs, delivered 60 invited talks at various
National and international academic and research forums, Presented 62 research papers,
participated in 53 conferences/workshops, guided 3 M. Phil. degrees, supervising 4 Ph. D.
programs. His areas of research include Stochastic Modeling, Applied Operational research,
Bio statistics, etc.

B.N. Naveen Kumar is presently Ph.D. full time Research Scholar cum UGC-SAP-DRS-I
Project Fellow in the Department of Statistics, Sri Venkateswara University, Tirupati, India.
He did his Post Graduation in Statistics at Sri Venkateswara University, Tirupati, India. He
has published three research articles in international journals, Presented 9 research papers,
participated in 24 conferences/workshops.

Copyright to IJIRSET Www.ijirset.com 13014


http://www.ijirset.com/

ISSN: 2319-8753

International Journal of Innovative Research in Science,
Engineering and Technology
(An ISO 3297: 2007 Certified Organization)
Vol. 3, Issue 5, May 2014

Pondicherry University, Puducherry, India. He did his Post Graduation in Statistics

J. Jayabharathiraj is presently Ph.D. full time Research Scholar in the Department of Statistics,

at

Pondicherry University, Puducherry, India. Also, He is Junior Research Fellow sponsored by
the Scientific and Engineering Research Board (SERB), Department of Science and

Technology (DST), Govt. of India. He has presented four research papers and participated 9 in
National and International conferences /workshops/seminars
Appendix
Table 4.1: Values of mygg, Mo10, Mooz M110, Mio1, Mo Magg, Mo2o, @Nd Mg, fOr varying values of Ay, A,, As, 81, 8, and t,
when the remaining are constants.
M | A | A3 | 010|023 |t | Migg Mo10 Moo1 | Mg M101 Mo11 M2qo Mo2q Moq?
0.4 1 2 2 1]1]0544 8.980 75.806 | 0.024 6.118 2.835 0.609 7.890 3805
0.5 1 2 2 11 1]0.601 9.043 76.063 | 0.036 6.631 3.363 0.693 8.084 3950
0.6 1 2 2 111 0.665 9.214 76.327 | 0.050 7.187 3.898 0.788 8.286 4107
0.7 1 2 2 1111 0.735 9.395 76.599 0.067 7.793 4.444 0.896 8.499 4278
0.8 1 2 2 111]0.812 9.585 76.880 0.088 8.454 5.004 1.019 8.722 4463
0.9 1 2 2 1|11 0.897 9.786 77.169 0.112 9.178 5.581 1.159 8.957 4665
03111 2 2 1110492 9.480 76.635 | 0.015 6.242 2.081 0.536 8.609 3656
03112 2 2 1110492 10.306 77.763 | 0.015 6.924 1.388 0.536 9.624 3644
03] 1.3 2 2 1110492 11.209 78.946 | 0.015 7.700 -0.294 0.536 10.765 3627
03114 2 2 1]11]0.492 12.198 80.187 | 0.015 8.586 -4.379 0.536 12.050 3591
03115 2 2 1110492 13.281 81.490 | 0.015 9.600 -16.146 0.536 13.496 3484
03116 2 2 1110492 14.467 82.858 0.015 10.764 -83.479 0.536 15.124 2841
0.3 1121 2 1]11]0.492 8.725 82.108 | 0.015 4.939 1.854 0.536 7.706 4192
0.3 1122 2 1110492 8.725 89.277 0.015 4.327 1.429 0.536 7.706 4801
0.3 1123 2 1110492 8.725 97.125 0.015 3.794 1.032 0.536 7.706 5512
0.3 1124 2 1110492 8.725 105.720 | 0.015 3.329 0.668 0.536 7.706 6345
0.3 1125 2 1110492 8.725 115.134 | 0.015 2.923 0.347 0.536 7.706 7320
0.3 1126 2 1110492 8.725 125.449 | 0.015 2.568 0.098 0.536 7.706 8643
0.3 1 2121 1| 1] 0.446 8.824 76.078 0.014 5.714 2.330 0.484 7.838 3708
0.3 1 2|22 1111 0.403 8.915 76.581 0.013 5.781 2.269 0.438 7.962 3741
0.3 1 2|23 1111 0.365 9.000 77.069 0.012 5.843 2.100 0.396 8.078 3770
0.3 1 2124 1111 0.330 9.080 77.542 0.012 5.901 1.786 0.358 8.186 3792
0.3 1 2125 1|11 0.299 9.153 78.000 0.011 5.956 1.275 0.323 8.288 3808
0.3 1 2126 1111]0.270 9.222 78.445 0.010 6.007 0.482 0.292 8.383 3816
0.3 1 2 2111 | 1]0.492 8.035 78.304 0.015 5.114 2.386 0.536 7.108 4035
0.3 1 2 2112 | 1]0.492 7.404 80.900 0.015 4.648 2.386 0.536 6.561 4411
0.3 1 2 2113 | 1]0.492 6.826 83.355 0.015 4.235 2.335 0.536 6.062 4798
0.3 1 2 2114 |1]0.492 6.298 85.680 0.015 3.870 2.249 0.536 5.605 5202
0.3 1 2 2115 | 1]0.492 5.814 87.883 0.015 3.546 2.136 0.536 5.186 5626
0.3 1 2 2116 |1]0.492 5.371 89.972 0.014 3.259 2.004 0.536 4.804 6074
0.3 1 2 2 1|2 6.06E-04 | 0.166 28.832 | 2.70E-05 | 0.282 0.256 6.60E-04 | 0.164 651.414
0.3 1 2 2 1|3 | 7.46E-07 | 3.05E-03 | 10.626 | 3.34E-08 | 1.40E-02 | 1.40E-02 | 8.13E-07 | 3.04E-03 | 1.23E+02
0.3 1 2 2 114 |918E-10 | 5.59E-05 | 3.909 411E-11 | 6.98E-04 | 6.97E-04 | 1.10E-09 | 5.56E-05 2.90E+01
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M [ M | A3 | 0912|0823 |t | Migg Mo1g Mgo1 | Mi1g M1o1 Mo11 Maog Mo2o Moo

0.3 11 2 2 115 1.13E-12 | 1.02E-06 | 1.438 5.06E-14 | 3.47E-05 | 3.47E-05 | 1.23E-12 | 1.02E-06 8.47E+00
0.3 2 1|6 | 1.39E-15 | 1.87E-08 | 0.529 0.00E+00 | 1.73E-06 | 1.73E-06 | 1.52E-15 | 1.87E-08 2.82E+00
0.3 2 1|7 | 0.00E+00 | 3.43E-10 | 0.195 0.00E+00 | 8.61E-08 | 8.61E-08 | 0.00E+00 | 3.42E-10 9.97E-01

Table 4.2: Values of Mmoo, Mo1, Mooz Mazo, Moz, Moz Moo, Mozo, @Nd Mooz for varying values of py, pa, Ha, No, Mg

and K,, when the remaining are constant.

M1 | Mo | M3 No Mo | Ko Mio Moio Moo1 Majo Mo Moag Mago Mogo Mooz
5 4 3| 400 | 200 | 100 | 0.446 | 8578 | 75.317 | 0.013 | 5.442 2.019 | 0.484 | 7.530 | 3543
5 4 3| 400 | 200 | 100 | 0.403 | 8.438 | 75.082 | 0.012 | 5.256 1.700 | 0.438 | 7.362 | 3425
5 4 3| 400 | 200 | 100 | 0.365 | 8.304 | 74.855 | 0.011 | 5.081 1.342 | 0.396 | 7.201 | 3314
5 4 3| 400 | 200 | 100 | 0.330 | 8.177 | 74.634 | 0.010 | 4.918 0.932 | 0.358 | 7.046 | 3209
6 4 3| 400 | 200 | 100 | 0.299 | 8.055 | 74.419 | 0.009 | 4.765 0.446 | 0.323 | 6.898 | 3109
6 4 3| 400 | 200 | 100 | 0.270 | 7.940 | 74.210 | 0.008 | 4.621 0.332 | 0.292 | 6.757 | 3013
5141 3| 400 | 200 | 100 | 0.492 | 8.035 | 74.530 | 0.015 | 5.114 2.333 | 0.536 | 7.108 | 3685
51 4.2 3| 400 | 200 | 100 | 0.492 | 7.404 | 73.548 | 0.015 | 4.648 2.252 | 0.536 | 6.561 | 3705
5143 3| 400 | 200 | 100 | 0.492 | 6.826 | 72.609 | 0.015 | 4.235 2.118 | 0.536 | 6.602 | 3733
5144 3| 400 | 200 | 100 | 0.492 | 6.298 | 71.711 | 0.015 | 3.870 1.957 | 0.536 | 5.605 | 3769
5145 3] 400 | 200 | 100 | 0.492 | 5.814 | 70.851 | 0.015 | 3.546 1.788 | 0.536 | 5.186 | 3814
51 4.6 3| 400 | 200 | 100 | 0.492 | 5.371 | 70.028 | 0.015 | 3.259 1.617 | 0.536 | 4.804 | 3869
5 4131 | 400 | 200 | 100 | 0.492 | 8.725 | 69.572 | 0.015 | 6.454 2.794 | 0.536 | 7.706 | 3228
5 4132 | 400 | 200 | 100 | 0.492 | 8.725 | 64.100 | 0.015 | 7.390 3.316 | 0.536 | 7.706 | 2848
5 4133 ] 400 | 200 | 100 | 0.492 | 8.725 | 59.095 | 0.015 | 8.471 3.880 | 0.536 | 7.706 | 2520
5 4134 | 400 | 200 | 100 | 0.492 | 8.725 | 54.518 | 0.015 | 9.724 4,492 | 0.536 | 7.706 | 2237
5 4135 | 400 | 200 | 100 | 0.492 | 8.725 | 50.329 | 0.015 | 11.179 | 5.163 | 0.536 | 7.706 | 1991
5 4136 | 400 | 200 | 100 | 0.492 | 8.725 | 46.494 | 0.015 | 12.871 | 5902 | 0.536 | 7.706 | 1778
5 4 3410 | 200 | 100 | 0.505 | 8.852 | 75.945 | 0.015 | 5.784 2,409 | 0.549 | 7.876 | 3756
5 4 3420 | 200 | 100 | 0.517 | 8.978 | 76.331 | 0.016 | 5.925 2510 | 0.563 | 8.046 | 3843
5 4 31430 | 200 | 100 | 0.529 | 9.105 | 76.718 | 0.016 | 6.066 2,611 | 0.576 | 8.217 | 3930
5 4 31440 | 200 | 100 | 0.542 | 9.231 | 77.105 | 0.016 | 6.207 2,712 | 0.589 | 8.387 | 4016
5 4 31450 | 200 | 100 | 0.554 | 9.358 | 77.491 | 0.017 | 6.348 2.813 | 0.603 | 8.557 | 4103
5 4 31460 | 200 | 100 | 0.566 | 9.485 | 77.878 | 0.017 | 6.489 2914 | 0.616 | 8.727 | 4190
5 4 3| 400 | 210 100 | 0.492 | 8.908 | 76.723 | 0.015 | 5.643 2,222 | 0536 | 7.751 | 3847
5 4 3| 400 | 220 | 100 | 0.492 | 9.092 | 77.888 | 0.015 | 5.643 2,136 | 0.536 | 7.796 | 4025
5 4 3| 400 | 230 | 100 | 0.492 | 9.275 | 79.054 | 0.015 | 5.643 2.050 | 0.536 | 7.841 | 4202
5 4 3| 400 | 240 | 100 | 0.492 | 9.458 | 80.219 | 0.015 | 5.643 1.964 | 0.536 | 7.886 | 4380
5 4 3| 400 | 250 | 100 | 0.492 | 9.641 | 81.384 | 0.015 | 5.643 1.877 | 0.536 | 7.931 | 4557
5 4 3| 400 | 260 | 100 | 0.492 | 9.824 | 82.549 | 0.015 | 5.643 1.791 | 0.536 | 7.976 | 4735
5 4 3| 400 | 200 | 110 | 0.492 | 8.725 | 79.237 | 0.015 | 5.643 2.309 | 0.536 | 7.706 | 3681
5 4 3| 400 | 200 | 120 | 0.492 | 8.725 | 82.916 | 0.015 | 5.643 2.309 | 0.536 | 7.706 | 3693
5 4 3| 400 | 200 | 130 | 0.492 | 8.725 | 86.594 | 0.015 | 5.643 2.309 | 0.536 | 7.706 | 3704
5 4 3| 400 | 200 | 140 | 0.492 | 8.725 | 90.273 | 0.015 | 5.643 2.309 | 0.536 | 7.706 | 3716
5 4 3| 400 | 200 | 150 | 0.492 | 8.725 | 93.952 | 0.015 | 5.643 2.309 | 0.536 | 7.706 | 3728
5 4 3| 400 | 200 | 160 | 0.492 | 8.725 | 97.631 | 0.015 | 5.643 2.309 | 0.536 | 7.706 | 3739
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