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ABSTRACT: In this paper, a general solution for the propagation of plane waves in generalized piezo-thermoelastic
medium for two-dimensional problem under the different thermoelastic theories is investigated. We have included
Coupled theory (CT), Lord-Schulman (L-S) and Green-Lindsay (G-L) theories. The normal mode analysis is used to
obtain the exact expressions for the considered variables. The results of the physical quantities have been illustrated
graphically by comparison between (CT), (L-S) and (G-L) theories.
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| INTRODUCTION

Piezoelectric is considered one of the basic properties of crystals, ceramics, polymers, liquid crystals and some
biological tissues (e.g. bone and tendon). Recent interest in the piezoelectric materials stems from their potential
applications in intelligent structural systems, and piezoelectric is currently enjoying a greatest resurgence in both
fundamental research and technical applications. The theory of thermo-piezoelectric was first proposed by Mindlin [1].
The physical laws for the thermo-piezoelectric materials have been explored by Nowacki [2, 3]. Chandrasekharaiah [4]
has generalized Mindlin's theory of thermo-piezo-electric to account for the finite speed of propagation of thermal
disturbances. Sharma and Kumar [5] have studied plane harmonic waves in piezo-thermoelastic materials. The
propagation of Rayleigh waves in generalized piezo-thermoelastic half space has been investigated by Sharma and
Walia [6]. Biot [7] has introduced the theory of coupled thermoelasticity to overcome the first shortcoming in the
classical uncoupled theory of thermoelasticity, which leads to predict two phenomena not compatible with physical
observations. The first one is the equation of heat conduction of this theory which does not contain any elastic terms.
The second is the heat equation of a parabolic type, predicting infinite speeds of propagation to heat waves. The
governing equations of the Biot theory jointly, eliminate the first paradox of the classical theory. However, both
theories share the second shortcoming since the heat equation for the coupled theory is also parabolic.

Thermoelasticity theories that predict a finite speed for the propagation of thermal signals have aroused much interest
in the last three decades. These theories are known as generalized thermoelasticity theories. The first generalization of
the thermoelasticity theory is due to Lord and Shulman [8] who introduced the theory of generalized thermoelasticity
with one relaxation time through postulating a new law of heat conduction to replace the classical Fourier’ law. This
law contains the heat flux vector as well as its time derivative. It contains also a new constant that acts as a relaxation
time. The heat equation of this theory is of the wave-type which ensuring finite speeds of propagation of heat and
elastic waves. The remaining, governing equations for this theory, namely, the equations of motion and the
constitutive relations remain the same as those for the coupled and the uncoupled theories. This theory was extended by
Dhaliwal and Sherief [9] to general anisotropic media in the presence of heat sources. Othman [10] studied the Lord-
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Shulman theory under the dependence of the modulus of elasticity on the reference temperature in two dimensional
generalized thermoelasticity. Green and Lindsay [11] have obtained another version of the constitutive equations.

Like the (L-S) theory and the (G-L) theory is also a generalization of the coupled (CT) theory, which allows for so-
called "second sound" effects. But there exist the following differences between the two theories:

(i) The (L-S) theory modifies only the energy equation of the coupled theory by considering the time needed for the
acceleration of heat flow, whereas the (G-L) theory modifies both the constitutive equation and the energy equation.
Accordingly, the (L-S) theory involves only one relaxation time of thermoelastic process and the (G-L) theory involves
two relaxation times.

(if) The energy equation of the (L-S) theory depends on both, the strain velocity and strain acceleration whereas the
corresponding equation of the (G-L) theory depends only on the strain velocity.

(iii) In the linearized case, accordingly to the (G-L) theory, the heat cannot propagate with a finite speed unless the
stresses depend on the temperature velocity. Accordingly, to the (L-S) theory, the heat can propagate with a finite speed
even though the stresses are independent of the temperature velocity.

(iv) The two theories are structurally different from one another, and one cannot be obtained as a particular case of the
other.

The reflection and refraction problem with the interface of the piezo-thermoelastic materials, under the initial stresses
influence in the context of Green and Lindsay theory have been studied by Alshaikh [12]. Othman and Abbas [13]
have studied the effect of rotation on plane waves in generalized thermo-microstretch elastic solid by comparing
different theories using finite element method. Othman and Lotfy [14] have studied the effect of magnetic field and
rotation of the 2-D problem of a fiber-reinforced thermoelastic using different theories with influence of gravity.
Abd-Alla and Alsheikh [15] have studied the reflection and refraction of plane quasi-longitudinal waves on the
interface of the two piezoelectric media under initial stresses. The reflection phenomena of quasi-vertical transverse
and longitudinal waves in the piezo-electric medium under initial stresses have investigated by Abd-Alla et al. [16,
17]; also Abd-Alla et al. [18] have studied the phenomena of reflection and transmission waves in smart nano
materials.

The aim of the present work is to study analytically and the numerical results for the field quantities are illustrated
graphically by comparison of different theories.

1. BASIC EQUATIONS

The basic, governing field equations of hexagonal piezo-thermoelastic in homogeneous anisotropic solid are [6]:
- Strain-displacement-relation

1
&ij =E(ui,j +Uj i) 1)
- Stress-strain-temperature
)
o =Cinéa —ewEx — B L+ 5)T S - 2
- Equation of motion
- Gauss equation and electric field relation
Di;i =0, (4)
D, =gy e t+€; Ej+p (1+t1§)T , (5)
where Ej =—-¢;.
- The heat conduction equation
0 0, . 0.
KijTij =pCe(L+tg E)T +TolB;j L+ nytg E)Ui j —Pi @+ngtg E)@,i I (6)
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Where u;, @, T are the mechanical displacement, electric potential and an absolute temperature, respectively; &jj
Tjj ﬂij are the components of strain tensor, stress tensor and thermal elastic coupling tensor, respectively; Cijk| is the
elastic parameters tensor, i, j,k,l =1,2,3; €jjk » Sij» Pj are the piezo-electric moduli, dielectric moduli and pyro-
electric moduli; p is the mass density; E; , D; are the electric field and the electric displacement; ty , t; are the

thermal relaxation time parameters; Kjj is the heat conduction tensor; T is the reference temperature; C, is the

specific heat at constant strain.

Equations (2)—(6) are the field equations of the generalized thermoelastic solid, can be defined in terms of the three
theories CT, L-S and G-L as follows:

1. The coupled (CT) theory, when t; =t; =0

2. Lord-Shulman (L-S) theory, when n=1 t;=0t,>0
Equations (7) and (8) remain unchanged and (6) has the form

KT =@rto o) pCT +To(Byui 5 = i) (10)

3. Green-Lindsay (G-L) theory, when n; =0, t;>t5>0
Equations (2) and (5) remain unchanged and (6) has the form

0\ . :
KijTij =pCe@rto T +Tolf Ui j i ] (12)

The constitutive relation and electric displacement of the hexagonal (6mm) crystal symmetry are given by

0
Oxx =Cu&yx +Cu3éy; —€3E, _/31(1*"[15)1- , (12)
0
(<F7} :C135xx +C33£zz _GBBEZ —ﬂ3(1+t15)-|-, (13)
Ox =2C 4465 —€15Ey (14)
Dy 26‘15(”,2 W )+ €11 Ex, (15)
D, =e3Uy +e3V , + €33 E, + ps(L+ty ait)T . (16)

11l. FORMULATION OF THE PROBLEM

We consider a homogeneous, anisotropic, piezo-thermoelastic medium of hexagonal type. The basic governing field
equations (3), (5), (6) for temperature change T (x,z,t), displacement vector u(x,z,t)=(u,0,w), and electric
potential ¢(x,z,t), aregiven by

0 .
Cpu, +Chuu, +(C,+C )W x T (€31 +€45) L - B A+t g)T,x =pu, (17)
0 .
(CAA +Cl3)u,xz +C£14W,xx +C33W,zz +e15 gD,xx +e33 gD,zz _ﬂ3(1+t1 g)Tz =pwW, (18)
0 0, . 0, . 0, . 19
KT o +KsT 5 —pCe (L4t 5)1— =To[B (L+nty E)U,x +B(L+ngt, 5)W,z —ps(L+ng, E)Qz 1 (19)
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0
(855 +e31)u,xz T W o TE3W ,, =€ @y — €33 @y + py(L+t, E)T,z =0. (20)
For simplification we will use the following non-dimensional variables
* * W'V @'V T o , .
x'=2x, 27=27, u'= PO, u, w'= P Pw, T'=—, of =——, ¢'=¢,0, {'t,t}=0"{t.t;t},
v, v, BT, BT, T, AR
, D . CC o'e
=— ==L, g = 2o, Pr=(Cu+Cp)oy +Ci3a, P =230 +C5505. (21)

i y @
ﬂ1To k11 P VlﬂpTO
Egs. (17)—(20) in the non-dimensional forms (after suppressing the primes) reduce to

u,xx + 51”,22 +52W X2 +53 (p,xz +54 (1+t1 %)Tx = 55 L.I., (22)

52u,xz +51\N,xx +56W,zz +57(p,xx +55(p,zz +58(1+t1 %)Tz :55\’\77 (23)

59u,xz +510W,xx +511W,zz +512(P,xx +513(P,zz +0, L+t %)T,z =0, (24)
0 0 . ) .

515T,xx +05,T ,, -1+t g)T = (L+ngt, 5)[517u,x +518W,z +519(P,z 1 (25)

"The full expressions for &;, j =1-19 are given in the Supplementary Material as Appendix A".
1IV. NORMAL MODE METHOD

The normal mode analysis gives exact solutions without any assumed restrictions on the temperature displacement and
stress distributions. The solution of the considered physical variables can be decomposed in terms of normal modes in
the following form

w7 1(x,2,0) =[u" W' T Iz )e 2% ). (26)
d . . . L
Where D = d— c= Q,  is the complex time constant (frequency), i is the imaginary unit, a is the wave number
z a
in the x —direction,and u”,w ", ¢, T~ are the amplitudes of the functions, then
(D?+A)u" +A,DW " +A,Dp +AT " =0, (27)
A;DU” +(D? +Ag)W " +(A; +AgD?) @ +ADT " =0, (28)
ADU” +(A;; +DHW “+ (A, +AD?) " +A,DT " =0, (29)
AU +ADW  +A;;D@ +(D?+A)T  =0. (30)

"The full expressions for A, , k =1-18 are given in the Supplementary Material as Appendix A".
Eliminating u*(z), go*(Z) and T *(z) between equations (27)-(30) we get the following eighth order differential

equation for w " (z)

(D -AD®+BD*-C D?+E)w (z)=0. (31)
In a similar manner we arrive
(D -AD® +BD*-CD?+E){u"(z),¢ (z)T "(2)}=0. (32)

"The full expressions for A, B,C, E are given in the Supplementary Material as Appendix A".
Equation (32) can be factored as
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(D? —k2)(D? -k 2)(D? -k 2)(D* -k Z)w "(z) =0. (33)
The solution of equation (31) which is bound as z — oo, is given by

T*(z):iMne_k"Z, (34)
=]

(p*(z)=iH1nMne’knz, (35)
=

w*(z):iHZHMne’k"Z, (36)

u*(z):iHanMne_k"Z. (37)

Where knz, (n =1,2,3,4) are the roots of the characteristic equation of equation (33).
Taking dimensionless and normal mode to equations (12)-(16) then by substituting from equations (34)-(37), we obtain

4
G:x (Z)ZZHAnMneianl (38)
n=1
o-;z (Z):iHBnMneian' (39)
o, (z):iHenMne’k"Z, (40)
« 4 Kk z
D,(z)=>H, Me ", (41)
n=1
. 4 k. z
D,(z)=> HgM,e 7. (42)
n=1

"The full expressions for H ., m =1-8 are given in the Supplementary Material as Appendix B".
V. BOUNDARY CONDITIONS

The parameters M , (n =1,2,3,4) have to be chosen such that the boundary conditions on the surface z = 0 takes
the form
op

Oz (X’O’t)z_fl*eia(x_(:t)i Oyxz (X,O,t)zo, T =01 19)
Z

0 (43)

Where fl* is constant.

Using the expressions of the variables considered into the above boundary conditions (43), we can obtain the following
equations satisfied by the parameters:

4

ZHSnan_fl’ (44)
n=1

4

2 HeM, =0, (45)
n=1

4

>M, =0, (46)
n=1

4

D> kyHpM, =0. (47)
n=1

Solving equations (44)-(47) for M . (n=1,2,3,4) by using the inverse of matrix method as follows
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-1

My Hsy Hs, Hss Hsy —f;

Mz | |Her  Hez Hes Hes 0 (48)
My | |1 1 1 1 0

My) \kKiHip  kpHpp kgHyg kyHyg 0

VI. NUMERICAL CALCULATIONS AND DISCUSSION

The material chosen for the purpose of numerical calculations has been taken as Cadmium Selenide (CdSe) having
hexagonal symmetry (6 mm class)

Cpp = 7.41x10°°Nm 2, ¢, =452x101°Nm 2, ¢;3=3.93x10°Nm 2, " =10® g5 =8.36x10Nm 2,
Chq =1.32x101°Nm 2, To=298K, p =5504 Kgm 3, e;3=—0160CMm 2,  e;=0347Cm~2,
e;5 =—0.138Cm 2, B =0621x10°Nk *m™, B =0.551x10°NK tm™2, py=—2.94x10°CK 1m2,
Ki=Kz=9Wm K™ &;=826x10C2N"2m?, 33=9.03x10c?Ntm=2, c,=2603.Kg7'K™
Figures 1-6 show the comparison between the displacement components u,w, the normal stress components o,, , the
temperature T , the electric potential ¢ and the electric displacement D, . The computations are carried out for the
non-dimensional time t = 0.3 on the surface planeat x =1.5.
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Fig. 1 Distribution of horizontal displacement U versus z-axis.

Figure 1 depicts that the distribution of the horizontal displacement u in the context of the CT, L-S and G-L theory,
always begin from negative values, and increases in the range 0 < z <5. Itis observed that the two curves of the CT
and L-S theories are coincide. However, u converges to zero with increasing of the distance z >10. Figure 2 exhibits
that the distribution of the vertical displacement w, in the case of CT, L-S and G-L theory, but decreases and
converges to zero for z >12.
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Fig. 2 Distribution of vertical displacement w versus z -axis.

Figure 3 shows that the behavior of three curves of o,, is increasing in the range 0 <z <5, while the two curves of
the CT and L-S theories are coincide, it is obvious that o,, converges to zero for z >10. Figure 4 demonstrates that

for z <2 the behavior of three curves of the temperature T is increasing, while in the two theories CT and L-S it
decreases in the range 2 < z < 6. However the curve of T with G-L theory decreases in the range 2 <z <14. Then the
temperature T converges to zero with decreasing of the distance z at z >14. Figure 5 exhibits that the distribution of
the curves of ¢ increases in the range 0 <z <10. The curve which describes the behavior of ¢ with the L-S theory is

an upper curve while the curve which describes the behavior of ¢ with the G-L theory, is in the lower, but the curve
with CT lies between the two other curves. The values of the electric potential ¢, which is based on the three theories
CT, L-S and G-L converge to zero with increasing of the distance z for z >10.
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Fig. 3 Distribution of stress component ¢, versus z -axis
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Fig. 4 Distribution of temperature T versus z -axis
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Fig. 5 Distribution of electric potential ¢ versus z -axis

Figure 6 depicts the distribution of the electric displacement D, . One can see that the two curves of D, with the CT
and L-S theories are coinciding. The behavior of the three curves of D, is decreasing in the range 0< z <5, but it
converges to zero with increasing of the distance z > 7.
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Fig. 6 Distribution of electric displacement D, versus z -axis

VII. CONCLUSIONS

According to the above results, we can conclude that, analytical solutions based upon normal mode analysis for
piezoelectric thermoelastic medium have been developed and utilized. The values of all physical quantities converge to
zero with the increasing of the distance z , also all the functions are continuous. All the physical quantities agree with
the boundary conditions. The significant effect of thermal time relaxation has been observed in all the various physical
quantities of the CdSe material, since all the profiles of considered functions are quite distinguishable. Hence the results
for all the considered field parameters show the difference between the three different theories of thermoelasticity

namely the CT, L-S and G-L.
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