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ABSTRACT: Three-phase-lag theory of thermoelasticity is employed to study the deformation of thermoelastic solid
half-space under hydrostatic initial stress and rotation with two- temperature. The normal mode analysis is used to
obtain the analytical expressions of the displacement components, force stress, thermodynamic temperature and
conductive temperature. The numerical results are given and presented graphically when mechanical and thermal force
is applied. Comparisons are made with the results predicted by three phase lag, Green-Naghdi 11l and Lord-Shulman in
the presence and absence of initial stress as well as rotation.
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. INTRODUCTION

The generalized theory of thermoelasticity is one of the modified versions of classical uncoupled and coupled theory
of thermoelasticity and has been developed in order to remove the paradox of physical impossible phenomena of
infinite velocity of thermal signals in the classical coupled thermoelasticity. Five generalizations of the coupled theory
of thermoelasticity have investigated [1]. The first generalization formulates the generalized thermoelasticity theory
involving one thermal relaxation time [2]. The temperature rate-dependent thermo-elasticity is developed where
includes two thermal relaxation times and does not violate the classical Fourier’s law of heat conduction, when the
body under consideration has a center of symmetry [3]. One can review and presentation of generalized theories of
thermoelasticity [4]. The wave propagation in anisotropic solids in generalized theories of thermoelasticity has studied
[5-7]. The third generalization of the coupled theory of thermoelasticity is developed by Hetnarski and Ignaczak and is
known as low-temperature thermoelasticity. The fourth generalization to the coupled theory of thermoelasticity
introduced by Green and Naghdi and this theory is concerned with the thermoelasticity theory without energy
dissipation, referred to as G-N theory of type Il in which the classical Fourier law is replaced by a heat flux rate-
temperature gradient relation and Green and Naghdi with energy dissipation referred to as G-N theory of type Ill. The
fifth generalization of the coupled theory of thermoelasticity is referred to the dual-phase-lag thermoelasticity [8, 9].
Recently the three-phase-lag, heat conduction equation in which the Fourier law of heat conduction is replaced by an
approximation to a modification of the Fourier law with the introduction of three different phases-lags for the heat flux
vector, the temperature gradient and the thermal displacement gradient [10]. The stability of the three-phase-lag, the
heat conduction equation is discussed [11]. Subsequently, this theory has employed of thermoelasticity with three-
phase-lag to discuss a problem of thermoelastic interactions on functional graded orthotropic hollow sphere under
thermal shock [12].

Some researchers in the past have investigated different problems of rotating media. The propagation of plane
harmonic waves in a rotating elastic medium without a thermal field has been studied [13]. It was shown there that the
rotation causes the elastic medium to be depressive and anisotropic. An investigation of the distribution of
deformation, stresses and magnetic field in a uniformly rotating, homogeneous, isotropic, thermally and electrically
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conducting elastic half-space was presented [14]. The effect of rotation on elastic waves has been studied [15, 16]. The
effect of rotation in a magneto-thermoelastic medium was discussed [17].

The two-temperature theory of thermoelasticity was introduced [18-20], in which the classical Clausius-Duhem
inequality was replaced by another one depending on two-temperature; the conductive temperature and the
thermodynamic temperature, the first is due to the thermal processes, and the second is due to the mechanical
processes inherent between the particles and the layers of elastic material, this theory was also investigated [21]. The
two-temperature model was underrated and unnoticed for many years thereafter. Only in the last decade the theory has
been noticed, developed in many works, and find its applications, mainly in the problems in which the discontinuities
of stresses have no physical interpretations. Among the authors who contribute to developing this theory, it has studied
existence, structural stability, convergence and spatial behavior of this theory [22], it was introduced the generalized
Fourier law to the field equations of the two-temperature theory of thermoelasticity and proved the uniqueness of the
solution for homogeneous isotropic material [23], the propagation of harmonic plane waves studied [24]. Recently,
authors have studied the uniqueness and growth solutions [25], for the model proposed [23]. The effect of three-phase-
lag on a two-temperature generalized thermoelasticity for the infinite medium with a spherical cavity had studied [26].

The initial stress present in the medium also has a considerable effect on the propagation of waves (Biot, 1965).

Initial stress in solids has the significant influence on the mechanical response of the material from an initially stressed
configuration and has applications in geophysics, engineering structures, and in the behavior of soft biological tissues.
Initial stress arises from processes, such as manufacturing or growth and is present in the absence of applied loads. It
has studied the effect of hydrostatic initial stress and rotation with Green-Naghdi (type I11) thermoelastic half space
with two-temperature [27]. It has studied the effect of initial stress on a generalized thermoelastic medium with the
three-phase-lag model under temperature-dependent properties [28]. Effect of rotation and initial stress on an
infinite generalized magneto-thermoelastic diffusing body with a spherical cavity had investigated [29]. Hall
effects on unsteady flow due to no coaxial rotating disk and a fluid at infinity were studied [30]. Flow induced by non-
coaxial rotation of a porous disk executing non-torsion oscillating and second grade fluid rotating at infinity was
discussed [31].
The present paper is concerned with the investigations related to the effect of rotation and initial stress with two-
temperature on a generalized thermoelastic medium based on the three-phase-lag model by applying the normal mode
analysis. Also, the effects of rotation and initial stress on the physical quantities are discussed numerically and
illustrated graphically.

Nomenclature

A, u Lame’s parameter counterparts u; displacement vector
T thermodynamic temperature p initial stress

b constant material "two temperature parameter " L mass density

c, specific heat at constant strain K (>0) thermal conductivity
K~ material characteristic of the theory d;  Kronecker delta

t, phase lag of thermal displacement gradient ¢  conductive temperature
t, phase lag of temperature gradient T phase lag of heat flux

q

w;  skew symmetric tensor called the rotation tensor
1. FORMULATION OF THE PROBLEM

We consider a homogeneous thermoelastic half-space with two-temperature rotating uniformly with angular velocity
Q2 =Q n, wWhere N isa unit vector representing the direction of the axis of rotation. All quantities are considered are

functions of the time variable t and of the coordinates x and y. The displacement equation in the rotating frame has two
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additional terms [Schoenberg and Censor (1973)]: Centripetal acceleration 2 x (€ x u)due to time varying motion
only and Coriolis acceleration 202 x u where u =(u, ,u,, 0) is the dynamic displacement vector and angular velocity

is 2 =(0,0,Q). These terms, do not appear in non-rotating media.

M. BASIC EQUATIONS

The field equations and constitutive relations for a homogeneous isotropic thermoelastic solid with hydrostatic initial
stress and rotation in the absence of incremental body forces and heat source are given by three phase lag model,

oij =2uey Hle—y T -T, )-léij -P (wij +0j; ).
The equation of motion
Tiji :prul +{Q A (2 /\u)}i +2Q2 /\”)|1

The equation of heat conduction under three phase lag model
2 2

T 0
| )(pceT +yTyé).

K'V2§+2, V2§ + K Vg = (1+7q — ot 2

Where, 7, =(K +K 1,),
T = (1-bV?),

1
i :E(ui,j Hij; ),

1
2 E(uj,i —Ujj ):

For a two-dimensional problem in xy-plane, Egs. (3.2) and (3.3) can be written as:

62
(ﬂ—ﬁ)vzu1+(z+ﬂ+ﬁ)a_e—y (1—bv2)%: 0 2_p0 N2y
o at
8¢ 2 aul
——V +(A+ +——— 1-bV —u,Q°+20Q —,
(W =2)Vu, +(A+p ) 7 ( )ay p[(9t2 2 p
, 90 292 ) 12 7 o

KIV3 4 Ve K V2D = (Lt =+l (1Y )¢+yTO—]

For the purpose of numerical evaluation, we mtroduce dimensionless varlables

! ! ! p— 1 !’ ! ’ ! 1 [ y [ A— l
(X,y,ui)—co—w(x,y,ui), (t,‘[v,‘L'q,‘L't)ZZ(I,TV,Tq,Tt), T _/1+2,uT ) Oij —Maij,
At+2 K
¢ = g, co=""F, w="_
)‘+21u p PCeCo
Usmg the above dimensionless quantities Egs. (7)-(9) become
( ——) A ~(1-b"V? a¢ [a Y02 2022 Nz
/1+2 ,1+2ﬂ ot
( __) A+ b v2) 20 29 _ E)u2 _90 9 aul
,1+2 /1+2,u ax o2 ot
9, q 02

eiVip+e, Vi +1, V2 = (Itrg— at e )[( —b" VP +ee].
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* 2

_ - ? Ty ~_ b
, e,=1+er,, e,=—*t-9Y% b = .
pcecg 2 v 3 pCe (/1+2,u) ngZ

Where, ¢, =

We define displacement potentials g and y which relate to displacement components u, and U, as,

ulzq,x _W,y’ l"|2 :q,y +W,x' (13)
Using Eq. (13) in Egs. (10)-(12), we obtain:

2

V2 - (L —0t)g +20 Y —(1-5'V2)g=0, (14)
ot ot
2q 2 0 2

-2Q —+[a,V - (—-Q =0, 15
O G (15)

. . 9 12 .o
eV P reVite VoG = (Lhrg ot o - D=6V 4oV (16)

IV.  NORMAL MODE ANALYSIS

The solution of the considered physical variable can be decomposed in terms of normal mode as the following form
[y, Uz T 9.0y, 04510 00) =[uguz,e” T7 097 q Lo 1(v Jexpleot +iax). (17)

Where, @ isthe complex time constant and a is the wave number in x-direction.
Using (17) in Egs. (14)-(16), we obtain

(D?-A)g +(b D?—A,)g +2Qwy” =0, (18)
(a,D* - A" —2Qwq” =0, (19)
(A,D*—Ag)¢" —As(D* —a%)q” =0. (20)
Where,

2602

* * T
A =@ +0’-Q32), Ay=1-b'a? A;=(@a’+w?-Q32), A =( +ew+r,0°)+h (1+rqa)+qT),
2 2

“ T T
As = 8.2(81 +e&,0 +rtw2)+(1+a2b Mi+zqo +%a)2], Ag =£3w2[1+rqa) +%w2].

Eliminating 4* and y~ between Egs. (4.18)-(4.20), we get
[D°-AD*+BD’-ENq (y).¢' () (»)}=0. (21)
Where,
_a{Ay +AA, +AA, +h a’A}+ Az (A, +bTA)
) a (A, +Agb) ,
B = AdPs T aAAs+ AAA, + 47, Q%0 + Ay Azdg + b aPAzdg + aaPd,Ag
3, (A, +Agh") ’

_ AAAS+AAQ%0° +a’d,pA3d¢ -l

a (A +Ah") , dy
The solution of Eq. (21) which are bound as y —, has the form

A

E

3
g =YMe (22)
=1
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3
l//* :ZHlnMne kny’
n=1
* 3 -k y
¢ :ZHZnMne "
n=1
* 3 -k y
T =Y Hz;Me .
n=1

Where M, (n=1,2,3)are some constants, kf are the roots of the characteristic equation of Eg. (21).
Dimensionless variables of the stress components as the following,

2

Oxx ~Uix + (1_F)u2,y -T -P,

2
Oy Sy +(1_F)MLX -T -P,

ny :aZul,y +alu2,x ’

Oy =y y tagllyy .
Using Eq. (13) and Eqgs. (22)-(25) in (26)-(29)

3
t—Ky +i
U= D H, M e,

n=1
3 (ot =k, v +iax)
u2 = ZHSnM ne " ’
n=1
3 .
(wrt—kpy +iax)

Pa

Q
I
=

=1

<Qi

1
Mo
=

B

(ot =kpy+iax)

e P,

>
11
-

(wt—kny+iax)
e

XQ
I
Me
X
<

=]
Il
[

(wt—kny+iax)
e

<Q
I
Me
X
<

i

=]
Il
[

e(wt—kny+iax).

4
I

Me
I

Ee
<

2Q0 b= ke -ah)A

H]_ :—1 2n — l
" (alkr12_A3) " (A4k§—A5)

(23)

(24)

(25)

(26)

(27)

(28)
(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

Hay = Hop[1-b" (kg —a®)], Hyq = (i@ +kyHy,),  Hg, = (=K, +iaHy,),

. 2 . 2 .
Hen = [iaH 4, _(1_F)an5n —Hg H7n =[-k,Hs, +IaH4n(1_F)_H3n]v Hegn = (- a5k Hy, +iaa,Hg, ),

. 1 1
H9n:(_a1an4n+|aa2H5n)a a1:_2_£7 H=—t

_At2u
p? 2 B2 '

u

ﬂ2
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V. THE BOUNDARY CONDITIONS

The boundary conditions on the plane surface y =0 are:

Gy = — P +Pe@tiar) T = pyel@/tior) o, =0. (37)
Using Egs. (32), (34) and (36) in boundary conditions (37), we get three equations in three constants M, (n=1,2,3) as:

3

ZHGnMn:Plv (38)
n=1

3

ZHSnMn =0, (39)
n=1

3

ZHSnMn:PZ' (40)
n=1
Solving Eqgs. (38)-(40) the constants M, (n =1,2,3) are defined as follows:

A A A
Ml:j, MZ:ZZ, M3:j'

Where, 4= HGl(H82H33 _HssHsz)_Hez(Heles _H83H31)+H63(H81H32 _H82H31)1
A, = B(HgH g —HgH )+ Py (HygH o, — H g Hgy), Ay = =P (HgH g —HgH o )+ Py (H g Hy —H g Hy),
Ay = B(HyHyy —HgpH g )+ Py (H o He, —H e, Hy) ).

VI. NUMERICAL RESULTS

To study the effect of rotation and initial stress, we now present some numerical results. For this purpose, copper is
taken as the thermoelastic material for which we take the following values of the different physical constants.

A=T7x10°N M 2, u=386x10"Kgm s, K =300w.m iK', o =178x10°K",  p=8954Kgm~3,
Ce =383.1JKg7' K™, T,=293K, a=05, w=w+i¢, o,=-01 K =297x10", £=06, x =05,
t=03, P =2 Pp,=3 b=0.1, 7,=0.05, 7=02, Tq:0.8.

The numerical technique, outlined above, was used for the distribution of the real part of the temperature T , the
displacement components u ,v and the stress components o s+ Oy for the problem. Here, all the variables are

taken in non-dimensional form the result. Fig. 1-6 show the distribution of the physical quantities based on L-S, G-N
Il 'and 3PHL in the case of p = 0,1. Fig. 1 depicts that the displacement component u increases with the decrease of

initial stress in the three theories. In the absence of initial stress (i.e. p=0 ), U begins to increase then smooth
decreases again to try to return to zero at infinity and in the presence of initial stress (i.e. p=1), u decreases and
increases until it develops to zero.

(o2

XX !

100

so [

o

J _s0 - 3 _— —
-100 |- . -

-150 |- —

-200

o = a [=3 s 10 1= a1a 16 is p=te}
Y

Fig. 1 Distribution of displacement component u in the absence and presence of p
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Fig. 2 exhibits that the displacement component V decreases with the decrease of initial stress and it is increasing with
the increase of initial stress, based on L-S, G-N Ill and 3PHL, that’s means that the displacement v is directly
proportional to initial stress, and take the form of a wave until it develops to zero. Fig. 3 demonstrates that the behavior
of temperature T decays meaning that the temperature decrease for p =0,1 and take the form of a wave until it
develops to zero.

i1zo

100 ~ -

s0 [ \\ _

SO —
40 —
>
20 -
T

o

-20

—ao0 |-

-60

L L L L L
10 1= 1a 16 is

Fig. 2 Distribution of displacement component v

L . L L .
10 =4 14 16 a8
b4

Fig. 3 Distribution of the temperature T in the absence and presence of p

20

Fig. 4 represents that the stress component o, increase with the increase of initial stress p in three theories and take

the form of the wave until it develops to zero, and decreasing with the decrease of the initial stress in three theories
and take the form of the wave until it develops to zero.

100

80 —

SO —

bR

-20

1= 1a 16 is =20

Fig. 4 Distribution of the stress component ¢ in the absence and presence of p

Fig. 5 depicts that the stress component ¢, begins from the value 2 and satisfies the boundary condition at y =0 in
three theories. The stress component o, increase with the decrease of initial stress and decays to zero. Fig. 6 explains

that the stress component o, increase with the decrease of initial stress and take the form of the wave until it
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develops to zero. Figs. 7-12 exhibit the distribution of the physical quantities based on L-S, G-N I1l and 3PHL in the
case of @ = 0,0.2.

30

3BPHL,P o
rrrrrrr G-N 1, P=0
L-S,P=0 [
IPHL,P=1
G-N I, P=1
L-S,P=1

L L . L
10 ju =4 14 16
y

.
8

Fig. 5 Distribution of the stress component o, in the absence and presence of p

3P HL,P=0
S-N HLP=O0
L-S,P=0
IPHL,.P=1
G-N L, P=1
L-S,P=1

10 a1z 1a 16 is =20
Y

(=3 8

Fig. 6 Distribution of the stress component o, in the absence and presence of p
Fig. 7 shows that at © = 0, the stress component o, is decreasing to a minimum value in the range 0 <y < 2, while,

increases in the range 2 <y <4 and decays to zero in L-S, G-N Il and 3PHL theories, but at @ = 0.2, it decreases to
aminimum value in the range 0 <y <1, and increases in the range 1<y <3, until it develops to zero.

30
20
10
b k o
-10

-20

-30

3P HL,c>=0
G-N I1ll,c>=0
L-S,c2=0

3P HL,c2=0.2

G-N 11, <2=0.2

L-S5,¢>=0.2

L .
10 s =4

b4

.
14a

L
16

.
is

20

Fig. 7 Distribution of the stress component o, in the absence and presence of rotation
Fig. 8 shows that at @ = 0, the stress component o, satisfies the boundary condition and decreasing to a minimum
value in the range 0 <y <1, while, increases in the range 1<y <6 and decays to zero in the context of three theories.
However, at © = 0.2, itincreases in therange 0 <y < 2, then, decreases in the range 2 <y <8 and decays to zero in
the three theories.

Copyright to IJIRSET DOI: 10.15680/1JIRSET.2015.0404091 2334



u@ ISSN(Online) : 2319 - 8753

s ISSN (Print) :2347- 6710
IJIRSET

International Journal of Innovative Research in Science,
Engineering and Technology
(An 1SO 3297: 2007 Certified Organization)
Vol. 4, Issue 4, April 2015

G-N 11,<2=0.2 [
L-S5,€>2=0.2

é é 1‘0 1‘2 1‘4 1‘6 1‘8 20
Y
Fig. 8 Distribution of the stress component o ,, in the absence and presence of rotation
Fig. 9 explains that in the absence of rotation the stress component o, decreases in the range 0 <y <1, in three

theories, and increases in the range 1<y <3. While in the presence of rotation, o,, decreases in the range 0<y <1,
then, increases in the range 2 <y <5 and take the form of the wave until it develops to zero in L-S and G-N IlI and
3PHL theories.

20

3PHL,c>2=0
1s L -~ e G-N 1,<2=0 L
- L-S.,c>=0
7777777 3IPHL,c2=0.2
G-N 11,€2=0.2
L-S,c2=0.2

p R

b

Fig. 9 Distribution of the stress component &, in the absence and presence of rotation

———— 3PHL.<2=0
fffffff G-N 1II,<2=0
————— L-S.2=0
fffffff 3PHL,<2=0.2
——— G-N lI,2=0.2
L-S,2=0.2

é é 1‘0 1‘2 1‘4 1‘6 1‘8 20
Fig. 10 Distribution of the temperature T in the absence and presence of rotation

Fig. 10 demonstrates that the temperature satisfies the boundary condition at y =0 and decreases, in the three theories

at O =0,0.2, toaminimum value in the range 0 <y <2 and increasing in therange 2 <y <4, until it decays to zero.

Fig. 11 shows that the displacement component v increases at Q = 0.2, in three theories, and decreases at Q =0,
that’s mean that the displacement component v increases with the increase of rotation and take the form of the wave
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until it develops to zero. Fig. 12 depicts that the displacement component u increases with the decrease of rotation and
try to return to zero at infinity.

100
3IPHL,>=0
******* G-N 1IL2=0
°° L-S,02=0 H
"""" 3PHL,(2=0.2
G-N llI,(2=0.2
- L-S,02=0.2 I
> a0 |
~
20 - |
~~
~
=\ —
° : e ———————— e
N = - — —
-20 ‘
o 2 a 6 8 10 12 14 16 18 >0

\ L S G-N 1Il,c>=0.2
-10 ~ = —

. L-S,0=0.2
R W A~ B

. . . . L L L L .
o 2 a4 [S] 8 10 =4 14 16 is 20
v

Fig. 12 Distribution of displacement component u in the absence and presence of rotation

VII.  CONCLUSION

The figures obtained by comparing the three theories, important phenomena are observed:

1.

n

o 0k w

[1]
[2]

[3]
[4]

Analytical solutions based upon normal mode analysis of the thermoelastic problem in solids have been
developed.

The method that is used in the present article is applicable to a wide range of problems in hydrodynamics and
thermoelasticity.

There are significant differences in the field quantities under GN-111, 3PHL and L-S theories.

The presence of the initial stress and rotation plays a significant role in all physical quantities.

All the physical quantities satisfy the boundary conditions.

The comparison of different theories of thermoelasticity, i.e. L-S theory, the model of 3PL and the GN-III is
carried out.

The value of all the physical quantities converges to zero, and all the functions are continuous.
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