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ABSTRACT: In this paper we study the effects of eccentricity, oblateness and effects due to radiation pressure on the
location of Lagrangian equilibrium points of the elliptical restricted three body problem. We investigate the location of
triangular equilibrium points and collinear points under the effects of photo-gravitational and the oblateness of
primaries, i.e. both of the primaries are considered to be oblate spheroid and the source of radiation. We have found the
solution for all five Lagrangian points. We find that the locations of the equilibrium points are affected by oblateness,
radiation factor and eccentricities of both the primary and the secondary bodies.
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. INTRODUCTION

Danby (1964), Examined the stability of triangular points in the elliptic restricted three body problem. Sharma (1987),
Studied the photo-gravitational restricted three body problem. Khasan (1996), discussed the librational solutions to the
photo gravitational RTBP. Sahoo, S. K. and Ishwar. B, (2000), examined the collinear equilibrium points in the
generalised photo-gravitational elliptic restricted three body problem. Om Prakash Raman, Rama Shankar Sharma
(2013), studied the location of libration points in the generalised photo-gravitational elliptic restricted three body
problem, In the present paper we study the location of collinear and triangular libration points in the generalised photo-
gravitational elliptic restricted three body problem. We have taken both the primaries to be oblate and radiating. Effects
of eccentricity, oblateness and radiation factor are studied in detail which makes our investigations different from the
classical case. A comparison with the classical case is also presented in this paper.

1. EXISTANCE OF TRIANGULAR LIBRATION POINTS

The equations of motion of an infinitesimal body, position of which with respect to the centre of mass is denoted by
(&,1m,¢4) . in the gravitational field of two oblate, radiating major bodies with masses are x and
1 —u are given by (for detailed derivation of basic equations of motion without oblateness refer Khasan, 1996):

" ' aQ* " , 6(2* " 8Q*
(’8_277:875’77_25:7877 and¢ =2 - 1)
2, .2 _ 3
Where Q*(&,7) = 1 [5 +7 +i2{(1 )% +,qu " @ ﬂ)3q1A1+ﬂQZ?2}]
1-¢d)? 2 n r, r, 21, 2r,

()
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Ay, A, are the oblateness coefficients, g1, g, radiation pressures , ‘e’ the eccentricity of the orbit of the secondary body

(1+3'20‘1+32A2)(1+ ez)}/2

a(l-e’)

angular velocity and ry and rz denote the distances of the bodies respectively from their common centre of mass

Where r? = (& + u)’ +7 +§ and r3=(&+u—1)° +n +§

Multiplying the above equations with 2&",277'& 2 'respectively, then adding, integration we get the Jacobian

with respect to the primary,‘ @’ the semi-major axis of the ellipse and N = the mean

equation & +n'"?+ ¢ % = 2Q*+C. Where *C is the Jacobi constant.
The Integral Equation F (&, 77,& ) = 2Q*+C. Where

2 2
F(&me)=— Lt petn 1206 2ud, 2000, 2yq2A2}]+C
_62)2 2 n n r, 2r1

- (3)

For equilibrium positions, we require the following conditions to be satisfied: ﬁ = ﬁ = ﬁ =

o on oc

This gives us

12)}/[5 {(1 ﬂ)(§+ﬂ)q1 u(§+ﬂ DA,  3A- ) (G +)0A  3u(S+u— 1)q2A2}] 0——(4)

(1- r r,’ 2r® 2r,}
1, (d-ma  p6, 3A-p)0A 3uq2Az if
——[1-= 0-
(1_e2)}/z[ n2{ r13 + r23 + 2[‘15 3= —(5)
(1_ /Ll)ql /JQZ 3(1 ,U)qlAl 3,quA2
0——(6
¢l o + . 25 orF }=0-—(6)

(=0, n #0, we get planar libration points.

{10, from (5), 1— iz {(1—r,t3l)q1 +A;0I32 R ZArtgqlAl 3#Q2Az}] 0——(7)
1 2 1

Using (7) in (4) and W. (1-p) # 0, we get Alql =n® and 2 3 Azqz =n?
1 2r1 ] 2r

Itis clear that &, — &, =1, the distance between two primaries so that & = -y, &= 1-J.
On simplification, we get r,? = (ag:)**(1-A-€?) and r,” = (aq,)*(1-A-€?).  ---- (8)
Using these in ry%-r,=2¢+2u-1, we get

& =5 i+ 2{(aa) e’ A) — (a0 (1 e*— AN} -—(9)

also from n?=r,? -(E+p)?, we get

%
n=*(aq)*1-e'- A) —%{1+ 2(aq)*1—e’— A) —2(aq,)*(L—e*— A)}l ——(10)
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Hence the coordinates of L, and Ls are (&, +n) respectively.

Note: - If A; = A, =0, q; = g, = 1, e= 0, the coordinates of L, Ls are ( —u,x 2) which are similar to result of Mc
Cuskey (1963) for the classical case.

I1l.  EXISTANCE OF COLLINEAR POINTS

To find the location of collinear libration points on the & -axis we assume =0, (=0 in ——=0.

o
@d-)q, HQ, 3Q—)q A 3uq,A,
F 4), —0-—(11
oM. S N e s Rt 00D

The equation (11) is the ninth degree equation in &, the collinear libration points lie on the line joining the two major
bodies. To find the locations of these points we divide the &-axis into three regions- viz. region beyond &,, between &;
and & and less than &;.

Case (i):- For £ > &,
Consider ¢ —&,=p;sothat —&1=1+p,wegetE=1+p—;

Substituting these values in equation (11), we get:

2n°p® +2n*(5- u) p° + 2n* (10— 4) p" +[2n* (10— 64) - 20, (1 - 1) — 249, ] p° +
[2n*(5—4u) - 40,(1— 1) —8uq,] p° +[2n* (1 - 1) — 20, (L— 1) 120, —3(L - 1), A =310, A1 p* -
[Bua, +120,A]1p° —[2u0, +1810,A1p* —12u0,A,p —3uq,A, = 0————(12)

To find the location of collinear points, we adopt a method described in Sahoo, S.K. and Ishwar, B (2000) by assuming
y be the value of p in the classical restricted three body problem, i.e. whene=0, A;j=A,=0andq;=1, g,=1. In the
presence of oblateness, radiation and eccentricity terms it is taken that the value of p =y + & where § << 1.

Let 1= 151, 0= 1 — B, where 1 <1, < 1.

Substituting the value of p in the equation (12), we get the equation:

5 (Pr+ QuBit Quffa+ RiAL+ RoA) = (Ly + MyBy +MoBot NiA; + NoA,), --(13)
Where P,=18n%»*+16n? (5-u) y'+14n® (10-41) y°+6{2n? (10-61)-2} y°+5{2n? (5-4p)-4(1+u)} y*

+4020° (1-p)-2(1+5w)} y*-24p y*~4u y
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Q =12(1— 1)y° +20Q— ) y* +8(1— ) y°

R, = —12(1— 1)y

Q, =124p° +A0uy* + A8y + 24 uy® + Ay

R, = {124p° +36p% + 36y +1245}

L1=—{2n%y° +2n*(5— )% +2n*(10 -4 ) y" +[2n* (10 —62) — 2]y ° +
[2n*(6—44) —4—4]y° +[2n* (A — 1) —2(L— o) —12]y" —8py® — 21y %}
M, = {21 —)y° +4Q— 1) y° + 20— )"}

M, = {24y° +81y® +12y" +8uy® +2uy?}

N, = 31— )"

N, =3zp* +12y° +18 1y + 12y + 31

Now from the equation (13) we have

5_ L1+M1ﬁ1+M2ﬂ2+N1A1+ N2A2
T R+QfB +Q,5 +RA +R,A,

L1+ M1ﬂ1+M2ﬁ2 + NllAl_F NZAZ

Pl(1+%ﬁl+?,f ﬁz+%ﬂ+%%)

S =

-t _LQ _LQ _LR _ LR,
_H{Ll+(M1 P )G+ (M, p )P+ (N, = A+ (N, P AL

1

. 21 3e2 341 | 34,
= (14+= 42 4 22
Since n a(l Sttt

[Neglecting the higher order terms, since A;, A, and e are very small]
We have P,=18n? y®+16n% (5-x) y'+14n* (10-4) y°+6{2n %(10-6)-2} y°+5{2n? (5-4p)-
4(1+u)} y*+a{20% (1-W)-2(1+5u)} y*-24u y*-4uy,
P =X+ Yie°+ Y,A+ YA, and

L, =U, +V,e’ +V,A +V,A,
2(10 - 6)

2 o, 25— 2(10—4
Ulz__}/Q_ ( /’1)7/8_ ( /’l)y7_[ _2]7/6_
a a a a
2(5-4 2(1-
[%— 4p—A4Ty° —[%— 21— ) —12p)y" +8uy® +2uy?

3
Vv, = —5[79 +(B6-m)y P +Q0-4u)y" +(A0—-64)y° +(5-4u)y° +(1—1)7*]

18 16(5— 14(10-4 12(10-6
xl:{;}/B_'_ (a /J))/7+ ( a ,u)}/ﬁ_'_[ ( a /u) _12]7/5_'_

22 20,2014 + (24 g a0s1y 28007 a3
a a

— J— 6 — J—
L2ME- ) o 2100-4u)y" 18(0-64) 5 15G-44) .
a

27
Y, —{_78
a a a a

12— ) 3. X4
a
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o=XU, + (X1V1 +Y1U1)(e2 +A+ Az) + (x1 +Y1e2 +Y, A +Y1Az){_2(1_/1)[(76 + 275 +74) + (675 +1074 +473)X1U1]ﬂ1 +
2u[(7*+47° +67" + 4%+ 1°) + (6y° +20y" + 247° +12y% + 27U, X158, +

- p)y* + 4y U XA +3ul(r +4y° +6p° + 4y +1) +(4y° +125° +12y+4)U1X1)]A2}
Wehavep=y+4, ie.
p=y+XU, + (X1V1 +Y1U1)(e2 +A+ Az) + (Xl +Y182 +Y. A +Y1Az)

{20-WIG° +27° + ") +(67° +107* +47°) XU, 16, +
2u[(y° +4y° +6y* +4y° + y*) +(6° + 207" +24y° +12y7 + 2y)U, X, 15, +
3A— Iy + 47U, XA +3ul(y* +47° +6p7 + 4y +1) + (4% +12)7 +12y + 4)U, X,)1A, }
--- (14)
Where | is the mass parameter, 51 =1 —q;, o = 1 — g,where (4,9, are the radiation parameters, A; and A, are

oblateness parameters of m; and m,,e is the eccentricity and a is the semi major axis of the orbit, where y is the value
of p, the distance between L, and the smaller primary.

In order to investigate the effects of the oblateness of the primary on L;, As far as numerical calculation of 6 is concern,
we have used a = 0.0001, 5,=0.0001, $,=0.0001and p=0.00025, p=0.0025 and plotted the curve between the deviation,
¢, and eccentricity, e. Similarly, we have also plotted the curve between by taking into account various values of
oblateness parameters and y, which indicates that the deviation of ¢ decreases. We have also investigated the effect of
1, B on the position of L; but this effect is very insignificant and the graphs are similar to the figures even by the
change of Ay, A,, 1, f».as shown in Fig.1
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Fig.1: correlation between eccentricity,e and deviation delta, J. we have used different values of a =0.0001,
$:1=0.0001, 5,=0.0001and u=0.00025, u=0.0025 and plotted the curve between the deviation, J, and eccentricity,
e.y=0.0001, y =0.001. to see the deviation about L; points.
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Case(ii) :- For & < &< &
Consider E< &, now &,- & =p; sothat & — &, =1 -p, we have
& =p -1+ ; Substituting these values in equation (11), we get:
2n°p° —=2n*(5— 1) p° +2n*(10—44) p" —[2n*(10—622) + 20, (1 — p2) + 2140,] p° +
[2n*(5—4) + 40, (1— 1) +8u0,1p° —[2n° (1 — 1) + 20, (1— 1) +12uQ, + 31— 0) G, A + 30, A ] p" +

[8ua, +12ﬂq2A2]p3 —[2u0, +18yq2A2]p2 +1249,A,p—319,A, =0........ (15)
Assuming y be the value of p in the classical restricted three body problem,

i.e.whene=0,A;=A,=0and q;=1,0,= 1.

By the process similar to case (i), eqn (15) becomes:

6= XU, +(XV, +YU)E*+ A +A)+ (X, +Y,e’+Y,A +Y,A)

{2a-wI10° —27° + ") +(67° —107* +47°) XU, 18, +

=2u[(y® —4y°® —6y" —4y° +y*) +(6y° —20y* +24y° —129% + 2)U, X 15, +

31— w)lr* + 4770, XA —3ul(y" +4y° —65° + 4y —1) + (—-4y° +12y” 12y + AU, X,)IA}
We havep =y + 4, i.e.

p=y+ XU +(XV,+YU)E*+A +A)+(X, +Ye’+Y,A +Y,A)

{-20-wI0° - 25+ ")+ (67° ~107* +4*) X U, 18, +

=2u[(7° —4y° —6y" —4y° + y*) +(67° — 20" +245° 12y + 2 )U, X, 13, +

30— )" + 47U, XA =3ul(r" +4y° — 677 + 4y —1) + (~4y° +12y° —12y + U, X,)]A }

2 2(5— 2(10—4 2106
U1:——]/9+ ( /—1)78_ ( #)77+[ ( /—l)+2]y6_
Where 2(5 f ? 21 ) ?
[%+ Ap+4]y° +[%+ 2(1— p) =120y —8uy® + 2 uy®

vV, = —2[79 —B-w)y*+10—-4)y" —(A0—6.)y° + (5—4)y° —(A— 1) ¥*]

166 1 1404 o

18
X =7 [ +12]y° +

10(5— 4 .)
a

12(10— 62)
a

[ +20u+ 20" — [@Jr 8+ 40u1y° + 24y — Ay ¥t

—_— —_— 6 — —

24(5— ) s 21(10—4x)y°  18(10—64) oy 15(5— 4u) o
a a a a
18 16(5— 14(10-4 12(10-6

(06— 422)
a

27
Y, =1 '78
a

12(1— u)

+ 204+ 201" —[L;m+8+ 4040y° + 240y° — duyy

p, the distance between L, and the smaller primary.

Similar to case (i), we investigate the effects of the oblateness of the primary on L,, which is indicated that the deviation
¢ is decreasing. We investigated the effect of 4, §, on the position of L, but this effect is very insignificant, and the
graphs are similar to the figure even if the values of A; A, f1, B, are changed as shown in Fig.2
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Fig.2: correlation between eccentricity and deviation delta, 6. we have used different values of a = 0.0001, £,=0.0001,

S>=0.0001and 1=0.00025, p=0.0025 and plotted the curve between the deviation, J, and eccentricity, e.y=0.0001, y
=0.001. to see the deviation about L, points.

Case (iii):- Assuming & < &;

Consider ¢,- ¢ =p; sothat & — &= I+p, since we get & =p + y;

Substituting these values in equation (11) we get

2n?p° +2n*(4+ 1) p° +2n* (6 +4u) p’ +[2n*(4+641) —20,(1— 1) — 2,40, p° +
[2n* @+ 44) +80,(1— ) — 410, 1p° +[2n° 1 =30, (1 - £)(4+ A) — 10, (2+3A,)] p* —
[(1- )0 (8+12A)]1p° —[2A~ )0, 1+ 9A)]p* =121~ 1), Ap — 31— )G, A =0
Assuming y be the value of p in the classical restricted three body problem,

i.e. whene=0,A;=A,=0and q;=1,0,= 1.

By the process similar to case (i), Substituting the value of p in the equation (16), we get:

-(16)

8= XU, +(XV, +YU)E*+ A +A)+ (X, +Ye*+Y,A +Y,A,)

{—2(1— WGP —4y° +67" +47° +y*) + (6° — 20y +125° +12y% + 2y) X U, 15, +

=24[(7% +27° +y*) +(6y° +105" +4y*)U, X185, +

3.(1—;1)[(7/4 +47° +6)° +4y+1) + (472 +12° +12y +4)U, X, 1A +3u[(* +4;/3U1X1)]A2}

We have p =y + 4,

p=y+ XU, +(XV,+YU)E>+A +A)+ (X, +Ye*+Y,A +Y,A)

{—2(1—/1)[(7/6 —4y° + 6y + 4% + ) +(6° —20p" +125° +12p7 + 2y) XU, 16, +

—24l(y° +2y° +y*) + (67° +10y* +4y°)U, X 15, +

B— [ +47° +6y7 + 4y +1) + (47> +12y7 +12y + AU, X, 1A +3u[(7* + 47U, X )IA}
Where

18 16(4 + 146+ 4 12(4+6
X, —{==,0 ( £) »7 & ( £) 78+ [ ( ) —12]° +
a a a a
101+ 4 8
(P2 60, + 401 +[2L — 481 — ) —Buly® —24@— 1)y —4Q— 7}
6
v (27 o 284 o 216+ 47" 18(A+64) o 15(+4s) .
a a a a a
12 18 16(4 + 14(6+ 4 12(4+ 64
_#7/3}_{_78 ( ) »7+ ( ) 78 +[ ( ) —12]p° +
a a a a a
101+ 4 8 _
[P0 60,4+ 401" +[24 — 48— 1) —Buly® — 24— 1)y* — 44— )7}
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2 2(4 + 2(6+4 2(4+6
U, =—<,°— ( H)ys_ ( ﬂ)y7_[ ( #)—2]76—
a a a a
21+ 4 2
22 1oy 810 (22 120 1) — 241y +8Q— )y° + 20— 1)

3
V, = —5[7/9 +(A+ )7 +(6+4L)y" +(4+64)y° +A+4L)y° + uy?]

p, the distance between Lz and the bigger primary.

In order to investigate the effects of the oblateness of the primary on Lj, As far as numerical calculation of J is concern,
we have used a = 0.0001, 5,=0.0001, 5,=0.0001 and plotted the curve between the deviation and eccentricity. Similarly,
we have also plotted the curve between by taking into account of various values of oblateness parameters, which is
indicated that the deviation ¢ is increasing .We have also investigated the effect of f5;, £, on the position of L; but this
effect is very insignificant, and the graphs are similar to the figure even if the values of A; A, f, B, are changed as
shown in Fig.3.
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Fig.3: correlation between eccentricity and deviation delta, 6. we have used different values of a =0.0001,
$1=0.0001, $,=0.0001and p=0.00025, u=0.0025 and plotted the curve between the deviation, J, and eccentricity,
e.y=0.0001, y =0.001. to see the deviation about L3 points.

V. CONCLUSION

In this paper we study the elliptical restricted three body problem which has not been studied much in comparison to
the circular RTBP further we have both major bodies radiating and oblate. We obtain the equations of motion of the
infinitesimal body moving under the influence of two major bodies which are both oblate and radiating and the major
bodies move in elliptical orbits around their common centre of mass, the equations (1) & (2) represent the equations of
motion of the infinitesimal body. The locations of triangular librational points L, & Ls are obtained and equations (9)
and (10) denote their positions. We note that the position of L, & Ls depend on the parameters for oblateness, radiation
coefficients, eccentricity and the semi-major axis. While investigating the collinear librational points Lj, L, and L; we
do not exactly find the location but rather investigate the deviations, & of their locations from those in the classical case
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and study the dependence of the deviation on variations in eccentricity, oblateness parameters and radiation
coefficients. Numerically we have obtained the positions of L,, L,, L and using MATLAB we plot the curves between
eccentricity and the deviation & for different values of oblateness parameters A;, A, parameters f;, S, which
dependent on the radiation parameters and the semi-major axis a. The variation in the deviation of the location from the
classical case for L;, L, and L are given in Fig.1, Fig. 2 and Fig. 3 respectively. We note from Fig. 1 that the
Lagrangian points L; comes closer to the secondary mass, from Fig.2, we note that L, moves away from primary mass
and comes closer to the secondary mass and from Fig.3, we note that L points recede away from primary mass as the
eccentricity, e increases. We have also shown that when e =0, A = Ao = 0 and q = 1 ,
g2 =1 we obtain the same results as in classical case.
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