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ABSTRACT: The purpose of this paper is to obtain a common fixed point theorem for weakly compatible self-maps
satisfying the property (E.A) using implicit relation on a non-complete Intuitionistic fuzzy metric space without involving
the requirement of continuity of the maps .Our result generalize the result of Sedghi, S. [17] and many others.
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I. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [13] . Following the concept of fuzzy sets, fuzzy metric spaces have
been introduced by Kramosil and Michalek [9], George and Veeramani [6] modified the notion of fuzzy metric space with
the help of continuous t-norms. As a generalization of fuzzy sets, Atanassov [14] introduced and studied the concept of
intuitionistic fuzzy sets. Using the idea of intuitionistic fuzzy sets Park [11] defined the notion of intuitionistic fuzzy metric
space with the help of continuous t norm and continuous t conorm as a generalization of fuzzy metric space , George and
Veeramani [6] had showed that every metric induces an intuitionistic fuzzy metric and found a necessary and sufficient
condition for an intuitionistic fuzzy metric space to be complete. Choudhary [15] introduced mutually contractive
sequence of self maps and proved a fixed point theorem . Kramosil and michalek [9] introduced the notion of Cauchy
sequences in an intuitionistic fuzzy metric space and proved the well known fixed point theorem of Banach [4] . Turkoglu
et al [12] gave the generalization of Jungek,s common fixed point theorem [19] to intuitionistic fuzzy metric
space.Recently Aamri and Moutawakil [24] introduced the property (E.A) and thus generalized the concept of
noncompatible maps. The results obtained in the metric fixed point theory by using the notion of noncompatible maps or
the property (E.A) are very interesting. Question arises whether, by using the concept of noncompatibility or its
generalized notion, that is,the property (E.A), can we find equally interesting results in intuitionistic fuzzy metric space
also? Our answer is affirmative.

In this paper we obtain a common fixed point theorems for weakly compatible self-maps satisfying the property (E.A)
using implicit relation on a non complete Intuitionistic fuzzy metric space without involving the requirement of
continuity of the maps.

Il. PRELIMINARIES

Definition 1 [7] A binary operation *: [0,1] = [0,1] — [0,1] is called a continuous t-norm if
( [0,1], =) is an abelian topological monoid with the unit 1 such that a = b < ¢ * d whenever
a=candb = dforalla,b,c,d e [01].

Examples of t-normsarea *b = abanda *b = min {a,b} .
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Definition 2 [7] A binary operation ¢z [0,1] x [0,1] — [0,1] is continuous t-conorm if 0.is satisfying the following
conditions :

(a) ¥ is commutative and associate

(b) ¢ is continuous

(c)a¢ 0=aforalla € [0,1]

(dad¢b = cd dwhenevera < candb < dforalla,b,c.d e [0,1]

Definition 3 [4] The 3-tuple (X, M, #) is called a fuzzy metric space (FM-space) if X is an arbitrary set * is a continuous t-
norm and M is a fuzzy set in X% % [0, =] satisfying the following conditions for all %, v,z € Xandt,s = 0.

(@) M(x,v,0) =0

b Mxvt)=1vt=0iffx =v

© M(x,y,t) =M(y, x,t),

(d) M[_’?C,}F, tj] *® M(}?,Z_,Sj = M[x,z,t +Sj

(e) M(x,y, .):[0,00] — [0,1] is continuous.

Remark 1 Since * is continuous, it follows from (2.3.4) that the limit of a sequence in FM-space is uniquely determined.

Definition 4 [16] A five —tuple (X, M, N, #, 0) is said to be an intuitionistic fuzzy metric space if X is an arbitrary set * is a
continuous t —norm, ¢ is a continuous t-conorm and M, N are fuzzy sets on X2 x (0, ==) satisfying the following conditions
forallx,v,z€ X, s,t =0
@) M(x,y,t) + N(x,y,t) =1
(b) M(x,y,t) =0
© M(x,y,t) = M(y,x,t)
(d) M[_’?C,}F, tj] *® M(}?,Z_,Sj = M[x,z,t +Sj
(e) M(x,y,.): (0,00) = (0,1) is continuous
() N(x,y,t) =0
@ N(x,y.t) = N(y,x,t)
M N(x, v, t) 0 N(v,z,5) =N(x,z,t +5)
() N(x,v,.):(0,00) — (0,1] is continuous
Then (M, N) is called an intuitionistic fuzzy metric on X, the function M (x, y, £} and N (x, ¥, t) denote the degree of
nearness and the degree of non- nearness between x and y with respect to t respectively.
Remark 2 Every fuzzy metric space (X, M, #] is an intuitionistic fuzzy metric space form (X, M, 1 — M,=¢) such that
t-norm = and t-conorm ¢ are associated i.e.,
xbdv=1—((1—=x)=(1—v))foranyx,v € [0,1] but the converse is not true.

Example 1 Induced intuitionistic fuzzy metric space [1]
Let (X, d) be a metric space denotea * b = abanda ¢ b = min {1l,a + b} foralla,b € [0,1] and let M, and N be

fuzzy sets on X7 x (0, defined as follows:
M(x,y,t) =

t
t+dixy]
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and N(x,y,t) = :I:—i}

Then (X, M,N,={) isan Intuitionistic fuzzy metric space. We call this intuitionistic fuzzy metric induced by a metric ‘d’
the standard intuitionistic fuzzy metric.

Remark 3 Note that the above example holds even with the t-norm a = b = min {a,b} and the
t-conorma ¢ b = max {a, b}.

Example 2 Let X =N definea *b=max {0, a+b —1}andad¢b=a+b—abforallabe [0,1]andletM
and N be fuzzy sets on X~ < (0, ==} as follows :

M(x,v,1) =

¥o=

L1

and N(xv,t)=4.-

—r

forallx, vE X

x

andt =0, then (X, M, N,= 0] is an intuitionistic fuzzy metric space.

Remark 4 Note that in above example, t-norm = and t- conorm ¢ are not associated, and there exist no metric ‘d” on X
satisfying
t

M(x.y,t) = t+a(xy)
and N(x,vt) =:;+i

where M (x, y,t) and N(x, ¥, t) are defined in above example, also note that the above functions
(M, N) is not an intuitionistic metric with the t-norm and t-conorm defined as 2 * b = minf{a, b}, a ¢ b = max {a,b}.

Definition 5 [1] Let (X, M, N,=,4) be an intuitionistic fuzzy metric space then
(a) A sequence {,} in X is said to be convergent x in X if for each € = U and each t = 0 there exists n; € N such that
M(x,x,t)>1—=
and N(x,,x,t) <& foralln = ng.
(b) An intuitionistic fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.

Definition 6 [19] Let A and B maps from a Intuitionistic fuzzy metric space (3, M, N,*,0 ) into itself. The maps A and B
are said to be compatible (or asymptotically commuting) if for all t == 0
lim,_, M(ABx,, BAx,,t) = I
and lim,_, N(ABx ,BAx,,t) = 0whenever {x,}is asequence in X such that
lim,_, Ax, = lim, _,_Bx, = zforsomez € X.

Definition 7 [21] Two mappings A and B of a intuitionistic fuzzy metric space (X, M, N,=,{) into itself are R-weakly
commuting provided there exists some real number R such that
M(ABx,BAx,t) = M(Ax,Bx,t/R)
and N(ABx,BAx,t) = N(Ax,Bx,t/R) foreachx € Xandt = 0.
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Definition 8 [20] Let f and g be two self mappings of an intuitionistic fuzzy metric space
(X, M, N,#0). We say that f and g satisfy the property (E.A) if there exists a sequence {=, } such that
lim,_ fx, =1lim,, gx, =1t forsomet € X,

Lemma 1 [1] In intuitionistic fuzzy metric space X, M (x,¥,.) is non decreasing and N (=, v, . ) is non increasing for all
x,veEKX

Lemma 2 [1] Let (X, M, N=4) be an intuitionistic fuzzy metric space if there exist k € (0,1 stt.
M(x, v, kt) = M(x,v.t)
and N(x, v, kt) = N(x,yt) forallx,y € X,

Then x = v.
Proof: " M(x,y, kt) = M(x,y,t)

and N(x,y,kt) = N(x,y,t)
Then we have,

M(x,yt) = M(x,}r,ij

and N(x,%,t) < N(x,v,°)
&
By repeated application of above inequality as we have

M(x,y,t) = M[X,}F,ij = M{x,}r,ki_;] = ——- —M(x,}r,k%] ————— —— — =
and
Ny <N(xwi) <N(xyp3)s—————————— N(xy3)g—————-

forn € N which tends to 1 and 0 asnn — ao respectively.
Thus, M(x,v,t) =1

and N(x,v,t) =0 forallt = 0
Therefore, we get x = w.

1. MAIN RESULTS

Let @ be the sets of increasing and continuous and # be the sets of decreasing and continuous function,

®,¥:[0,1] —:[0,1] such that (t) >t and ¥ (t) < tforall t € (0,1).

Theorem 1 Let f and g be two weak compatible self maps of an IFM-space (X, M, N,=,{) satisfying the property (E. A)
and

(i) fX = gX,
()M (fx,fv. kt) = M(gx, gv,t)and N(fx,fv. kt) < N(gx,gv.t) k=0

M(ggx.gfx.t).sup, . 2 min{M(fx,gx,t;), M(gx.f?x, 1)},

(iii) M(fxyffx; t:) = @(mlﬂ- mprs+r4=% . max{M(fgit,ng, tajr M(fx,gfx, t4j}

and
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N(ggx, gfx.t),sup, .. _x min{N(fx,gx,t,).N(gx, f*x,£,)}.
Sup fs"'f.a.:? ¢ mm{N (fz-'xrgfxr tajr N[fxrgfxr t:}j}
i

whenever ffx # f%x forall x, € X,t = 0and for some 1 < k < 2. If the range of f or g isa complete
subspace of X, then f and g have a common fixed point.

Proof: Since f and g satisfy the property (E, A) there exists a sequence {x, } in X such that

Fx,, g%, — zasn — 0 forsomez € X. Since z € fXand fX < gX, therefore there exist some point it in X
such that z = gut,where gx, — Z,as1 —+ 00

If fu + gu.

Then M(fx,,fu, kt) = M(gx,,gu t)and N(fx,, fu kt) < N(gx,,gu.t),

Taking limit as . — ©0, we get,

M(gu, fu, Kt) = M(gu, gu, t)and N(gu, fu,Kt) = N(gu, gu,t)

Therefore by lemma 2.2, fu = gu.

Since f and g are weakly compatible so fgu = gfu and therefore fgu = ffu =gfu = ggu

If ffu = fu, then by contractive condition we have,

M(ggu gfu, tD],Euprﬁz:%:D min{M (fu, gu, t,),M(gu, f*u,t,)},
mpr5+r4=§rn max{M (fz‘l,t,,gf‘l,t, tajr M(fu gfu, t:}j}
M[ffuvfful tl}]! min {M[fquuJ E]JM{fu'szuli tl} - Ej};

max{M(fgu,gfu,Ej,M (fu,ffu,% ty — 5')}

N(fx ffxt) <¥(max

M(fu, ffu ty) > @(min

= @(min

and
N(ggurgfur I[}ljrmp £ e :E £ mlﬂ{N(fﬂ,gu, tljr N(gurfzu.! t!] }r
1 TRz T fe

sup_, _2_ max{N(f’u gfu t;), N(fu gfut,)}
s ¥ T

N(ffu, ffuty), min{N[fu,fu,a),N (fu,fzu,i ty— E‘j},
max{N(fgu,gfu,sj,N(fu,ffu,% ty — E‘)}

N[fulffuu t|].j < ‘F[mm:

= ¥(max

Vg [ﬂ,% to)

As £ — (it follows

M(Fu, ffu,t)) > oM (fu ffu> to— =)} > M(fu, ffu to)

and

N(fu ffute) < (N (Fu ffut tg — )} < N (Fu ffud t,) which is a contradiction.

Therefore fu = ffuand fu=fgu=gfu=ggu.
Hence fu is a common fixed point of f and g.

The case when X is a complete subspace of X is similar to the above since fX © gX,
this completes the proof of the theorem.
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Note: In the next theorem we will show that if we take non-compatible maps in place of (E, A) property we can show in
addition that the mappings are discontinuous at the common fixed point

Theorem 2 Let f and g be two non-compatible, weakly compatible self mappings of an IFM-space (X, M, N =) such
that

(i)fXCgX,
(i) M(fx, fyv.Kt) = M(gx, gy, t)and N(fx, fyv.Kt) < N(gx, gv,.t), k=0

M(g-gxr .gfxr tjrmpr‘_+ z mI‘ﬂ‘EM (fxrgx! tlj!M(gxr f!x’ tzj }r

t,=—t
Tk

(iii) M[f—'x,ffx,t] = ‘P(miﬂ mpts-+r4:%t max{M(fzxygfxrfELMEfX,HfX, t4:]}

and
N(ggx gfxt).sup, ., _x min{N(fx,gx, t,), N(gx,fox,t))},

sup, ., -2, max{N(f*x, 5fx,t;)N(fx, o 2,1,))

whenever fx = f?x , forallx,y € X,t = 0and forsome 1 < k < 2. Iftherange of f or g is a complete
subspace of X, then f and g have a common fixed point and the fixed point is the point of discontinuity.
Proof : Since f and g are non-compatible maps there exists a sequence {%, } in X such that
lim, , fx,=1lm,,  gx, =z (1)

for some z in X but either lim,,_,. M(fgx,, gfx,,t) = Land lim,_, N(fgx,, gfx,.t) # 0 or the limit does
not exist.
Since z € fXand fX < gX, there exists some point & in X such that = = gu where gx, — zasn — w.
We claim that fu = gu. Suppose that fu # gu then,

M(fxnrfur Ktj = M[:Hxnrgur tj and N(fxnrfur Ktj = N(megur t)
Taking limitm — oo we get, M (guw, fu, Kt) = M(gu, gu,t)and N(gu, fu, Kt) < N(guw, gu,t)
Hence fu = gu.
Since f and g are weakly compatible so fgu = gfuand therefore fgu = ffu = gfu = ggu.
If ffu = fu, then by the contractive condition

M[ggu,gfu, tnjrmPr &t :E £ mm{M (furgur tler(gurfqu tzj }r
1T bo

sup 2. max{M(f*u, gfu,t;), M(fu, gfu,t,)}
g 4 i o

M(ffw ffu t,), min {M(fu,fu, g), M (fu,fzu,i ty — 5)},
max {M[fzu,gfu, E],M(fu,ffu,i ty — E]}

N(fx,ffx, t) < ¥(max

M(fu, ffu,ty) > @(min

= g(min

and

N(ggu, gfu to), ssup_, _2  min{N(fu,gu t,),N(gu.fwt,)},
1 = b

sup 2 max{N(f2u, gfu, t;).N(fu gfu,t;)}

tg+ty=1ty

N(ffu, ffuty), miﬂ{N(fu,fu,sj,N (fu,fzu,i ty — s)},
max{N[fzu,gfu,Ej,N(fu,ffu,% ty — E]}

N[fulffuu t|].j < ‘F[mm:

=¥ (max

-

vee (03 t)

ko
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As £ — it follows

M(fu Ffuto) > @M (fuwffu to—2)} > M (fu ffuw> to)

and
N(fu ffu,to) < PN (fu, ffuz to— <)} <N (Fu, ffu> t,) whichisacontradiction.

Therefore fu = ffuandu = ffu = fgu = gfu =ggu.

Hence fu is a common fixed point of f.

The case when fX is a complete subspace of X is similar to the above since fX < gX.
We now show that f and g are discontinuous at the common fixed point = fu = gu.
If possible suppose f is continuous, then considering the sequence {x_ } of (1) we get,

im, ,.ffx,=fz==z

Since f and g are weakly compatible, so ffu = gfuso fz= gzor ffx, = gfx, .

Taking limit = — oo, we get fz =lim, ,_ gfx, orz=lim, . gfx,

This in turn yields, lim, . M(fgx,.gfx,.t) = Llim,, N(fgx, gfx, t) = 0 which contradicts the fact
that lim, . M(fgx,. gfx,t) # 1and lim__ N(fgx,gfx.t) #0.

Hence f is discontinuous at the fixed point.

Similarly we can prove that g is discontinuous at the fixed point which completes the proof.

IV.CONCLUSION

The result on a common fixed point is successfully obtained for weakly compatible maps satisfying the property (E.A.)
using implicit relation on a non complete Intuitionistic Fuzzy Metric space which also generalizes the result of Sedghi,
S.[17] and many others.
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