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I. INTRODUCTION

Dhage [1] introduced the concept of D —metric space to generalize the ordinary metric space and proved
several results, for example, refer [1, 2, 3]. Unfortunately almost all results are invalid (refer [11, 12, 13, 20, 22]). To

modify D —metric space, Mustafa and Sims [20] introduced the concept of G —metric spaces and obtained some
results in their papers. Later several authors, for instance, [4, 6, 7, 9, 16, 17, 18, 19, 21, 23, 24, 25], proved fixed,

common fixed and coupled fixed point therorems in G —metric spaces.
Recently Salimi and Vetro [8] introduced partial G —metric spaces by combining the concepts of partial

metric spaces introduced by Mathews [10] and G -metric spaces as in [20].
In this paper we prove a unique common coupled fixed point theorem for a pair of W -compatible mappings

satisfying Suzuki type contractive condition in partial G -metric spaces. We also give an example to illustrate our main
theorem.
First we state the following known definitions, lemmas and propositions.

Definition 1.1 ([1]) Let X be a nonempty set. A D — metricon X isa function D: X*® —[0,+0) that satisfies the
following conditions for each x,y,z,ae X,

1. D(x,y,z)=0 ifandonlyif x=y=12,

2. D(x,Y,2) =D(p{x,y,z}) where p isa permutation function,

3. D(x,v¥,2) <D(x,y,a)+D(x,a,z)+D(a,V,2).
Then the pair (X,D) is called a D -metric space.
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Definition 1.2 ([20]) Let X be a nonempty set and let G: X x X x X —R™* be a function satisfying the following
properties :

(G): G(xy,2)=0if x=y=12,

(Gy): 0<G(x,x,y) forall x,ye X with x=VY,

(G;): G(X,x, ) <G(x,y,2) forall x,y,ze X with y=2z,

(G,): G(X,Y,2) =G(x,2,y) =G(Y, z,x) =...,symmetry in all three variables,

(Gs): G(x,y,2) <G(x,a,a)+G(a,y,z) forall x,y,z,aeX .

Then the function G is called a generalized metric or a G-metric on X and the pair (X,G) is called a G-
metric space.

Definition 1.3 ([10]) A partial metric on a nonempty set X is a function p: X x X = R" such that forall x,y,ze X,
(p1) x=y< p(x,x)=p(xy)=py.y).
(p2) P(X,X) < p(x,y), p(Y,y) < p(X.Y),
(p3) P(X,y) = p(y,X),
(Ps) P(XY) < p(x,2)+ p(z,y) - p(z,2).
The pair (X, p) is called a partial metric space (PMS).

Definition 1.4 ([8]) Let X be a nonempty setand let P: X x X x X —[0,4+<0) is called a partial G-metric if the
following conditions are satisfied:

1. x=y=2 then P(x,y,2) = P(X,x,X) = P(y,y,y) = P(z,2,2) ,

2. POX,xX)+P(y,y,y)+P(z,2,2) <3P(x,y,z)for all x,y,z,e X,

3. %P(X’va)+ép(y,y, y) <P(x,y,y) forall x,y,e X with x=Yy,

4. P(x,X, y)—%P(x, X, X) < P(x,y,z)—%P(x,y,z) for all points x,y,ze X with y=#z,

5 P(x,v,2)=P(x,z,y) = P(y,z,x) =--- (symmetry in three variables),
6. P(x,y,z)<P(x,a,a)+P(ay,z)—P(a,aa) forany x,y,z,aec X.
Then the pair (X,P) is called a partial G-metric space (in brief PGMS).

Example 1.1 ([8]) Let X =[0,+0) and define P(x,y,z) = %(max{x, y}+max{y, z}+ max{x, z}) , for all points
X,y,z€ X . Then (X,P) isa PGMS.

The following proposition gives some properties of a partial G -metric.
Proposition 1.1 ([8]) Let (X,P) be a PGMS, then x,y,z,a e X , the following properties hold:

1. P(X,y,2) =P(X,x,X) =P(y,Y,y) =P(z,2,2) , then x=y=2z

. If P(X,y,2)=0 then x=y=12;

. If x=y, then P(x,y,y)>0

P(X,y,2) <P(X, X ¥)+P(x,x,2) = P(x,x,x) forany x,y,z,ae X .
P(X,y,Y) <2P(X, X, ¥) = P(X, X, X);

P(x,y,z) <P(x,a,a) + P(y,a,a)— P(z,a,a) —2P(a,a,a) ;

o U A w N
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7. P(x,y,2)<P(x,a,2)+P(a, y,z)—%P(a, a, a)—%P(z,z,z) with y#2;

8. P(x,y,y)<P(x,y,a)+P(a,y, y)—%P(a,a,a)—%P(y,y,y) with X#Yy;

Definition 1.5 ([8]) Let (X,P) be a PGMS. Then
1. Asequence {x,} is P—G -converges x e X, if and only if
P X, X) = lim P(X X, X,) = lim P(X, Xy, Xp)-
N—+o0

N—-+oo

2. Asequence {x,} is 0—P—G-Cauchy ifand only if [im P(X,,Xy,Xn) =0.
m,N—-+o0
3. Apartial G-metric spaces (X,P) is said to be 0—P—G -complete if and only if every 0—P-G -
Cauchy sequence in X P—G -converges to a point x € X such that P(x, x,x) =0.

Example 1.2 ([8]) Let X =[0,1] and P: X2 —>[0,00) be defined by P(x,y,z) = max{x, y}+ max{y, z}+ max{x, z} ,for
all points x,y,ze X . Then (X,P) isa 0—P—G—complete partial G—metric space.

Lemma 1.1 ([8]) Let (X,P) be a partial G -metric space and {x,} be a sequence in X . Assume that {x,} P—-G-
convergesto x e X and P(x,x,X) =0.Then Jim P(x,,y,y)=P(x,y,y) forall y e X.

N—+o0
Similarly we can have the following Lemma.

Lemma 1.2 Let (X,P) be a partial G-metric space and {x,} be a sequence in X . Assume that {x,} P-G-
convergesto x e X and P(x,x,x)=0.Then lim P(X,,X,,Y) = P(x,x,y) forall ye X.
n—-+oo

Bhaskar and Lakshmikantham [14] developed some coupled fixed point theorems for a mapping satisfying
mixed monotone property in partially ordered metric spaces. Later Lakshmikantham and Ciric [15] extended the notion
of mixed monotone property to mixed g-monotone property and generalized the results of [14]. Abbas et al. [5]
introduced W — compatible mappings and proved some common coupled fixed point theorems in cone metric spaces.

Definition 1.6 ([14]) An element (X,y) € X x X is called a coupled fixed point of a mapping F: X x X — X if
x=F(x,y) and y=F(y,X).

Definition 1.7 ([15]) An element (x,y) € X x X is called
(i) a coupled coincident point of mappings F:XxX —X and g:X — X if gx=F(x,y) and
gy=F(y.x).
(i) a common coupled fixed point of mappings F: X xX —X and g: X — X if x=gx=F(x,y) and
y=gy=F(y,x).

Definition 1.8 ([5]) The mappings F: XxX — X and g: X — X are calleda w - compatible pair if
g(F(x,y)) = F(gx gy) and g(F(y,x)) = F(gy.gx) whenever gx=F(xy) and gy =F(y,x).

Recently Salimi and Vetro [8] proved the following Suzuki type common fixed point theorem.
Theorem 1.1 Let (X,P) be a partial G-metric space and g, T : X — X be satisfying

(1.1.1) T(X) < g(X) and {g,T} is a weakly compatible pair
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(1.1.2) g(X) is 0—P—G -complete sub space of X
(1.1.3) assume that there exists r €[0,1) such that
w(r) P(gxTx,Tx) < P(gx, gy,gy) impliesthat P(Tx,Ty,Ty) <rP(gx gy, gy)

forany x,y e X , where y:[0,1) > (%,g] non decreasing function given by
ﬁif 0<r< 31
6 2

w(r)= 1 ; \/5_1

<r<1
2(1+2r) 2

Then T and g have unique common fixed pointin X .

Now we give our main result.

Il. MAIN RESULT

Theorem 2.1 Let (X,P) be a partial G-metric spaceand F: XxX — X ,
g: X — X be mappings satisfying

(2.L1) F(XxX) < g(X), g(X)is 0—P—G -complete subspace of X,
(2.1.2) F and g are w -compatible,

(2.1.3) if there exits @ [0,1) such that

ﬂ(é’)min{P(gX’ PO y), Fx y)),}< maX{P(gx, gu, QU)}
P(gy, F(y1 X)’ F(y! X)) a P(gy, aqv, g\/)

Implies

P(gx, gu, gu), P(gy, gv, gv),
SP(OXF (). F 00 Y).5 P9y F ), F (Y ),

P(F(x,y), F(u, v),F(u, v)) <6 max %P(gu, F(u,v), F(u,v)),% P(gv, F(v,u),F(v,u)),

%P(gx, F(u.v), F(u,v))%P(gy, F(v.u), F(v,)),

SP(@UF (X Y).F (X y)), POV F (1,0, F(1,0)

forall x,y,u,ve X, where :[0,1)—> (%,%] defined by 7(0) = is a strictly decreasing function.

3+20
Then F and g have a unique common coupled fixed point.

Proof. Let (Xg,Yg) € X . From (2.1.1), we can construct the sequences {x,} and {y,} in X such that
OXnn = F(Xniyn) and WYna = F(Ynixn)y n=01.2,--

Case (i) : Suppose gx, # OX,,q4 OF 9V, #0Y,,; forall n. (D)
Then from Proposition 1.1 (ii), we have P(gX, 9%,,1, 9X,41) >0 or
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P(QY, OYns1: OYnsy) >0 forall n.
Since

P(9Xn, F (X0, ¥n), F (X, Yn))s

P(9Yn: F(Yn, X0 ) F(Yns Xn)) }S 11(@)P(9X%n, 9Xns1s OXnag)

n(o) min{

< P(an ' an+ll gxn+l)
< maX{P(an ’ gxn+1- ng,l),}
P(9Yn: 9Yns1: 9Ynia)

from (2.1.3), we have

P(an ’ gxn+1’ gxn+l)! P(gyn ' gyn+l’ gyn+l)v

1 1
§ P(an 01 an+1)’§ P(gyn » OYna1s gyn+1):
1 1
P(gxn+lv an+2 ' gxn+2) < fmax § F’(gxn+ll an+2, an+2),§ P(gym—ll gyn+2 ' gyn+2)!
1 1
g P(an 1 O%ni2s an+2)vg P(gyn 1 OYni2s gyn+2)v

1 1
E P(gxn+ll gxn+1v gxn+1)l§ P(gyn+ll gyn+ll gyn+l)

But by using (Ps) , we have

1 1
g P(an ’ gxn+2 ) an+2) < E[P(gxn ’ an+11 an+1) + P(gXI’H—l' gxn+2 ’ gxn+2 )]

1
< g maX{P(an » OXpy1s an+1), P(gxn+lr OXni2s gxn+2)}

1
from (PZ) , We have 5 P(an+l, OXn1s an+l) = P(gxm—ll O%ni2, an+2) :

Hence
P(g% 10X gx)<Om ax{i(gxn.gxm,gxnﬂ),P(gyn,gynﬂ,gym), }
(9%ns1) PXnizr WXni2)s P(OYiia, OYni2: BYne2)
Similarly
P(9%n 9Xni1s 9%nia)s P(QYns OY it OYnaa)s
P(nia Wiz Wniz) < gmaX{P(gxw P21 P¥ni2) P(QYne1: Wi gymz)}
Thus

max{P(gxM, an+2! an+2)1 P(gyml’ gyn+2 ' gynJrZ)}>S amax{
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If maximum of R.H.S of (2) is max{P(g%,.1, 9%n.2: W¥Xns2)s P(QYns1 GYnsz» Qniz) ) then from (2) we get a

contradiction in view of (1).
Hence

MaxX{P(9Xy1, 9%n12: 9Xn:2): P(QYni1: Oz OYins2) F < OMaX{P(GX, . OXn1. 9% 1) P(QYn s OYnir s OYnin) -

Continuing in this way, we can show for n=1,2,3,--- that
max {P(9X,, 9Xn1> W11 P(QYn> QYnet> Wnea)} < 0" Max{P(gXy, 9%y, ;). P(QYo, 9Ys. GY1)}.- - ®)

P(an ’ gxn+1! gxn+l) —0 and P(gyn ’ gyn+ll gyn+1) —0. (4)
For m>n, consider
P(an 1 9% ng) < P(an » OXp1s an+1) + P(gxn+lv OXni2, an+2) +--t P(gxm—lv OXm» ng)
<(O" +0™ +---+ 0™ ) max{P(gXo, 9%, 9% ), P(9Yo. O, OY1)

n

0
< -0 maX{P(gXo, 0%, 9%1), P(9Yo, OY1, gyl)}

—0 as n,m— oo,

Thus
lim P(9X,, 9%, O%y) = 0. (5)
n, m—oo
Similarly we have
lim P(9Yy:9Ym:9Ym) =0. ©)
n, m—oo

From (5) and (6), it follows that {gx,} and {gyn} are O—P—G— Cauchy sequences in g(X) .
Since g(X) is O—P—G—complete, it follows that {gx,} and {gy,} are O—P—-G— converge to  and B e g(X)
and

P(a,a,a) =0=P(8, 3, p). ()
Also there exist Z,, z, € X such that o = gz and S =gz,. Since gx, >« and gy, — £, we may assume that
gx, =« and gy, = S for infinitely many n.

P(9z;, 9x,9¥, P(9z, ,9y.9y),
P (g2, FO ), Fx, y)),}s émax %P (9%, F(x, ), F(x, ¥)),

Claim :. max{
P (9221 F(y’ X)! F(y,X))

%Pm%FWMLFWm»

forall x,y e X with gx= gz; and gy # gz,.
Let x,y e X with gx= gz, and gy = gz,. Then from Proposition 1.1 (ii), we have P(gx,gz,9z) >0 and

P(9y,92,,92,) > 0.
Since gx, — gz; and gy, — gz, , there exists a positive integer n, such that for n>n,, we have

1
P(9z;,9%,, 9%,) < 3 P(9x,92;,92)
1
P(gzl’gxnvgxnﬂ)Sgp(gxngzlrgzl) (8)

1
P(9x,,9%,0%) < 3 P(9x,92;,97)
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and
1
P(92,,9Y,,0Y,) < 3 P(gy,92,,92,)

1
P(922,9Yn, BYni) < 3 P(9y,92,,92,)

1
P(9yn,92,,02;) < §P(gy, 02,,92;)

For n>n,, consider
P(9Xn, F(Xn, ¥n), F (X, Yn))s

< P(9%q: 9Xn410 OXns1)
P(gynlF(ynvxn)'F(yn’Xn))} " " m

3n(6) min{
<P(9Xy, 9Xpya» 921) + P(921, 9%piq OXpaa) fromProp.1.1(viii)

< % P(gx,9z;,9z;) from(8)

1
= P(9x,92;,97) 3 P(9x,02,97)

< P(9x,9z,92) - P(9%,,9%,9z) from (8)
<P(gx,0%,,0%,) from (F;)

< 2P(gx, g%, gX,) from Prop. 1.1 (v)
<3P(gx, gx, gX,) -

Thus for all N =n,, we have

P(9%n, F(Xn, Yn)s F(Xq, Yn)),

<P , OX,
P(gyn, F(yn’ Xn)’ F(yn; Xn))}< (an gx gX)

n(6) min{
< max{P(gxn, g%, 9%, P(gy,. 9y, gy)}

Now from (2.1.3) we have

P(9xy, 9%, 9x), P(9y,, 9y, 9y),
1 1
§ P(an ) an+11 gxn+1)l§ P(gyn ’ gyn+11 gyn+l)v

P(F (X, Yn), F (. y), F(x,¥)) < O max %P(gx,F(x, y).F(x, y))%P(gy,F(y,x),F(y, X)),

%P(gxn F(xy), F(% y))%P(gyn, F(y,%). F(¥,X)),

S PO F (0 Y F 60 Vo). 5 POV F (X0, F (Y 50)

Letting n — oo and using Lemmas 1.1,1.2, (4) and (7), we get
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P(921 gx, 9x), P(92,, 9y, gy),O,O
EP(gx FOY),F(x¥) = P(gy,F(y, x), F (Y, X)),

P(gz;, F(x,y¥),F(x, y)) <6
O PO FLDZOME Lo g 1), Fox 1), 2@z, FO0.F 000

1
§P(gx 92;,921),~ P(gy, 92,,92,)

But
< P(g7 F(x Y),F(x ) << [P(921, % 99 + P(GX F(x. ), F(, y)]. from(®y)

s%max{wgzl, g%, %), P(9%, F (%, y), F (%, y))}

Thus from Prop. 1.1 (v)
P(gz1. F(x,y). F(% y>)<9max{P(gzl,gx 90.P(07,,0%.99)+ PO F (V) F(6.Y), 2 P(@y, F(y.),F(, x))}

Similarly we can show that

P(gz,, F(y,x), F(y, X))<«9maX{P(gzl,gx 9x), P(9z,, 9y, 9y), = P(gx F(xy),F(x¥).= P(gy,F(y, x), F(y, X))}

Thus
ax{p(gzl,F(xl V), F (%, y))} , P(921, 9% 9x), P(922, 9y, 9Y), 7 P(gx F(x,y),F(x.Y),

Ploz. PO PO 2P F (0, F3 )

(10)
Hence the claim.
Now for gx = gz; and gy = gz, consider

P(gX1 F(X! y)’ F(X, y)) < P(gX1 gzl! gzl) + P(gzli F(X! y)! F(X, y)) from(P(S)

P(g9zy, 9%, 9x), P(9z,, gy, gy),
< P(g% 071, 2;) + O max %P(gx, F(x, ¥),F (X)), from (10)

%P(gy, F(y,%). F(¥.%)

2P(9x, 971, 92),2P(9Y, 92,, 92,),
< P(gx. 071, 92,) + Omax| — P(gx, F(x,y), F(x.Y)) from Prop.1.1()

%P(gy, F(y,%). F(y,%)
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P(9x,9z,92),P(9Y, 925, 92,),
Hence P(gx, F(x, y), F (X, Y¥)) < (3+ 20) max %P(gx, F(x,y),F(x,y)),

1
EF’(gy. F(y,x),F(y, X))
Similarly we get

P(gx, 921, 97,),P(9y. 925, 02,),
P(gy. F(¥,X), F(y X)) < (3+ 20) max %P(gx, F(x,y),F(x,y)),

%P(gy, F(y,%). F(y, %)

Thus

P(gX1 ng7 ng)1 P(gyv gZZ ’ gZZ)y

ax{P(gX' FO0y) P y)),} < (34 26) max % P(gx, F(x, ¥), F(x,Y)), (11)

P(gy, F(y,x),F(y,x))

2 P(QYF (.0, F(y,0)

1 P(gx, F(x, y), F(x,Y)),

If maximum of R.H.S of (11) is max , then from (11) we get contradiction since
5 P(gy, F(y, ), F(y,x))
ﬂ = l.ﬁ.le <1.
6 2 3

Hence from (11), we have

{P(gx, F(x ¥), F(x,Y)),

Py, F(y. ). F (. %) } <(3+20) max{P(gx 92, 92,), P(ay, 92,, 92,)} (12)

Thus from (12), we have
[ P(ay, F(y, ), F(y, X)),
17(6) mm{P( ax, F(xy). F(x.y) } <n(6) max{P(gy, F (y,X), F(y, X)), P(gx, F (x, ¥), F (x, ))}
<max{P(gx 92, 9%), P(9Y, 92, 92,)}
Hence from (2.1.3), we have
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P(gx. 92y, 92,),P(9y, 92,,92,),
SP(9F( Y),F (X ) < PGy, F(3. X, F (3, ),

P(F(x,Y),F(z1,25),F(z1,2,)) <Omax %P(gzl,F(zl,zz),F(zl,zz)),%P(gzz,F(zz,zl),F(zz,zl)), (13)

%P(gx, F(z1,2,),F(z, Zz))% P(gy,F(z;,21),F (22, 24)),

£ P(g7, F (6 Y),F (0 ). P(a22, (3.0, F (1,0)

Putting X = X, and Y =Y, in (13), we get

P(9%n, 921, 921), P(9Y,, 925, 92,),
1 1
g P(an » OXna an+l)1§ P(gyn 'y OYnaas gyn+l)v

P(F(Xn, ¥n), F(21,2,),F(z1,2,)) < Omax %P(gzp F(z1,2,),F(zy, Zz))%P(QZZv F(z2,21),F(z2,24)),

%P(gxn, F(zl,zz)ﬂzl,zz))%P(gyn, F(2,.2,),F(2,.2,)),

1 1
g P(ng, OXni1s gxn+1)1§ P(gzz » OYnia gyn+1)

Letting n — oo and using Lemma 1.1, lemma 1.2, (4) and (7), we get
0,0,0,0

P(G7, F(21,2,).F (21,2,)) < 0max| < P(7, F (21, 2,), F(21,22)) 5 P02 F (22, 22). F (22, 2)

%P(gzl, F(zl,zz),F(zl,zz))%P(gzz, F (25,2, F(2.2,)).0,0

< gmaX{P(gzll F(z1,2,),F(21,2,)),P(92,,F (25, 21), F (25, 21))}

Similarly we can show that
P(9z;,F(22,2), F(z5,24)) < emax{P(gzl, F(z1,2,),F(z1,2,)),P(925, F (25, 21), F (25, 21))}-

Thus
ax{P(gzl’ F(z1,2,),F(zy, Zz)),} < emax{P(gzl' F(z1,2,),F(zy, 22))}.
P(9z,,F(2;,21),F(2,,24)) P(9z,,F(2;,21),F(22,24))
which in turn yields that gz; = F(z;,z,) and 9z, = F(z,,z;) .
Since the pair (F,g) is w-compatible we have
ga =99z =9(F(z1,2,)) = F(92,92,) = F(a, B) (14)
98 =99z, = 9(F(z,,2))=F(92,,92) = F (B, @) (15).
Now
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.| P(ga,F(a, B),F(a, B)
77(9)”"”{F> (@B, F (8,a), F (B,a))} <n(#)P(ga, ga,ga)

< 377(9) P (ga! gzl 1 gzl)
P(ga,gz,,9z,), since 7(0) < %
< max{P(ga, 92,92 ).P(gB, 92,,92,)}.

Hence from (2.1.3), we have
P(9a, 92, 92,), P(98, 922, 92,), 2 P(ga 9a,9a),7 P(gﬂ 9/3,98).

1 1
P(F(a, B),F(z1,2;),F(z1,2;)) < Omax §P(9211 9y, 921),5 P(9z;,02;, gzz)vg P(9a, 07, gzl)vE P(98,92,,912,),

1 1
3 P(9z;,9a, ga),g P(9z,,98.98)

which in turn yields that

P(9a,a,a),P(9B. 8. B). P(ga a,a),~ P(gﬂ B, B),
from (7) and Prop.1.1(v)

0.0.2 Plgat.ca). = P(GS. 5. ). 5 P(ga )2 P(gﬁ 5. 5)
= Hmax{P(ga,a,a),P(gﬂ,ﬂ:ﬂ)}

P(ga, a, ) < Omax

Similarly we can show that

P98, B, B) <O max{P(ga, o, @), P(3p3, B, )}

Thus
max{P(g, @, ), P(gB, B, B)} < OmaxiP(ge, @, @), P(9B, B, B)}

which in turn yields that g =« and gg = g from Prop. 1.1 (ii).
Thus from (14) and (15), it follows that (e, /3) is a common coupled fixed point of F and Q.

Suppose (a',ﬂ') is another common coupled fixed point of F and g . Consider

. |P(9a, F(a, B), F(a, R)),

n(e)mm{P(gB, F(R. @), F(B, ))} n(@)P(ga, F(a, B), F(a, B))
=n(0) P(a,a,a)

<3n(0)P(a,a ,a') form(P,)

<P(ga,gar ,ga’) sincen(d) g%

< max{P(ga, ga ,ga ), P(gB, gﬂlxgﬁ')}

Hence from (2.1.3), we have
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P(a,a ,a')=P(F(a, B),F(a . B).F(a, B))
P(a,a',a'),P(ﬂ,ﬁ',ﬂ')%P(a,a,a),%P(ﬂ, ﬂ,ﬂ),%P(a',a',a'),%F’(ﬂ',ﬁ',ﬂ'),

< @max
%P(a,a'.a')%P(ﬂ,ﬂ',ﬂ')éP(a',a,a)éP(ﬂ',ﬂ,ﬂ)

Pla,a ,a),P(B, B8, B)0,0Plaa, a)Plaa, a),

< Omax from(7)and Prop.1.1(v)

%P(a,a',a'),%P(ﬂ,,b",ﬁ'),%P(a,a',a'),gp(a,a',a')
- maxPa,a’ a).P(B. B . B))

Similarly we can show that

P(B.B B <Omax(P(a.a' @), P(B, B, )}

Thus
max{P(a,a & ), P(B, B ) |< Omax(P(a, et o), P(B, B, B)]

which in turn yields that @ =« and = /3.
Thus («, ) is unique common coupled fixed point of F and g .

Case (ii): Suppose gx, = gX,,; and gy, = gy, forsome n.
Then gx, = F(X,,Y,) and gy, = F(y,,X,) sothat (x,,Y,) isa coupled coincidence pointof F and g.

Now proceeding as in Case (i) from equation (14) on words with gx, =« and gy, = f, we can show that
(«, B) is unique common coupled fixed point of F and ¢ .

Now we give an example to illustrate our main Theorem 2.1

Example 2.1 Let (X,P) be a partial G-metric space, where X =[0,1] and P: X x X x X —[0,0) be defined by
P(x,v,z) = maxXx, y}+maxy, z}+ maxx,z}. Let F: XxX — X and g: X — X be defined by
2 2
X“+y X
F 3 = ’ ==, v y X .
x¥)=—7 =2, VXye

One can easily verify the conditions (2.1.1) and (2.1.2).
Forall X,y e X , consider
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x2+y? u?+v?, u?+v?

P(F(x,y), F(u,v), F(u,v))= 2 max{ TR Y+ T

X yu v, 1lu v
max{—+—=—,—+=}+=-[=+—
{2 2 2 2} 8[2 2]
X U y v lu v

—S$+{=,H+=[=+=
2} {2 2}] 8[2 2]

X u, u, 1 y v, Vv
2 —,—+—=]+=[2 —, —}+—
[ max{2 2}+ 2]+8[ max{2 2}+2]

J>|H @[ | N N

[m aX{E ,

[P(gx, gu, gu) + P(gy, gv, gv)]
max{P(gx, gu, gu), P(gy, gv, gv)}
P(gx, gu, gu), P(gy, gv, gv), P(gx F(x,y), F(x,y)), —P(gy, F(y, x), F(y, X)),

max %P(QU, F(u,v),F(u,v)), ;P(gv F(v,u), F(v,u)),~ P(gx F(u,v), F(u,v)),

%P(gy, F(v.u), F(v,u)),é P(gu, F(x, y), F (% y)),§ P(gv, F(y, %), F(y, X))

Hence (2.1.3) is satisfied with 9—— and 77(6) —ﬁ—% (— —] Clearly (0,0) is the unique common coupled
fixed point of F and g .
I1l. CONCLUSION

we presented a unique common coupled fixed point theorem for a pair of W -compatible mappings satisfying

Suzuki type contractive condition in partial G -metric spaces. Our theorem generalizes many comparable results in
coupled fixed points. We also give an example to illustrate our main theorem.
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