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I. INTRODUCTION 

 

Dhage [1] introduced the concept of D metric space to generalize the ordinary metric space and proved 

several results, for example, refer [1, 2, 3]. Unfortunately almost all results are invalid (refer [11, 12, 13, 20, 22]). To 

modify D metric space, Mustafa and Sims [20] introduced the concept of G metric spaces and obtained some 

results in their papers. Later several authors, for instance, [4, 6, 7, 9, 16, 17, 18, 19, 21, 23, 24, 25], proved fixed, 

common fixed and coupled fixed point therorems in G metric spaces. 

 Recently Salimi and Vetro [8] introduced partial G metric spaces by combining the concepts of partial 

metric spaces introduced by Mathews [10] and G -metric spaces as in [20]. 

 In this paper we prove a unique common coupled fixed point theorem for a pair of w -compatible mappings 

satisfying Suzuki type contractive condition in partial G -metric spaces. We also give an example to illustrate our main 

theorem. 

 First we state the following known definitions, lemmas and propositions. 

 

Definition 1.1 ([1]) Let X  be a nonempty set. A D metric on X  is a function )[0,: 3 XD  that satisfies the 

following conditions for each Xazyx ,,, ,   

    1.  0=),,( zyxD  if and only if zyx == ,  

    2.  }),,{(=),,( zyxpDzyxD  where p  is a permutation function,  

    3.  ),,(),,(),,(),,( zyaDzaxDayxDzyxD  .  

 Then the pair ),( DX  is called a D -metric space. 
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Definition 1.2 ([20]) Let X  be a nonempty set and let  RXXXG :  be a function satisfying the following 

properties : 

)( 1G : 0=),,( zyxG  if zyx == , 

)( 2G : ),,(<0 yxxG  for all Xyx ,  with yx  , 

)( 3G : ),,(),,( zyxGyxxG   for all Xzyx ,,  with zy  , 

)( 4G : ...=),,(=),,(=),,( xzyGyzxGzyxG ,symmetry in all three variables, 

)( 5G : ),,(),,(),,( zyaGaaxGzyxG   for all Xazyx ,,, . 

Then the function G  is called a generalized metric or a G -metric on X  and the pair ),( GX  is called a G -

metric space.  

 

Definition 1.3 ([10]) A partial metric on a nonempty set X  is a function 
 RXXp :  such that for all Xzyx ,, , 

)( 1p  ),(=),(=),(= yypyxpxxpyx  , 

)( 2p  ),(),(),,(),( yxpyypyxpxxp  , 

)( 3p  ),(=),( xypyxp , 

)( 4p  ).,(),(),(),( zzpyzpzxpyxp   

The pair ),( pX  is called a spacemetricpartial    (PMS).  

 
Definition 1.4 ([8]) Let X  be a nonempty set and let )[0,:  XXXP  is called a partial G -metric if the 

following conditions are satisfied:   

    1.  zyx ==  then ),,(=),,(=),,(=),,( zzzPyyyPxxxPzyxP ,  

    2.  ),,(3),,(),,(),,( zyxPzzzPyyyPxxxP  for all Xzyx ,,, ,  

    3.  ),,(<),,(
3

2
),,(

3

1
yyxPyyyPxxxP   for all Xyx ,,  with yx  ,  

    4.  ),,(
3

1
),,(),,(

3

1
),,( zyxPzyxPxxxPyxxP   for all points Xzyx ,,  with zy  ,  

    5.  =),,(=),,(=),,( xzyPyzxPzyxP (symmetry in three variables),  

    6.  ),,(),,(),,(),,( aaaPzyaPaaxPzyxP   for any Xazyx ,,, .  

 Then the pair ),( PX  is called a partial G -metric space (in brief PGMS). 

 

Example 1.1 ([8]) Let )[0,= X  and define }),{max},{max},{max(
3

1
=),,( zxzyyxzyxP  , for all points 

Xzyx ,, . Then  PX ,  is a PGMS.  

 

The following proposition gives some properties of a partial G -metric. 

Proposition 1.1 ([8]) Let ),( PX  be a PGMS, then Xazyx ,,, , the following properties hold:   

    1.  ),,(=),,(=),,(=),,( zzzPyyyPxxxPzyxP , then zyx ==   

    2.  If 0=),,( zyxP  then zyx == ;  

    3.  If yx  , then 0>),,( yyxP   

    4.  ),,(),,(),,(),,( xxxPzxxPyxxPzyxP   for any Xazyx ,,, .  

    5.  ),,(),,(2),,( xxxPyxxPyyxP  ;  

    6.  ),,(2),,(),,(),,(),,( aaaPaazPaayPaaxPzyxP   ;  
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    7.  ),,(
3

1
),,(

3

2
),,(),,(),,( zzzPaaaPzyaPzaxPzyxP   with zy  ;  

    8.  ),,(
3

1
),,(

3

2
),,(),,(),,( yyyPaaaPyyaPayxPyyxP   with yx  ;  

Definition 1.5 ([8]) Let ),( PX  be a PGMS. Then   

    1.  A sequence }{ nx  is GP -converges Xx , if and only if  

 ).,,(lim=),,(lim=),,( nn
n

n
n

xxxPxxxPxxxP


 

 

    2.  A sequence }{ nx  is GP0 -Cauchy if and only if  0.=),,(lim
,

mmn
nm

xxxP


 

 

    3.  A partial G -metric spaces ),( PX  is said to be GP0 -complete if and only if every GP0 -

Cauchy sequence in X  GP -converges to a point Xx  such that .0=),,( xxxP  

 

Example 1.2 ([8]) Let [0,1]=X  and )[0,: 3 XP  be defined by },{max},{max},{max=),,( zxzyyxzyxP  ,for 

all points Xzyx ,, . Then ),( PX  is a  GP0 complete partial G metric space.  

  

Lemma 1.1 ([8])  Let  PX ,  be a partial G -metric space and }{ nx  be a sequence in X . Assume that }{ nx  GP -

converges to Xx  and 0=),,( xxxP . Then ),,(=),,(lim yyxPyyxP n
n 

 for all Xy .  

 Similarly we can have the following Lemma.  

Lemma 1.2  Let ),( PX  be a partial G -metric space and }{ nx  be a sequence in X . Assume that }{ nx  GP -

converges to Xx  and 0=),,( xxxP . Then ),,(=),,(lim yxxPyxxP nn
n 

 for all Xy .  

 Bhaskar and Lakshmikantham [14] developed some coupled fixed point theorems for a mapping satisfying 

mixed monotone property in partially ordered metric spaces. Later Lakshmikantham and Ciric [15] extended the notion 

of mixed monotone property to mixed g-monotone property and generalized the results of [14]. Abbas et al. [5] 

introduced w compatible mappings and proved some common coupled fixed point theorems in cone metric spaces.  

 

Definition 1.6 ([14]) An element XXyx ),(  is called a coupled fixed point of a mapping XXXF :  if 

),(= yxFx  and ),(= xyFy .  

  

Definition 1.7 ([15]) An element XXyx ),(  is called 

)(i  a coupled  coincident  point of mappings XXXF :  and XXg :  if ),(= yxFgx  and   

                      ),(= xyFgy . 

)(ii  a common  coupled  fixed  point of mappings XXXF :  and XXg :  if ),(== yxFgxx  and  

                       ),(== xyFgyy .  

  

Definition 1.8 ([5]) The mappings XXXF :  and XXg :  are called a w  - compatible pair if 

),(=)),(( gygxFyxFg  and ),(=)),(( gxgyFxyFg  whenever ),(= yxFgx  and ),(= xyFgy .  

 

 Recently Salimi and Vetro [8] proved the following Suzuki type common fixed point theorem.  

 

Theorem 1.1 Let ),( PX  be a partial G -metric space and XXTg :,  be satisfying 

(1.1.1) )()( XgXT   and },{ Tg  is a weakly compatible pair  
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(1.1.2) )(Xg  is GP0 -complete sub space of X  

(1.1.3) assume that there exists [0,1)r  such that  

)(r  ),,(),,( gygygxPTxTxgxP   implies that ),,(),,( gygygxrPTyTyTxP   

for any Xyx , , where ]
6

3
,

6

1
([0,1):   non decreasing function given by  























1<
2

13

)22(1

1

2

13
<0

6

3

=)(

rif
r

rif

r   

Then T  and g  have unique common fixed point in X .  

 

Now we give our main result.  

II. MAIN RESULT 

 

Theorem 2.1  Let ),( PX  be a partial G -metric space and XXXF : ,  

XXg :  be mappings satisfying  

(2.1.1) )()( XgXXF  , )(Xg is GP0 -complete subspace of X , 

(2.1.2) F  and g  are w -compatible, 

(2.1.3) if there exits [0,1)  such that   


















)(

),(
max

))()((

))()((
min)(

gy, gv, gvP

gx, gu, guP

y, x, Fy, xgy, FP

,x, y, Fx, ygx, FP
  

  

Implies  











































)),(),,(,(
3

1
)),,(),,(,(

3

1

)),,(),,(,(
6

1
)),,(),,(,(

6

1

)),,(),,(,(
3

1
)),,(),,(,(

3

1

)),,(),,(,(
3

1
)),,(),,(,(

3

1

),,,(),,,(             

max  ))F( ),( ),((

xyFxyFgvPyxFyxFguP

uvFuvFgyPvuFvuFgxP

uvFuvFgvPvuFvuFguP

xyFxyFgyPyxFyxFgxP

gvgvgyPgugugxP

u, vu, vFx, yFP   

for all Xvuyx ,,, , where ]
3

1
,

5

1
([0,1):   defined by 




23

1
=)(


 is a strictly decreasing function. 

Then F  and g  have a unique common coupled fixed point.  

 

Proof. Let Xyx ),( 00 .  From (2.1.1), we can construct the sequences }{ nx  and }{ ny  in X  such that 

),(=1 nnn yxFgx   and 0,1,2,=  ),,(=1 nxyFgy nnn   

 Case (i) : .           11 nallforgygyorgxgxSuppose nnnn    (1) 

 Then from Proposition 1.1 (ii), we have 0>),,( 11  nnn gxgxgxP  or  
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0>),,( 11  nnn gygygyP  for all n . 

Since  

 

 




























),,(

),,,(
max                                                                   

),,(<                                                                   

),,()(
)),(),,(,(

)),,(),,(,(
min)(

11

11

11

11

nnn

nnn

nnn

nnn
nnnnn

nnnnn

gygygyP

gxgxgxP

gxgxgxP

gxgxgxP
xyFxyFgyP

yxFyxFgxP


 

 

from (2.1.3), we have 

 























































),,(
3

1
),,,(

3

1

),,,(
6

1
),,,(

6

1

),,,(
3

1
),,,(

3

1

),,,(
3

1
),,,(

3

1

),,,(),,,(

max),,(

111111

2222

221221

1111

1111

221

nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnn

gygygyPgxgxgxP

gygygyPgxgxgxP

gygygyPgxgxgxP

gygygyPgxgxgxP

gygygyPgxgxgxP

gxgxgxP    

  

But by using )( 6P , we have  

 

                 ),,(),,,(max
3

1
                                   

    

)],,(),,([
6

1
),,(

6

1

22111

2211122









nnnnnn

nnnnnnnnn

gxgxgxPgxgxgxP

gxgxgxPgxgxgxPgxgxgxP

 

from )( 2P , we have ),,(),,(
3

1
221111   nnnnnn gxgxgxPgxgxgxP . 

Hence  

.
),,(),,,(

),,,(),,,(
max),,(

221221

1111
221















nnnnnn

nnnnnn
nnn

gygygyPgxgxgxP

gygygyPgxgxgxP
gxgxgxP   

  

Similarly  

.
),,(),,,(

),,,(),,,(
max),,(

221221

1111
221















nnnnnn

nnnnnn
nnn

gygygyPgxgxgxP

gygygyPgxgxgxP
gygygyP   

  

Thus  

  .
),,(),,,(

),,,(),,,(
max),,(),,,(max

221221

1111
221221















nnnnnn

nnnnnn
nnnnnn

gygygyPgxgxgxP

gygygyPgxgxgxP
gygygyPgxgxgxP   (2) 
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 If maximum of R.H.S of (2) is  ,),,(),,,(max 221221  nnnnnn gygygyPgxgxgxP then from (2) we get a 

contradiction in view of (1). 

Hence  

   .),,(),,,(max),,(),,,(max 1111221221   nnnnnnnnnnnn gygygyPgxgxgxPgygygyPgxgxgxP  . 

 

 Continuing in this way, we can show for 1,2,3,=n  that  

                  max , maxn
n n n n n nP gx gx gx P gy gy gy P gx gx gx P gy gy gy    1 1 1 1 0 1 1 0 1 1( , ), ( , , ) ( , , ), ( , , ) . . (3) 

  

 0.),,(    0),,( 1111   nnnnnn gygygyPandgxgxgxP  (4) 

 For nm > , consider  

 

 

.,     0                       

),,(),,,(max
1

                        

),,(),,,(max)(                         

),,(),,(),,(),,(

110110

110110
11

122111














mnas

gygygyPgxgxgxP

gygygyPgxgxgxP

gxgxgxPgxgxgxPgxgxgxPgxgxgxP

n

mnn

mmmnnnnnnmmn





 



 

  

Thus  

 0.=),,(lim
 ,

mmn
mn

gxgxgxP


 (5) 

 Similarly we have  

 0.=),,(lim
 ,

mmn
mn

gygygyP


 (6) 

 From (5)  and (6) , it follows that }{ ngx  and }{ ngy  are  GPO  Cauchy sequences in )(Xg . 

Since )(Xg  is  GPO complete, it follows that }{ ngx  and }{ ngy  are  GPO  converge to   and )(Xg  

and  

 ).,,(=0=),,(  PP  (7) 

 Also there exist 1z , Xz 2  such that 1= gz  and 2= gz . Since ngx  and ngy , we may assume that 

ngx  and ngy  for infinitely many n . 

 Claim :. .

))()((
3

1

)),( ),( ,(
3

1

),(),(

max
x)),(),(,(

))()(,(
max

21

2

1






































y, x, Fy, xgy, FP

x, yFx, yFgxP 

 ,gy,gygzP, gx,gxgzP

y, Fxy FgzP 

,x, y, Fx, y FgzP 
  

for all Xyx ,  with 1gzgx   and 2gzgy  . 

Let Xyx ,  with 1gzgx   and 2gzgy  . Then from Proposition 1.1 (ii), we have 0>),,( 11 gzgzgxP  and 

0>),,( 22 gzgzgyP . 

Since 1gzgxn   and 2gzgyn  , there exists a positive integer 0n  such that for 0nn  , we have  

 

),,(
3

1
),,(

),,(
3

1
),,(

),,(
3

1
),,(

1111

1111

111

gzgzgxPgzgzgxP

gzgzgxPgxgxgzP

gzgzgxPgxgxgzP

n

nn

nn







  (8) 
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 and  

 

),,(
3

1
),,(

),,(
3

1
),,(

),,(
3

1
),,(

2222

2212

222

gzgzgyPgzgzgyP

gzgzgyPgygygzP

gzgzgyPgygygzP

n

nn

nn







  (9) 

 For 0nn  , consider  

1.1(viii) Prop. from       ),,(),,(                                                                     

),,(
)),(),,(,(

)),,(),,(,(
min)(3

11111

11
















nnnn

nnn
nnnnn

nnnnn

gxgxgzPgzgxgxP

gxgxgxP
xyFxyFgyP

yxFyxFgxP


 

                                                      

),,(
3

2
11 gzgzgxP     from (8)  

                                                      ),,(
3

1
),,(= 1111 gzgzgxPgzgzgxP 

 

                                                      

),,(),,( 1111 gzgzgxPgzgzgxP n    from (8) 

                                                      ),,( nn gxgxgxP     from )( 6P  

                                                      
),,(2 ngxgxgxP  from Prop. 1.1 (v) 

                                                      
),,(3< ngxgxgxP . 

Thus for all 0nn  , we have  

 )(),(max                                                                      

)(
))()((

)),()((
min)(

, gy, gygyP, gx, gxgxP

, gx, gxgxP
, xy, F, xy, FgyP

, yx, F, yx, FgxP

nn

n
nnnnn

nnnnn













 

  

Now from (2.1.3) we have  
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
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





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








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3
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6

1
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6

1

)),,(),,(,(
3

1
)),,(),,(,(

3

1

),,,(
3

1
),,,(

3

1

),,,(),,,(

max)),(),,(),,((
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nnnnnnnn

nn
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xyFxyFgyPyxFyxFgxP

xyFxyFgyPyxFyxFgxP

xyFxyFgyPyxFyxFgxP

gygygyPgxgxgxP

gygygyPgxgxgxP

yxFyxFyxFP    

  

Letting n  and using Lemmas 1.1,1.2, (4) and (7), we get 
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










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



















),,(
3

1
),,,(

3

1

)),,(),,(,(
6

1
)),,(),,(,(

6

1

)),,(),,(,(
3

1
)),,(),,(,(

3

1

),0,0,,(),,,(

max)),(),,(,(

2211
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1

gzgzgyPgzgzgxP

xyFxyFgzPyxFyxFgzP

xyFxyFgyPyxFyxFgxP

gygygzPgxgxgzP

yxFyxFgzP    

  

But  

 ))},(),,(,(),,,({max
3

1
                                       

)( ))],,(),,(,(),,([
6

1
)),(),,(,(

6

1

1

611

yxFyxFgxPgxgxgzP

PfromyxFyxFgxPgxgxgzPyxFyxFgzP





 

Thus from Prop. 1.1 (v)  









 )),(),,(,(
3

1
)),,(),,(,(

3

1
),,,(),,,(max)),(),,(,( 211 xyFxyFgyPyxFyxFgxPgygygzPgxgxgzPyxFyxFgzP   

  

Similarly we can show that  









 )),(),,(,(
3

1
)),,(),,(,(

3

1
),,,(),,,(max)),(),,(,( 212 xyFxyFgyPyxFyxFgxPgygygzPgxgxgzPxyFxyFgzP   

  

Thus  




























)),(),,(,(
3

1
                         

)),,(),,(,(
3

1
),,,(),,,(
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)),(),,(,(

,)),(),,(,(
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21

2

1

xyFxyFgyP

yxFyxFgxPgygygzPgxgxgzP

xyFxyFgzP

yxFyxFgzP
  

  (10) 

 Hence the claim. 

Now for 1gzgx   and 2gzgy   consider 

).1.1(     

)),(),,(,(
3

1

)),,(),,(,(
3

1

),,,(),2,,(2

max),,(                                   

(10) from      

)),(),,(,(
3

1

)),,(),,(,(
3

1

),,,(),,,(

max),,(                                   

)(  )),(),,(,(),,()),(),,(,(

2211
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6111

vPropfrom

xyFxyFgyP

yxFyxFgxP
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xyFxyFgyP
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

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
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
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


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
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  Hence































)),(),,(,(
6
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6

1

),,,(),,,(

max)2(3)),(),,(,(

2211

xyFxyFgyP

yxFyxFgxP

gzgzgyPgzgzgxP

yxFyxFgxP          

Similarly we get  










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






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




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Thus  






































)),(),,(,(
6

1

)),,(),,(,(
6

1

),,,(),,,(

max)2(3
)),(),,(,(

,)),(),,(,(
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2211

xyFxyFgyP

yxFyxFgxP

gzgzgyPgzgzgxP

xyFxyFgyP

yxFyxFgxP
  (11)  

If maximum of R.H.S of (11) is 



















)),(),,(,(
6

1

)),,(),,(,(
6

1

max

xyFxyFgyP

yxFyxFgxP

 

 , then from (11) we get contradiction since 

1<
3

1

2

1
=

6

23






. 

Hence from (11), we have 

 

 ),,(),,,(max)2(3
)),(),,(,(

,)),(),,(,(
max 2211 gzgzgyPgzgzgxP

xyFxyFgyP

yxFyxFgxP










 (12)   

 

Thus from (12), we have  

 

 ),,(),,,(max                                                        

)),(),,(,()),,(),,(,(max)(
)),(),,(,(

)),,(),,(,(
min)(

2211 gzgzgyPgzgzgxP

yxFyxFgxPxyFxyFgyP
yxFyxFgxP

xyFxyFgyP













 

Hence from (2.1.3), we have 
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zzFzzFyxFP   (13) 

 

Putting nxx =  and nyy =  in (13), we get 




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
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1
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max)),(),,(),,((
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zzFzzFgyPzzFzzFgxP

zzFzzFgzPzzFzzFgzP

gygygyPgxgxgxP

gzgzgyPgzgzgxP

zzFzzFyxFP    

  

Letting n  and using Lemma 1.1, lemma 1.2, (4) and (7), we get 

 )),(),,(,()),,(),,(,(max                                               

)),0,0,(),,(,(
6

1
)),,(),,(,(

6

1

)),,(),,(,(
3

1
)),,(),,(,(

3

1

0,0,0,0                                  

max)),(),,(,(

1212221211

1212221211

121222121121211

zzFzzFgzPzzFzzFgzP

zzFzzFgzPzzFzzFgzP

zzFzzFgzPzzFzzFgzPzzFzzFgzP





































  

  

Similarly we can show that  

  .)),(),,(,()),,(),,(,(max)),(),,(,( 121222121112122 zzFzzFgzPzzFzzFgzPzzFzzFgzP   

Thus  

 .
)),(),,(,(

,)),(),,(,(
max

)),(),,(,(

,)),(),,(,(
max

12122

21211

12122

21211


















zzFzzFgzP

zzFzzFgzP

zzFzzFgzP

zzFzzFgzP
  

which in turn yields that ),(= 211 zzFgz  and ),(= 122 zzFgz . 

Since the pair ),( gF  is w-compatible we have 

(14)                                                                ),(=),(=)),((== 21211  FgzgzFzzFgggzg  

(15)                                                                  ),(=),(=)),((== 12122  FgzgzFzzFgggzg . 

Now  
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( ) min ( ) )

( )

( ( ) ( ))
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 ( ,  ( ),  ( ))
                                             ( )

                                             (

P ga, F a, ß , F a, ß
P ga, ga, ga
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 

 
 

 





1 13
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.
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                                             max ( ), ( )

z , gz
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

1 1

1 1 2 2

3

  

 

Hence from (2.1.3), we have  
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which in turn yields that  
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3

2
),,,(

3

2
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6

1
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1
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1
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













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
 

  

Similarly we can show that  

 ),,(),,,(max),,(  gPgPgP   

  

Thus  

    ),,(,),,(max),,(,),,(max  gPgPgPgP   

which in turn yields that  =g  and  =g  from Prop. 1.1 (ii). 

Thus from (14) and (15), it follows that ),(   is a common coupled fixed point of F  and g . 

Suppose ),( ''   is another common coupled fixed point of F  and g . Consider  

 )g,,(g),g,,(gmax                                                            

3

1
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
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

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
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Hence from (2.1.3), we have  
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Similarly we can show that  

 ),,(),,,(max),,( ''''''  PPP   

  

Thus  

   ),,(),,,(max),,(),,,(max ''''''''  PPPP   

which in turn yields that '=  and 
'=  . 

Thus ),(   is unique common coupled fixed point of F  and g . 

 Case (ii): Suppose 1= nn gxgx  and 1= nn gygy  for some n . 

Then ),(= nnn yxFgx  and ),(= nnn xyFgy  so that ),( nn yx  is a coupled coincidence point of F  and g . 

Now proceeding as in  Case (i) from equation (14) on words with =ngx  and =ngy , we can show that 

),(   is unique common coupled fixed point of F  and g .  

 

 Now we give an example to illustrate our main Theorem 2.1  

 

Example 2.1 Let ),( PX  be a partial G -metric space, where [0,1]=X  and )[0,:  XXXP  be defined by 

},{},{},{=),,( zxmaxzymaxyxmaxzyxP  . Let XXXF :  and XXg :  be defined by  

16
=),(

22 yx
yxF


,    

2
=

x
gx ,  Xyx  ,  . 

One can easily verify the conditions (2.1.1) and (2.1.2) . 

For all Xyx , , consider  
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Hence (2.1.3) is satisfied with 
4

1
=  and ]

3

1
,

5

1
(

7

2
=

23

1
=)( 

 
 . Clearly (0,0) is the unique common coupled 

fixed point of F  and g .  

III. CONCLUSION  

 

we presented a unique common coupled fixed point theorem for a pair of w -compatible mappings satisfying 

Suzuki type contractive condition in partial G -metric spaces. Our theorem generalizes many comparable results in 

coupled fixed points. We also give an example to illustrate our main theorem. 
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