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ABSTRACT: In this paper, we obtain a set of easily verifiable sufficient conditions for the existence of the periodic
solutions of the first-order linear functional differential equations with periodic perturbation x'(t) = I(X)(t) + f(t, x1),
where |: C(R) — C(R) is a linear bounded operator. These conditions generalize and improve the known results given
in the literature.

I. INTRODUCTION
Let B<(R, R) be the Banach space of bounded continuous functions x : R — R with the sup norm |x|| = ¢
{Ix(¥)]: t € R} and let
Co(R={xeBc (R R):x(t+w) =x(t),t € R}, where > 0, Define the norms as follows:
(O]
[Xllo = max {Ix{)] : 0<t<w}, KX = IX(tJ.Idt, VxeCo(R).

Consider the first-order functional differential eq%ations

X0 =100 + f(t, x)), ———> (1)
and the particular case
XO=1O+9) ——> )

where | : C(R) — C(R) is a linear bounded operator and I(C,(R)) < C,(R), g € C4(R), and f € C(R x Bc (R,
R),R), for any te R, f(t,.) mapping a bounded set in B(R, R) into a bounded set in R and satisfying f (t + o,
o) =f(t, o) for (t, ) € Rx Bc (R, R). Everywhere in what follows, we will assume that the operator | is nontrivial and
admits the representation
FX) ) =-a®x® + LK)O -L Kt — 3 Q)
where a € C,(R), Iy, I, : C,(R) — C,(R) are linear and satisfy the condition
LX)®=0, LX(@E=0 Vte[0wifx{t)=0, Vtel0 o]

1. PRELIMINARIES
Definition 2.1
A functional differential equation is a differential equation in which the derivative x'(t) of an unknown function x
has a value at t that is related to x as a function of some other function at t.
A general 1¥ order functional differential equation is x'(t) = I(x)(t) + f(t, x,)
Definition 2.2
A differential equation is said to be linear if the dependent variable and all its differential co-efficient occur in the
degree and are not multiplied together
Definition 2.3
A solution that periodically depends on the independent variable t, for a periodic solution x(t) [in the case of a system,
X is a vector].
There isa number o = 0, such that X (t + @) =x (t) fort e R
All possible such o are called periodic of this @-periodic solution.
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Definition 2.4
A sequence of vectors { x,} in a normed space is called a Cauchy sequence if for every € > 0 there is an integer N
such that

IXm=Xall<e ¥ m,nx=N

I11. PERIODIC SOLUTIONS OF FIRST ORDER NON - LINEAR FUNCTIONAL DIFFERENTIAL
EQUATIONS

The Case a(t)>0
Theorem : 3.1
Assume that a (t) > 0 and that for any o € [0, ®],

Assume that a (t) = 0 and that forany o € [0, ®],

[Tl ooen ;B do a
"t

CL
Lot Lot
< gl p@@esp(-)a9d9dt
1+ %" [ (1) (1) exp(—; “"8(s) ds) dt
| i
and that for any = [0, o],
Pt ptom
| L) @®exp(-] a(s)ds)dt
B !
<e_a1— min 2(1—0)6_a1
O<e< 1| V1 —cp+4ace Al +(1-¢)
1 ‘B'h’;) ‘B+o)
f o (1] O Oen(-[ae dsl) —®
B t

Then equation (1) has atleast one ® — periodic solution and equation (2) has a unique o — periodic solution.

Proof :

It is sufficient to show that homogenous equation has only a trivial o — periodic solution. Assume the contrary.
Let x (t) be a non —trivial o — periodic solution of equation .
Then ||x|jo > 0.

Let, X, =min {x (t): 0 <t <}

X'=max {x(t):0<t< o}

Choose t- € [0, @] and t” € [t-, t- + o] such that x (t:) = x», X(t') =X — (7
Since I(x) is linear, we can let X' = ||X||o.

— (6
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We know that the conditions from chapter-I

10 (1) =—a (1) x(®) + 1. () (1) = 2 (X) (1) —> (8)
andx =10 () — (9)
[x(t) exp ( a(s)ds)] =[h (x) (t) =1 (x) ()] exp ( a(s) ds) —> (10)

These are two possible cases:

Case (i) X«= X (t-) > 0, Integrating (10) from t.tot we get. x <1
Case (ii)m=—x(t) >0,Setx =Mand c=n/M ,Then0<c<1,
Which contradicts equation (3.2) with B = t« + ® (or) t«

B+w B+
J 3:(1)(t)exp(—J a(s)ds)dt

< ofal, min { 21+ o) e—all
0zc=l |4/(1—c)?+4ce—llai+(1-¢)

+ B+
—i—[l—f L (1) () exp (-] a(51£|i;s_)@§]
B t

EXAMPLES
1.Assume that a(t) >0, I, (1) (t) =0, and that for any B e [0,®],

B+m B+ )
1 _e—||ﬂ||1<:j Iy (1) (t) exp (—j a (s) dg) dt < 1+ e—llalh+ 2¢—llalh/2
b t — 1)

Then equation (1) has atleast one w — periodic solution and equation (2) has a unique ® — periodic solution

2. Assume that a(t) <0 and I, (1)(t) = o that either a(t) (or) 1;(1)(t) = 0 and that for any € [0,0]

B+ ' |
| W exp (4 Ja(s) ds)dt < 1+ eall+ 2 a2
B B

— (12
Then equation (1) has atleast one w periodic solution and equation (2) has a unique o periodic solution.
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