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ABSTRACT: In this dissertation, we study on positive solutions of the nonlocal boundary value problem for a class of
singular fractional differential equations. The existence of positive solutions is obtained by the method of upper and
lower solutions together with the Schauder fixed point theorem.

I. INTRODUCTION

GENERAL STUDY:

Differential Equations arise in all branches of mathematics.A Differential Equation is an equation that involves one or
more derivatives of an unknown function. Solving the Differential equation means finding the function that satisfies the
Differential equation. Differential Equations are classified as Ordinary Differential Equations and Partial Differential
Equations.

Fractional calculus is a generalization of Ordinary differentiation and integration to arbitrary order. The idea of
fractional calculus has been the subject of interest not only among mathematics, but also among physicists and
engineers.

The study of Fractional Differential Equations (FDE) has become a very important and useful area of mathematics over
the last few decades due to its numerous applications in various areas of science and engineering.

The Caputo fractional derivative satisfies these demands, while the Riemann-Liouville fractional derivative is not
suitable for mixed boundary conditions. Recently, the theory on the existence and uniqueness of solutions of linear and
nonlinear Fractional differential equations has attracted the attention of many authors.

Consider the fractional differential equation with an integral boundary condition:
“Dgsu(®) + f(t,u()) =0,
MI({]) — s :_uk]!—l,l(oj :OJ _(12)
~1

(D) = | u()du(s), =

<0

Wherell = 2, « € (n — l,ﬁ) and U (S) is a function of bounded
variation. _

We assume that f may have a singularity at T = 1 and

]ﬂ du(s) < 1. 13
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1. PRELIMINARIES

In this chapter, we give some basic definitions and lemma which are very useful to prove the main results of the
dissertation.
DEFINITION:

The Differential equations together with specified values of the dependent variable 1V and its derivative at two or
more given points. Such specified values are called Boundary conditions and the differential equation along with
these boundary conditions is called a Boundary value problem.

DEFINITION: 1

An operatorz‘jl : D — X where I is a subset of Banach space Xis said to be Completely continuous if it is
continuous and compact.
DEFINITION: 2

Let X be a Banach space and F be an operator such that F:X-X We say that X € X is a Fixed
point of FitFx =x.

DEFINITION: 3

A set (7 of functions [El, b] is called Equicontinuousif for every € = 0, there exists some & = 0, g € G and
all X1, %, € [a,b] with

X, — x| <8

we have

lg(x;) —gx)| <€
DEFINITION: 4

Let X be a Banach space. A subset C < X, is said to be Convex if for each pair &, b € C, the line segment
joining them is defined by

(1-A)a+ Ab, 0= 4 <= LisinC.
SCHAUDER FIXED POINT THEOREM: 5
Let C be a bounded, closed and convex set in a Banachspace X Iff : C — Cis acontinuous map, then f has a

fixed point in C.
LEMMA:

et € (m—1,n) ¢ €0, —1),(1—t)7f(t,u) be continuous on [0,1] X [0,0)
and f(f,u) € Cl((ﬂ,l) X (U,Cﬂ)) is non-negative. Assume that (1.3) and (3.2) hold. If
u et (0,1) N C[0,1]is non-negative and satisfies U = T 1L, where

-1
Tu(t) = [ G(t,s) f(s;u(s)) ds,
Jo
then’M(f) is M-times differentiable on (OJ]-) and is a solution of(l-z).

MAIN RESULTS
Consider the problem,

‘Disu(t) + f(6) =0,
W) = =u""Y0)=u(l)=0 (31D
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By the lemma 226, we know that, under some conditons on f , the function
-1 r .
—— | (t—9s)* ! f(s)ds

I'(a)Jy

satisfies the equation in(3.1).

In order that the boundary condition atf = lat holds, we take

-1 r . 1 7! .
—— | (t—8)*1f(s)ds+——| (1—5)*"1f(s)ds.
@), FOE* @), !
Therefore, the Green function of (3.1)is (The validity of the boundary conditions at £ = 0 in the lemma3.1):
1 ((1—-s)% 1, D=t=s=1.
Ma)(l—s)=*—(t—s5)1, DO0=s=t=1.

The Green function of equation (1.2) is then given as

G(t,s) = 1—; [ G, (7, $)du(T) + Gy (t,5),

(We refer the lemma 3.1 for the validity of the integral boundary condition at £ = 1).
We assume that,

1
[ Go (,5)du(t) = 0 fors € [0,1]. (3.2)
Jo
The equation (1.3)and (3.2), we have

G(t,s) =0,
For non - negative numbers a and b with a < b, we define the upper - control function
H,(t,w) = supg ==, F(£,7), and lower - control function
hy (1) = inf, <, = [ (£, 77), where the sup and inf are taken for each fixed t €[0,1].
HG(TJ'M)J hb(f;u) are monotone non - decreasing on u and
hy(t,u) = F(e,w) = H (t,u) for (t, 1) € [0,1] X [a, b].

THEOREM:
Suppose that the conditions in lemma 3.1 hold. Assume that ﬁ(f)and'ﬁ(f) are a pair of order upper and lower
solutions for(l.Zj with respect to the non-negative constants € and b, then (1.2) has at least one solution
'M(f)which is M-times differentiable. In addition,the following holds:

a=1(t) = ult) = 1i(t) = bror t € [0,1].
PROOF:
et S={w() lv(t)eP, i(t) =v(t) =u(t), t € [0,1]}

Sis convex, bounded and closed. We claim that T:5-=5
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For (t) € S we have

Tv(t) = ‘ G(f,s)f(s,'t-'(s))ds

= I G(t,s)H, (s,*t-‘(s))ds

Jo
-1

< I G(t,s)H, [S;El(s))ds

40
= u(t)
Similarly,

Tv(t) = ‘ G(f,s)f(s,’t-‘(s))ds
= [ G(ts)hb(s,r{sj)ds

= l G(t,5)hy I:SJ ﬁ(f))ds

= 1i(t)
By applying Schauder fixed point theorem,we conclude that T has a fixed point 'M(f)inS, which , by lemma 3.1,is a
solution of ( 1.2).

Hence the proof..
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