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I. INTRODUCTION 
 
It is well known that the Fibonacci sequence is famous for its wonderful and amazing properties. Fibonacci composed a 
number text in which he did important work in number theory and the solution of algebraic equations. The equation of 
rabbit problem posed by Fibonacci is known as the first mathematical model for population growth. From the statement 
of rabbit problem, the famous Fibonacci numbers can be derived. This sequence of Fibonacci numbers is extremely 
fruitful and appears in different areas in mathematics and science. 
 The Fibonacci sequence, Lucas sequence, Pell sequence, Pell – Lucas sequence, Jacobsthal sequence and 
Jacobsthal – Lucas sequence are most prominent examples of recursive sequences. 

The Fibonacci sequence [3] is defined by the recurrence relation 2,21   kFFF kkk with 1,0 10  FF . 
The Lucas sequence [3] is defined by the recurrence relation 2,21   kLLL kkk  with 1,2 10  LL  
 The second order recurrence sequence has been generalized in two ways mainly, first by preserving the initial 
conditions and second by preserving the recurrence relation. In this context, one may refer [9]. 
 D.Kalman and R.Mena [2] generalize the Fibonacci sequence by 2,21  nnbFnaFnF  with 

1,0 10  FF  
A.F.Horadam[1] defined generalized the Fibonacci sequence }{ nH  by 3,21  nnHnHnH  with 

qpHpH  21 , , where p and q are arbitrary integers. 
B.Singh, O.Sikhwal  and S.Bhatnagar [12], defined Fibonacci like sequence by recurrence relation 

3,21  kkSkSkS  with 2,2 10  SS .The associated initial conditions 10 SandS  are the sum of the Fionacci 

and Lucas sequences respectively. i.e, 000 LFS   and 111 LFS  . 
L.R.Natividad [11], Deriving a formula in solving Fibonacci like sequence. He found missing terms in 

Fibonacci like sequence and solved by standard formula. 
V.K.Gupta, V.Y.Panwar and O.Sikhwal [7], defined generalized Fibonacci sequences and derived its identities 

connection formulae and other results. V.K.Gupta, V.Y.Panwar and   N.Gupta [6], stated and derived identities for 
Fibonacci like sequence. Also, described and derived connection formulae and negation formulae for Fibonacci like 
sequence. B.Singh, V.K.Gupta and V.Y.Panwar [4], present many combination of higher powers of Fibonacci like 
sequence. 
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The  k-Fibonacci numbers defined by Falco ‘n  Plaza.A [5], depending only on one integer parameter k as 
follows: For any positive real number k, the k-Fibonacci sequence is defined recurrently by 

2,2,1,,  nnkFnkkFnkF  with 1,0 1,0,  kk FF  
In [10], A.D.Godase and M.B.Dhakne  have presented some properties of k=Fibonacci and k-Lucas numbers 

by using matrices.  
In [8], Yashwant K.Panwar, G.P.Rathore and Richa chawla have established some interesting properties of k-

Fibonacci like numbers. 
In this paper, we introduce the derived k- Fibonacci and derived k- Lucas sequences. We present some 

properties of derived k- Fibonacci and derived k- Lucas numbers. Also, we illustrate the method of obtaining 
Diophantine quadruples with property D(1) and D(4) wherein the members of the quadruples are represented by 
derived k- Fibonacci and derived k- Lucas numbers. 

Further, we derive telescoping series for derived k- Fibonacci and derived k- Lucas sequences. 

II. METHOD OF ANALYSIS 
 

Definition :1 Derived k-Fibonacci sequence 
 For any positive real number k, the derived k-Fibonacci sequence  1, nnkF  is defined as, 1,0 1,0,  kk FF  and 

1,,1,   nknknk FkFF  for 1n . Binet form for nkF ,  is 

21
21

, rr
rr

F
nn

nk 


  where 1, 2121  rrkrr  

Definition :2 Derived k-Lucas sequence 
 For any positive real number k, the derived k-Lucas sequence  1, nnkL  is defined as, kLL kk  1,0, ,2  and 

1,,1,   nknknk LkLL  for 1n . Binet form for nkL ,  is 

nn
nk rrL 21,   where 1, 2121  rrkrr  

First 15 derived k-Fibomacci numbers are given below. 
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





kkkkkkkF

kkkkkkkF

kkkkkkF

k

k
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First 15 derived k-Lucas numbers are given below. 
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3
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2
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







 

 
Properties of derived k- Fibonacci and derived k- Lucas sequences: 

 

1. nknknk LFF ,1,1,    

2. nknknk FkLL ,
2

1,1, )2(    

3. nknknk LFF ,,2,   

4. 2
,2, 2 nknk LL   

5. 3
,,3, 3 nknknk LLL   

6. kFLF nknknk  2,1,1,  

7. 2)4( 2
,

2
2,  nknk FkL  

8. kFFkL nknknk   1,,
2

12, )4(  
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9. 2)4( 2
1,1,

2
2,   kFFkL nknknk  

10. nmknkmkmknk FLFLF  ,,,,, 2  

11. nmkmknknkmk FLFLF  ,,,,, 2  

12. nmknmknkmk LLLL   ,,,,  

13. nkmknmknmk LLLL 2,2,,,   

14. nkmknmknmk FLFF ,,,,    

15. 2
2,2,

2
,

2 ]1[1)4(  nknknk LLFk  

16. 4)4( 2
,

22
,  nknk FkL  

17. nknknk LFkL 2,
4

,
224

, 8)4(   

18. 2
2,

2
,

2
,

2 4)4( nknknk LLFk   

19. 4])[4( 2
22,

2
2,

2
44,4,   nknknknk FFkLL  

20. 2]2[ 22
,4,  nknk LL  

Construction of Diophantine quadruples with property D (1) 

 Let nknknk FkbLFka ,2,, )2(,)2(   be two numbers such that )(]1[1 22
2, saypLab nk  . 

Therefore, the pair (a, b) represents Diophantine 2-tuple with property D(1). 
 Let 22 2,  nkLbac  

It is noted that  )(]1)2[(1 22
2,2,, sayqLLFkac nknknk   

   )(]1)2[(1 22
2,, sayrLFkbc nknk   

Thus, the triple (a, b, c) is  Diophantine 3-tuple with property D(1). 
If d is the fourth tuple then, by Euler’s formula 

nknknknknknknknk LFkLFkLFkLLd 2,
2

,
2

2,,2,,
2

2,
3

2, )4)(1(4])2()2[()1(4)1(4    
Thus, the quadruple (a, b, c, d) represents Diophantine quadruple with property D(1) as the product of any two 

members of the above set added with unity is a perfect square. 
In a similar manner, one can observe that the quadruple    

,22)4(,,)4{( 2,2,,,
2

2,,,
2  nknknknknknknk LLFFkLFFk                              

})4)(1(4])4([)1(4)1(4 2,
2

,
2

2,,
2

2,,
2

2,
3

2, nknknknknknknknk LFkLFkLFLL   is Diophantine quadruple 
with property D (1). 
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Construction of Diophantine quadruples with property D (4) 

Let 2
,

2
, )2(,)2( nknk LkbFka   be two numbers such that )(4 22

2, saypLab nk  . Therefore, the pair (a, b) 
represents Diophantine 2-tuple with property D(4). 
 Let nkLbac 2,2  

It is noted that  )(])2[(4 22
2,

2
, sayqLFkac nknk   

   )(])2[(4 22
2,

2
, sayrLLkbc nknk   

Thus, the triple (a, b, c) is Diophantine 3-tuple with property D(4). 
If d is the fourth tuple then, by Euler’s formula 

nknknknknknk LLLLkLFkd 2,
3

2,
2

2,
2

,
2

2,
2

, 42)2()2(    
Thus, the quadruple (a, b, c, d) represents Diophantine quadruple with property D(4) as the product of any two 

members of the above set added with 4 is a perfect square. 
In a similar manner, one can observe that the quadruple             

)}1(*)4(3,4,,)4{( 2,,2,,
23

2,2,
2

2,
2

,
2  nknknknknknknknk LFLFkLLLFk  is Diophantine quadruple 

with property D(4). 
Note: 

Also, one can observe that the quadruple ,22,)2(,)2{( 2,2,2,2, nknknknk LkFFkFk   

}422 2,
2

2,2,
3

2, nknknknk LLkFL   is Diophantine quadruple with property D(4). 

III. TELESCOPING SERIES FOR DERIVED K- FIBONACCI AND DERIVED K- LUCAS SEQUENCES: 
  

In this section, we present theorems exhibiting telescoping series for derived k- Fibonacci and derived k- Lucas 
sequences. 
Theorem: 1 
If ,0, nm  then  


















 


)1(,

)1(,

,

,

,1 )1(,, 2
11

nmk

nmk

mk

mk

mk

n

i nikimk F
L

F
L

FFF
 

Proof: 
Replacing n by nm and m by (n+1)m in property (11), we have 

nmkmnknmkmnkmk FLLFF ,)1(,,)1(,,2          (1) 
which we obtain  


















 )1(,

)1(,

,

,

)1(,,

,
2
1

nmk

nmk

nmk

nmk

mnknmk

mk
F
L

F
L

FF

F
        (2) 

Replacing n by i in (2) and taking the summation from i=1 to n, we have 


 



  












n

i imk

imk

imk

imk

mk

n

i nikimk F
L

F
L

FFF 1 )1(,

)1(,

,

,

,1 )1(,, 2
11  

       

















)1(,

)1(,

,

,

,2
1

nmk

nmk

mk

mk

mk F
L

F
L

F
               (on expanding) 
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Theorem: 2 
If ,0, nm  then  

mnkmk

nmk
n

i mikimk LF

F

LL )1(,,

)1(,

0 )1(,, 2

1





 
  

Proof: 
From (1), we have 


















 nmk

nmk

nmk

nmk

nmknmk

mk
L
F

L
F

LL

F

,

,

)1(,

)1(,

)1(,,

,
2
1        (3) 

Replacing n by i in (3) and taking the summation from i=0 to n, we have 


 



  












n

i imk

imk

imk

imk

mk

n

i mikimk L
F

L
F

FLL 0 ,

,

)1(,

)1(,

,0 )1(,, 2
11  

        

















0,

0,

)1(,

)1(,

,2
1

k

k

nmk

nmk

mk L
F

L
F

F
  (on expanding) 

      
mnkmk

nmk

LF

F

)1(,,

)1(,

2 

     ( 00, kF ) 

 
Theorem: 3 
If ,0, nm  then  

2
)1(,

3
,

)2(,,

1 2
,

2
)1(,

)12(,

mnkmk

mnknmk
n

i imkmik

mik

FF

FF

FF

F





 

   

Proof: 
Replacing n by nm and m by (n+1)m in property (10), we have 

mnknmknmkmnkmnk LFLFF )1(,,,)1(,)12(,2          (4) 
from which we get 






















)1(,

)1(,

,

,

)1(,,

)12(,
2
1

nmk

nmk

nmk

nmk

mnknmk

mnk
F
L

F
L

FF

F
        (5) 

Multiplying (2) and (5), we have 























2

)1(,

2
)1(,

2
,

2
,

2
)1(,

2
,

)12(,,
4
1

nmk

nmk

nmk

nmk

mnknmk

mnkmk

F

L

F

L

FF

FF
 

Replacing n by i in the above equation and taking the summation from i=1 to n, we have 


 



 

















n

i imk

imk

imk

imk

mk

n

i imkmik

mik

F

L

F

L
FFF

F

1
2

)1(,

2
)1(,

2
,

2
,

,1 2
,

2
)1(,

)12(,
4

1  

          


















2

)1(,

2
)1(,

2
,

2
,

,4
1

nmk

nmk

mk

mk

mk F

L

F

L
F

               (on expanding) 
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    mkmnkmkmnkmkmnkmkmnk
mnkmk

FLLFFLLF
FF

,)1(,,)1(,,)1(,,)1(,2
)1(,

3
,

*1



    (6) 

Now, replacing m by (n+1)m, n by m in property (10) and (11), we have 

mkmnkmkmnkmnk FLLFF ,)1(,,)1(,)2(,2        (7)     and     

mkmnkmkmnknmk FLLFF ,)1(,,)1(,,2         (8) 
Using (7) and (8) in (6), we have 

 nmkmnk
mnkmk

n

i imkmik

mik FF
FFFF

F
,)2(,2

)1(,
3

,1 2
,

2
)1(,

)12(, 22
4

1


 

   

2
)1(,

3
,

)2(,,

mnkmk

mnknmk

FF

FF



  

 
Theorem: 4 
If ,0, nm  then  

2
)1(,,

2
)1(,

0 2
,

2
)1(,

)12(,

4 mnkmk

mnk
n

i imkmik

mik

LF

F

LL

F





 

   

Proof: 
From (4), we have 






















nmk

nmk

nmk

nmk

mnknmk

mnk
L
F

L
F

LL

F

,

,

)1(,

)1(,

)1(,,

)12(,
2
1       (9) 

Multiplying (3) and (9), we have 























2

,

2
,

2
)1(,

2
)1(,

2
)1(,

2
,

)12(,,
4
1

nmk
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Replacing n by i in the above equation and taking the summation from i=0 to n, we have 
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Proof: 
Replace n by i in (9) and (3) 
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Replace n by i in (10) and multiplying the resulting equation by (11), we have 
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In the above equation taking the summation i=0 to n, we have 
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  (on expanding) 

IV. CONCLUSION  
 

In this paper, we have stated and derived many properties of derived k- Fibonacci and derived k- Lucas 
sequences through Binet’s formulae. Also, we have constructed Diophantine quadruples with property D(1) and D(4) 
where the numbers of the quadruples are derived k- Fibonacci and derived k- Lucas numbers. Finally, we present some 
telescoping series involving derived k- Fibonacci and derived k- Lucas numbers. 
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