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I. INTRODUCTION

It is well known that the Fibonacci sequence is famous for its wonderful and amazing properties. Fibonacci composed a
number text in which he did important work in number theory and the solution of algebraic equations. The equation of
rabbit problem posed by Fibonacci is known as the first mathematical model for population growth. From the statement
of rabbit problem, the famous Fibonacci numbers can be derived. This sequence of Fibonacci numbers is extremely
fruitful and appears in different areas in mathematics and science.

The Fibonacci sequence, Lucas sequence, Pell sequence, Pell — Lucas sequence, Jacobsthal sequence and
Jacobsthal — Lucas sequence are most prominent examples of recursive sequences.

The Fibonacci sequence [3] is defined by the recurrence relation Fy = Fx_1 + Fx_2,k 2 2with Fy =0,F =1.

The Lucas sequence [3] is defined by the recurrence relation Ly =Lg_q+Lk_2,k>2 with Lg=2,11 =1

The second order recurrence sequence has been generalized in two ways mainly, first by preserving the initial
conditions and second by preserving the recurrence relation. In this context, one may refer [9].

D.Kalman and R.Mena [2] generalize the Fibonacci sequence by F, =aFy_1+bF,_2,n>2 with
Fo=0F =1

A.F.Horadam[1] defined generalized the Fibonacci sequence {Hp} by Hy=Hp_1+Hp_2,n>3 with
Hq=p,Hy = p+q, where p and g are arbitrary integers.

B.Singh, O.Sikhwal and S.Bhatnagar [12], defined Fibonacci like sequence by recurrence relation
Sk =Sk_1+Sk_2.k 23 with Sg =2,S1 =2.The associated initial conditionsSy and S; are the sum of the Fionacci

and Lucas sequences respectively. i.e, Sg = Fg +Lg and S; =F; + L.

L.R.Natividad [11], Deriving a formula in solving Fibonacci like sequence. He found missing terms in
Fibonacci like sequence and solved by standard formula.

V.K.Gupta, V.Y.Panwar and O.Sikhwal [7], defined generalized Fibonacci sequences and derived its identities
connection formulae and other results. V.K.Gupta, V.Y.Panwar and N.Gupta [6], stated and derived identities for
Fibonacci like sequence. Also, described and derived connection formulae and negation formulae for Fibonacci like
sequence. B.Singh, V.K.Gupta and V.Y.Panwar [4], present many combination of higher powers of Fibonacci like
sequence.
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The k-Fibonacci numbers defined by Falco ‘n Plaza.A [5], depending only on one integer parameter k as
follows: For any positive real number k, the k-Fibonacci sequence is defined recurrently by
Fk.n = ka,n—l +Fgn-2,n22 with Fk,O =0, Fk,l =1

In [10], A.D.Godase and M.B.Dhakne have presented some properties of k=Fibonacci and k-Lucas numbers
by using matrices.

In [8], Yashwant K.Panwar, G.P.Rathore and Richa chawla have established some interesting properties of k-
Fibonacci like numbers.

In this paper, we introduce the derived k- Fibonacci and derived k- Lucas sequences. We present some
properties of derived k- Fibonacci and derived k- Lucas numbers. Also, we illustrate the method of obtaining
Diophantine quadruples with property D(1) and D(4) wherein the members of the quadruples are represented by
derived k- Fibonacci and derived k- Lucas numbers.

Further, we derive telescoping series for derived k- Fibonacci and derived k- Lucas sequences.

Il. METHOD OF ANALYSIS

Definition :1 Derived k-Fibonacci sequence
For any positive real number k, the derived k-Fibonacci sequence {Fk,n}:o | s defined as, F9=0,F ;=1 and

Fk n+1 =KkFi n —Fg n—1 for n>1. Binet form for Fy j is

n n
n-nh
n-rz
Definition :2 Derived k-Lucas sequence

Fn= where i+ =k, nrp =1

For any positive real number k, the derived k-Lucas sequence {Lk,n}‘::l is defined as, Lxog=2,Lg1=k and

Lk n+1 =KLk n — Lk n—1 for n>1. Binet form for Ly j is
Lin =1"+r3 where r+1p =k, nr, =1
First 15 derived k-Fibomacci numbers are given below.

Fk12=k

Fea=k%-1

Foa=k3 -2k
k4=

Fes =k* —3k% +1

Fig =k° —5k3 +3k

Fr7 =k® -5k +6k? -1

Frg =k’ -6k +10k3 -4k

Fio = kB —7k® +15k* —10k2 +1

Fie10 =k -8k + 21k — 20k + 5k

Fi11 = k10 —9k® + 28Kk® — 35k +15k2 -1
Fi1o = kM —10k® + 36k 7 —56k° + 35k — 6k
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Fie1a = k1% —11k10 1 45k8 —84k® 1 70k* — 21k 2 +1
Fi14 = k13 —12k1t 1+ 55k 9 —120k ” +126k> — 56Kk 3 + 7k

Fi 15 = k1% —13k2 + 66k10 —165k8 + 210k5 —126K* + 28Kk —1
First 15 derived k-Lucas numbers are given below.
Lo =k2-2
k,2 =

L =k3 -3k

Lia =k*—4k? +2

Lys = k> —5k> +5k

Lk =k® -6k +ok? -2

L7 =k’ —7k° +14k3 -7k

Lkg =k® —8k® +20k* —16k2 + 2

Lkg =k -9k +27k® —30k3 + ok

Ly 10 = k10 —10k8 + 35k ® —50Kk* + 25k 2 -2

Ly 1z = kM —11k® + 44k — 77k + 55k 3 11k

Ly 12 = k1% —12k10 4 54Kk® —112k® +105k* ~36k? + 2

Ly 13 = k13 —13k! 4 65k® 156k 7 +182k® — 91k 3 + 13k

Ly 14 = k1% —14k12 4 7710 — 210k8 + 204k ® — 196k 4 + 49Kk % - 2
Ly 15 = k*° —15k™3 1+ 90kt — 275k 9 + 450k " —378K® + 140k — 15k

Properties of derived k- Fibonacci and derived k- Lucas sequences:

1 Fk,n+1—Fk,n—1:|-k,n
2

2. I-k,n+1 - I-k,n—l = (k —Z)Fk,n
3. Fk,2n = Fk,n'—k,n

_ 2
4. Lk,2n +2—|—k,n
5 Lgan+3Lgn =Ly o

. k,3n k,n k,n
6. Fntilkn-1—Fk2n =K
7. Lion = (k2 =4)F n2 +2
2

8. Liony =K —HF nFin+k
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9. Lyon=(K*—4F naFin-1+k?-2
10. Fg nlk,m + Fk.mLk,n = 2Fk, m+n
11. Fk,mLk,n—Fk,nLk,m :ZFk,m—n
12. Lg,mbk,n = Lk, m+n + Lk,m-n
13. Lg,m+nlk,m-n =Lk,2m + Lk 2n
14. Fk,m+n—Fk,m—n :Lk,ka,n
15. (k- 4)F n’L 2n +1=[Li 2n ~11°
16. L2 - (k% -4)Fn2=4
17. Ln* = (K2 -4)2F 0¥ =8Ly 2n

18. (k% —4)Fy n2Ly 2 +4=Ly 2n°

2

19. Ly,an + Lk 4anta =(k —4)[Fk,2n2 + Fk,2n+22]+4
2

20. Lyan :[Lk,nz—z] -2

Construction of Diophantine quadruples with property D (1)

Let a=(k+2)F nlgon b=(k-2)F n be two numbers such that ab+1=[Ly op —l]2 = p2(say) .
Therefore, the pair (a, b) represents Diophantine 2-tuple with property D(1).

Let c=a+b+2Ly on -2
Itisnoted that  ac+1=[(k +2)Fy nLk 2n + Lk 2n —1]2 = q2(say)

be+1=[(k —2)Fy n + L 2n ~1° =r?(say)

Thus, the triple (a, b, ) is Diophantine 3-tuple with property D(1).
If d is the fourth tuple then, by Euler’s formula

d = 4(L 2n —1)3 +4(Ly 2n ~D[K+2)Fy nLi.2n + (K —2)Fk n]+4(Li 2n ~D(k? = 4)F 0Ly 20

Thus, the quadruple (a, b, c, d) represents Diophantine quadruple with property D(1) as the product of any two
members of the above set added with unity is a perfect square.
In a similar manner, one can observe that the quadruple

2
{(k2 -#Fkn Fenlkan, (K°=4)Fkn+Fen Lkon +2Lk2n =2,

4(Li 2n ~ D> +4(L 2n ~D2[Fi nLi 2n + (2 = 4)F n1+4(Lk 2n ~D(k? =4)Fy 12Ly on} is Diophantine quadruple
with property D (1).
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Construction of Diophantine quadruples with property D (4)

Let a=(k+2) Fk]nz b=(k- 2)Lk]n2 be two numbers such thatab+4 = Lk,2n2 = p2 (say) . Therefore, the pair (a, b)
represents Diophantine 2-tuple with property D(4).

Let c=a+b+2Ly o
Itisnoted that  ac+4=[(k+2)F n° + Ly 2n]> =% (say)

be+4=[(k-2)Lg n? +Lg 2n]? = r?(say)

Thus, the triple (a, b, c) is Diophantine 3-tuple with property D(4).
If d is the fourth tuple then, by Euler’s formula

d=(k +2)Fk,n2|-k,2n2 +(k —2)|-|<,n2|-|<,2n2 +2|—|<,2n3 —4Ly 2n

Thus, the quadruple (a, b, c, d) represents Diophantine quadruple with property D(4) as the product of any two
members of the above set added with 4 is a perfect square.
In a similar manner, one can observe that the quadruple

{K?-BHFn?  Lgan?, Algon, 3lion® +(k? —=4)F nLk.2n * (Fn + Lk.2n +1} is Diophantine quadruple

with property D(4).
Note:

Also, one can observe that the quadruple {(k +2)Fi 2n, (K—2)Fk 2n, 2KFk 2n +2Lk 2n,

2|—k,2n3 + 2ka,2n|—k,2n2 —4|—k,2n} is Diophantine quadruple with property D(4).
I11. TELESCOPING SERIES FOR DERIVED K- FIBONACCI AND DERIVED K- LUCAS SEQUENCES:

In this section, we present theorems exhibiting telescoping series for derived k- Fibonacci and derived k- Lucas

sequences.
Theorem: 1

If m,n>0, then

n 1 _ 1 {Lk,m B I-k,m(n+1)}
i3 Fioim Fioenn 2Pkm [ Fom Fiom(n+)

Proof:
Replacing n by nm and m by (n+1)m in property (11), we have

2Fk,m = Fk,(n+1)m I-k,nm - I-k,(n+1)m':k,nm (1)
which we obtain

Fk,m =l[|—k,nm B I-k,m(n+1)] @
Fi,nm Fi,(n+1)m 2| Bonm - From(n+)

Replacing n by i in (2) and taking the summation from i=1 to n, we have
s 1 1 N bim Lo+
| Fkim  Fk,m(i+2)

i1 Fiim FiGenn  2Fkm 2

1 I—k,m_'—k,m(n+1)
2Fem | Fkm Fkom(n+)

(on expanding)
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Theorem: 2
If m,n>0, then
L 1 — Bomn+y
i—o Lk,im Lk, Gi+ym  2Fkm Lk (n+1)m
Proof:
From (1), we have
Fk,m _ 1| Fymn+y)  Fi,nm
Lk,nm Lk,m(n+1) 2| Lkm(n+1)  Li,nm

Replacing n by i in (3) and taking the summation from i=0 to n, we have
n 1 1o {Fk,m(iﬂ) ) Fk,im}
i—oLiim L Gisnm  2Fkm [ bkm(i+)  Lkim

1 {Fk,m(nﬂ) Fxo

= (on expanding)
2F m | Lk, m(n+1) Lk,O}

Fk m(n+1)

= (" Fx0=0)
2P m Lk, (n+D)m

Theorem: 3
If m,n>0, then

Z”: Fi,2ispm _ Fionm Fi,(ne2)m
B 3 2
i=1 Fk,(i+1)m2 Fk,im2 Fi,m”Fk,(n+1)m

Proof:
Replacing n by nm and m by (n+1)m in property (10), we have

2R 2n+)m = Fk,(n+ym Lk,nm + Fk,nm Lk, (n+1)m
from which we get

Fk,2n+Dm _l['—k,nm 3 I-k,m(n+1)]
Fklnm Fkl(n+1)m Fk,nm Fk,m(n+1)
Multiplying (2) and (5), we have

2

2 2
Fe,m Fk,(2n+Dm _l{l—k,nm _Lk,m(n+1) ]

2 2 4 2 2
Fi,nm” Fi,(n+Dm Fi,nm™  Fiom(n+1)

Replacing n by i in the above equation and taking the summation from i=1 to n, we have
n

2 2

Z”: Fi,ispm 1 Liim”  Lk,m(i+1)
- 2 2

AFem 3] Fim® Fiom(is

: 2 2
i=L P i+ym” Fk,im

(on expanding)

2

1 I-k,m2 Lk, m(n+2)

- 2 2
4Fk,m Fk,m™  From(n+y)
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1

Fk,m3Fk,(n+1)m
Now, replacing m by (n+1)m, n by m in property (10) and (11), we have

2R (n+2)m = Fx,(n+)m Lk,m + Lk, (n+)m Fk,m

2Fk nm = Fk,(n+)m Lk,m — Lk, (n+)m Fk,m
Using (7) and (8) in (6), we have

Z”: Fe,i+m 1

5 5 = 3 2 2Fk,(n+2)m 2Fk,nm
i=1 Fk,(i+1)m Fi im 4Fk,m Fk,(n+1)m

_ Fk,nm I:k,(n+2)m

B 3 2
Fr,m Fk,(n+)m

Theorem: 4
If mn>0, then

2
Z”: Fiispm  Fi,(n+Dm

= 2
i20 Ly (i+ym? Liim>  4Fkm Lk, (n+nm

Proof:
From (4), we have

Fk,2n+Dm _l[Fk,m(ml) . Fk,nm]
Li,nm Lk, (n+1)m 2| Lkm(n+1)  Lk,nm
Multiplying (3) and (9), we have

2 2
I:k,m':k,(2n+1)m _E{Fk,m(ml) _Fk,nm ]

2 2 4 2 2
Lk.nm” Lk, (n+1)m Lk,m(n+2)~  Lk,nm

Replacing n by i in the above equation and taking the summation from i=0 to n, we have
n

) 2

Z”: Fi,ispm 1 Fomi+n”  Fiim
- 2 2

AFem 2o Lomi+n” Ligim

: 2 2
i=0Lk (i+1m” Lk,im

Fic,(n+1)m°
(n+1)m (on expanding)

4Fk m Lk, (n+D)m

Theorem: 5
If mn>0, then

Z”: Fi,@2i+nmlFk, 2i+m? + Fi,m?] _ Fi.(n+D)m”

4
i=0 Liim” Lk.(i+m" 8Lk, (n+1)m
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Proof:
Replace n by i in (9) and (3)

2 2 2 2
Fx (2i +F Fr m(i Fi i Fx m(i Fi i
Now, (9)2 +(3)2 — K@2i+)m k,m =% (Lk,m(wl) N Lk,lmJ +(Lk,m(wl) B Lk,lmJ
5 5 . . . .
Lk,im Lk,(i+1)m k,m(i+1) k,im k,m(i+1) k,im

2 2
Fmi+)”  Fiim

1
= (11)
2 |—|<,m(i+1)2 Licim?

Replace n by i in (10) and multiplying the resulting equation by (11), we have

2 2 4 4
Fe,i+pmlFc,@i+om” +Fem™] 1) Fomi+y”  Fi,im

4 4 8 Con4 .4
Liim" Lk, (i+Dm Lk,m@i+)”  Lk,im

In the above equation taking the summation i=0 to n, we have

2 2 4 4
Z”:Fk,(2i+1)m[':k,(2i+1)m +FRcm®] 1 L Fomi+)” Frim

) 4, a4
i=0 Liim”* I—k,(i+1)m4 820l bem(+n”  Lkim

Fi (n+1)m”
_ k(nem (on expanding)

8Lk, (n+1)m

IV. CONCLUSION

In this paper, we have stated and derived many properties of derived k- Fibonacci and derived k- Lucas
sequences through Binet’s formulae. Also, we have constructed Diophantine quadruples with property D(1) and D(4)
where the numbers of the quadruples are derived k- Fibonacci and derived k- Lucas numbers. Finally, we present some
telescoping series involving derived k- Fibonacci and derived k- Lucas numbers.
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