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ABSTRACT: In this paper, our main aim is to study the locally multiplication modules and to introduce the concept of 
locally co-multiplication module. In addition, we obtain some properties of locally co-multiplication modules. 
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I. INTRODUCTION 
 

Locally multiplication module was introduced by Jabbar, A. K. in 2013 [6]. After that in 2016 Jabbar, A.K. [7] 
has extended some properties of multiplication modules to locally multiplication modules and some conditions  
obtained under which locally multiplication modules satisfied ascending and descending chain conditions on certain 
types of submodules. Here we introduced the concept of locally co-multiplication module and obtained some properties 
of locally co-multiplication modules. 

Throughout, this paper ܴ is a commutative ring with identity and ܯ is an ܴ- module unless otherwise stated. A non-
empty subset ܵ  of ܴ  is called a multiplication closed set in ܴ  if 0 ∉ ܵ	 and 	ܽ, ܾ,∈ ܵ	 implies ܾܽ ∈ ܵ	 [1]. If ܵ	 is 
multiplicative closed set in ܴ	then one can easily make ܯ௦ as an ܴ௦- module under the module operations ௫

௦
+ ௬

௧
	=

௧௫ା௦௬
௦௧

		and   ௥
௨

. ௫
௦

= ௥௫
௨௦

   for ௥
௨

,∈ ܴ௦ 		and 	௥
௦

, ௬
௧
∈ ௦ܯ 		[2] ,  so that when we say that ܯ௦ is a module we mean ܯ௦ is an ܴ௦ –

module. If 	ܫ	is an ideal of ܴ  and ܰ, ܯ are submodules of	ܮ , then(ܰ ∶ (ܫ	 = {݉	ܯ: ݉ܫ ⊆ ܰ}	 and (ܰ:ܯ) = ݎ	} ∈
ܴ: ܯݎ ⊆ ܰ}, which is an ideal of ܴ [13], in case that ܰ = 0, then (0:ܯ) is called the annihilator of ܯ and denoted by 
(ܯ)݊݊ܣ that is ,(ܯ)݊݊ܣ = (ܯ:0) = ݎ} ∈ ܴ ∶ ܯݎ = (ܯ)݊݊ܣ is called a faithful module if		ܯ .{0 = (ܯ:0) = 0 [14]. 
A proper submodule ܭ	of ܯ is called a prime submodule if ݎ ∈ ݔ	݀݊ܽ	ܴ ∈ ݔݎ				such that ܯ ∈ ݔ then ,ܭ ∈ ݎ	ݎ݋	ܭ ∈
ܯݎ			equivalently) [3] (ܯ:ܭ) ⊆  forms an ideal of ܴ [15]. The (ܭ)if ܵெ ܯ is called a primal submodule of ܭ and (ܭ
prime and primal spectrum of M are defined as a Spec (M)   =  { L  :  L is a prime submodule of M } [16]  and pSpec 
(M)   =  { L  :  L is a primal submodule of M } [ 17]. Adil Kadir Jabbar [7] has shown that locally multiplication 
modules satisfy the chain conditions on certain types of sub-modules. This paper continues this line of research for 
locally co-multiplication modules on certain types of sub-modules. 

II. RELATED WORK 
 

In this section, we give some basic definitions for future understandings. 
 
Definition 2.1. ܯ		is called a multiplication module if for each sub-module ܰ of ܯ, there exists an Ideal ܫ of ܴ such 
that ܰ = ܰ we have ,ܯ or equivalently, if for any submodule N of [3] ܯܫ =  .[4]		ܯ(ܯ:ܰ)
Definition 2.2. If ܮ,ܰ  are submodules of ܯ , then (ܮ:ெ ܰ)  is define as (ܮ		:ெ 	ܰ) = {݉ ∈ (ܴ݊)(ܴ݉)|	ܯ ⊆
݊	݈݈ܽ	ݎ݋݂	ܰ ∈ ܰ} [5]. 
Definition 2.3 : An R-module M is defined to be a co-multiplication module if for each submodule N of M, N = (0  :M  
I) for same ideal I of R. In this case this can be taken I = Ann (N) [18]. Some results on co-multiplication modules can 
be seen in [12] 
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Definition 2.4. ܯ is called a locally multiplication module if ܯ௉ 	is a multiplication ܴ௉ −module for each maximal 
ideal ܲ	of 	ܴ	 [6] 

III. LOCALLY CO-MULTIPLICATION MODULES THAT SATISFY THE CHAIN CONDITIONS 
 

Now we introduce the following definition: 
 
Definition 3.1. ܯ		 is called a locally co-multiplication module if ܯ௉		 is a co-multiplication ܴ௉ −module for each 
maximal ideal ܲ of		ܴ. 
 
Definition 3.2: An		ܴ −module ܯ is locally Noetherian if ܯ௉ is a Noetherian ܴ௉ −module for each prime ideal ܲ	of		ܴ 
[7]. 
  This is known that if ܯ  is Noetherian ܴ -module then ܯ௦  is a Noetherian ܴ௦  module for every 
multiplicative closed set ܵ	in	ܴ [1], so that if ܲ is any prime ideal of ܴ, then 	ܵ = ܴ/ܲ is a multiplicatively closed set in 
ܴ, so that ܯ௣ is a Noetherian ܴ௣-module and this proves that every Noetherian module is locally Noetherian module. 
However the converse is not true in general. An example of locally Noetherian ring which is not Noetherian is given in 
[8, example 3.4] and if we consider this ring ܴ as an ܴ-module, then clearly it is the requested example of a locally 
Noetherian module which is not a Noetherian module. 

Adil Kadir Jabbar [7] has given the condition that makes a locally Noetherian module as a Noetherian module  
 
Theorem  3.3.  Let ܯ be locally Noetherian ܴ- Module. If ܴ is a semi local ring then ܯ is a Noetherian module. 
Proof. See [7] 
The same argument is true for Artinian module that makes every Artinian module is a locally Artinian. [9,Proposition 
2.13], but the converse is not true in general and same condition is given, to make a locally artinian module as an 
artinian one. 
 
Theorem 3.4:  let ܯ be a locally Artinian ܴ-module. If ܴ is semi local ring, then ܯ is artinian. 
Proof. See [7] 
Now we take the following definition: 
 
Definition 3.5: let	ܯ	be an	ܴ Module and ܲ be a maximal ideal in	ܴ, then  

௣ܪ = {ܰ:ܰ ∈ (ܰ)௠ܵ	݀݊ܽ	(ܯ)ܿ݁݌ݏ݌ ⊆ ܲ}	[7] 
Now we give the following theorem: 
 
Theorem 3.6: Let ܯ be locally co-multiplication ܴ-module and ܲ be a maximal ideal of	ܴ. If ܴ is a Noetherian ring, 
then ܯ satisfies acc (ascending chain condition) of		ܪ௉. 
Proof:  Let ܯ is a locally co-multiplication ܴ-module, so ܯ௉ is a co-multiplication ܴ௉-module, for each maximal ideal 
ܲ or ܴ (By our definition) and as ܴ is a Noetherian ring, we have ܴ௉ 	is also Noetherian. Hence by [10, Lemma 2], we 
get ܯ௣	 is a Noetherian ܴ௉ 	module. Now let ଵܰ ⊆ ଶܰ ⊆ ⋯ ⊆ ܰ௡ ⊆ ⋯  be any ascending chain of submodules 
of	ܯ	in	ܪ௉. By [11, Proposition 2.1], we have 

( ଵܰ)௉ ⊆ ( ଶܰ)௉ ⊆ ( ଷܰ)௉⋯ (ܰ௡)௉ ⊆ ⋯ 
and since ܯ௉ is Noetherian, there exists ܭ ∈ ܼା such that  

( ௞ܰ)௉ = (ܰ௄ାଵ)௉ = ⋯		. 
Now, let	ݔ ∈ ܰ௄, then ௫

ଵ
∈ (ܰ௄ାଵ)௉	and as	ܰ௄ାଵ ∈ ௉, we have ܵெ(ܰ௄ାଵ)ܪ ⊆ ܲ	so by [9, Lemma 2.1], we get	ݔ ∈ ܰ௄ାଵ, 

so that	ܰ௄ ⊆ ܰ௄ାଵ. Similarly we can show that	ܰ௄ାଵ ⊆ ܰ௄. Hence ܰ௄ = ܰ௄ାଵ. Since ௜ܰ ∈ ௉ܪ 	for all ݅	.so by applying 
the same argument as in the above, we get that  

ܰ௄ = ܰ௄ାଵ = ܰ௄ାଶ = ⋯ 
Hence ܯ satisfies acc (ascending chain condition) on 	ܪ௉ . This proves the theorem. 
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Now we give the corollary as follows: 
 
Corollary 3.7:  Let ܯ  be a locally co-multiplication 		ܴ -module. If ܴ  is a semi local Noetherian ring, then ܯ  is 
Noetherian	ܴ-module. 
Proof: Let ܲ be any maximal ideal of  . Since ܯ is locally co-multiplicative ܴ-module so		ܯ௉ is co-multiplicative ܴ௉-
module for each maximal ideal ܲof	ܴ and as ܴ is Noetherian, it is locally Noetherian, so that ܴ௉	is Noetherian. Hence 
by [10, Lemma  2], we get that ܯ௉ Noetherian, that means ܯ is locally Noetherian Hence by Theorem 3.3, ܯ is a 
Noetherian ܴ-module. This proves the corollary. 

                                                                                     IV.    CONCLUSION  
 

In this paper, we have studied locally multiplication modules and we have introduced the concept of locally co-
multiplication module. In addition, we obtained some properties of locally co-multiplication modules. 
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