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ABSTRACT: The purpose of this paper is two dimensional fractional sine transform is extended in the distributional two
dimensional generalized sense. Operators on the testing function E and its dual space E* are obtained.
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ILINTRODUCTION

The FrFT is a generalization of the ordinary Fourier transform [1] with an order parameter o and is identical to the ordinary
Fourier transform when this order o is equal to p/2. Since the ordinary Fourier transform and related techniques are of
importance in various different areas like communications, signal processing and control systems, it is natural to expect the
FrFT to find many applications in these fields as well. In fact, the FrFT has already found many applications in the areas of
signal processing and communications [2-3].

We know that the Cosine and Sine transforms and their discrete versions are useful tools in signal and image processing,
such as signal coding [4], watermarking [5] and restoration of de-focused images [6]. In the Ref. [7]

Pei and Yeh extended the Cosine transform to the discrete fractional cosine transform (DFrCT) and the discrete fractional
sine transform (DFrST). Both of them possess well the angle additivity property of the DFrFT.

Moreover, the DFrCT and DFrST are used in the digital computation of FrFT for the reducing computational load of the
DFrFT.

The success of FrFT in its application has promoted the development of other kinds of fractional transforms like fractional
Hartley transform, fractional Hadamard transform, fractional cosine transform and fractional sine transform (FrST). Pei
So00-Chang redefined the fractional cosine transform and fractional sine transform based on fractional Fourier transform in
2001 [8-9]. FrST is the extension of sine transform and it has been widely used in domain of digital signal and image
processing.

1.1. Generalized two dimensional fractional Sine transform

Two dimensional fractional Sine transform with parameter « f(X, y) denoted by F¢ (x,y) perform a linear operation given
by the integral transform.

FEf o3 v) = [ f) F Ky (69, ,1) dX Y oo e ne(1.1)
Where the kernel,

i(x2+y2+u2+v2)com . T

1-icota 2 e'@ 9 sin(coseca. ux) . sin(coseca. vy)........... 1.2

2m

K& (x,y,u,v) =
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1.2. The test function space E

An infinitely differentiable complex valued function @ on R™ belongs to E(R™) if for each copactset!/ c S, ,, where,
Sap =, y:x,y€R" |x| <a, |yl <bh,a>0b>0}] €R"
Ve, , (@) = s;zwgf(b(x, y)| < oWhere, p, q=1,2,3....
Thus E(R™) will denote the space of all@ € E(R™) with support contained in S,

Note that the space E is complete and therefore a Frechet space. Moreover, we say that f is a fractional sine transformable,
if it is a member of E™, the dual space of E.

In the present work, two dimensional fractional sine transform is extended in the distributional two dimensional
generalized sense. Operators on the testing function E and its dual space E* as shifting operator, differential operator, ad
joint shifting operator, ad joint differential operator etc. are obtained

1. DISTRIBUTIONAL TWO-DIMENSIONAL FRACTIONAL SINE TRANSFORM

The two dimensional distributional fractional Cosine transform of f(x,y) € E*(R™) defined by

FE{f )} =F (u,v) = (fO, 1), Ky (6, YV, U V)Y e e (2.1)
1—icota M i(ﬁ_a) . .
K& (x,y,u,v) = = 2 e''2”“sin(coseca.ux) .sin(coseca.vy) ..... (2.2)

Where , RHS of equation (2.1) has a meaning as the application of f € E*toK,(x,y,u,v) € E

I11. SHIFTING OPERATOR

If o(x,y)eE and a and b are real numbers then ¢(x +a,y+b)eE x+a>0,y+b >0 where ¢(x,y) =
K& (x,y,u,v)

Proof: consider
Vepa(9Gc+ay+ D)= "TIDIDIg(x +a,y +b)|

sup

yE‘p,q(go(x +a,y+b))= . |D£D5K;*(x +a,y+bu, v)|

el

sup

yE_p,q(<p(x+a,y+b)) = |D£D5K;’(x+a,u,y+b,v)|

x,yel
sup P q , ,
YEpq ((p(x +ay+ b)) = |DX,D K&(x,u,y, v)|
x,yel y

<

For any fixed x'and y" ,u,v e R™ and any fixed p,q, 0 < a <

N R

Thus o(x +a,y+b)eE, x+a>0,y+b >0
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IV.THE TRANSLATION (SHIFTING) OPERATOR
T: o(x,y) = @(x + a,y + b) Is atopological automorphismon E, for +a >0,y +b > 0
V. If o(x,y)eE and a > 0b > 0 then ¢@(ax,by)eE

Proof: consider

VEpq ((p(ax ’ b}’)) = xsyu:; |Df ng)(ax, by)|

sup

Yepq(@(ax, by)) = ; |D? D} K (ax, by, u, V)|

,yel

sup

YEpq (p(ax,by)) = ; |D? D} K¢ (ax,u, by, V)|

,yel

by)) = |DP.DIKE(x\uy'
Vepq(@(ax, by)) " DK (' w, Y, v)

x,yel
For any fixed x'and y' .u,v e R® and any fixed p, q, 0 < a < g

Thus ¢(ax,by)eE, x+a>0,y+b >0
VI. If o(x,y)eE and a > 0 b > 0 then scaling operator R: E — E defined Rp = ¢
where @ (x,y) = @(ax, by) is topological automorphism. Combining result 2 and 3, immediately yields next proposition.
VII.Proposition: ifa,b,c,deRsuchthat x+a>0,y+b >0 and cx>0,dy >0

Then the shifting scaling operator S: E — E defined S(¢) = ¢
Where Y (x,y) = @(c(x + a),d(y + b)) is a topological automorphism

VIII.DIFFERENTIAL OPERATOR

The operator ¢(x,y) = D, ,@(x,y) is defined on the space E and transform this space E into itself, where ¢(x,y) =
K& (x,y,u,v)

Proof: let D, ,(x,y) = ¢(x,y)

sup

Vepa(@G, ) = " |DID]o(x,y)|

x,yel
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sup

VE,p,q((P(x,y')) = Xy |Df x,y‘P(X,)’)|

Vepq(0(x,y)) = 2yl DT DI RE (6 y )] (1)

DPYKE (x, y,u,v)

p+1 k

1—icota i .
= | pa(wPviaxt ey )cota i 0‘)sm(csca vy)zz —— —(icoto)* T (2x) %2 (csco. ux)P ™
2 n) (k= 2r )' I
n=0r=
) ( p+1- n)n)
sin | csca. ux + ————

a 1 p k
’1—icota.g_ ir2,.. 2.2, 2 n!
D))?,;l,q+1Ksa(x'y'u' ‘U) — o= el(z u)ez(x +y“+u“+v )cota Z ZZZ (k 2r)|r|
s=0 n=0 r=0

eegur
m!
=290 (icoto) X175 (2x) &€ —21 (2y) 1=2%) (csca. ux)P ™ (csca. vy)d ™
: (p—mm\ (q—m)rn
sin | csco.ux + ———— | sin{ csca. vy + ———

Put in equation (1)

sup 9 1 P k
1—icota e%(xz+yz+u2+v2)cota ei(%—a) Z Z Z Z n!
27 — L (k 2r)!r!

m=0s=0n
m!

A= 29)!s!
sin <csca ux + w) sin <Csm vy + (q-— m)n)

Vepa (@, 7)) = (icota) =775 (2x) *=29(2y) =29 (csca. ux)P ™ (csca. vy)d ™

2 2

x,yel

<

For any fixed x,y € R™ and fixedpand q, 0 < a < %

‘P(X;Y)EE
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Dx,y(P(X.Y)E E
IX. ADJOINT SHIFTING OPERATOR
The adjoint shifting operator is a continuous function from E* to E* .the operator of (2) is

f(x,y) = f(x —a,y — b) Leads to the operation transform formula.
Solution: Ef{f(x + a,y + D)} = {(f(x + a,y + b), K& (x,y,u,v))

Ef{f(x+a,y+b)}=

1—icota if2,.2. 2,2 (T
(fx +a,y+Db), ;Tez(’c ytut vt Jeota GiGG-a) sin(cscar. ux) sin(csca. vy))

FEAf(x+ay+b)}=(f(xy), 1_iz+me%((”“)z+(Y+b)2+”2+”2)“m G sin(csca. u(x + a)) sin(csca. v(y +
2)..(1).

L 2 2402402 i(Z-
ez(Crart+ ) trt)eota i(za) sin(csca. u(x + a)) sin(csca. v(y + b))

ir 2,2 2.32.,2..2 ST . i
= ez(¥*+y H2xat2ybrat b utrvt)eota oiG0) gip (cqeq. (ux + ua)) sin(csca. (vy + vb))

i 2 2,22 J(E_
e2((HO*+ G +b) +us+v¥)cota e1(2 ) sin(csca. u(x + a)) sin(csca. v(y + b))

L 2,02,2. 2 iy L 2,52 .
— ez(x +y2+ut+v?)cota el(2 a)ez(2xa+2yb+a +b?)cota [Sll’l(CSC(XlIX) cos(csccxua)
+ cos(cscoux) sin(cscaua)][sin(cscavy) cos(cscavb) + cos(cscavy) sin(cscavb)]

i 2 2..2,.2 ST
eZ(CH @+ +b)* +u+v)cota 4i(G-0) sin(csca. u(x + a)) sin(csca. v(y + b))

— e%(x2+y2+u2+v2)cota ei(g—a)e%(2xa+2yb +a2+b2)cota

sin(cscaux) cos(cscaua) sin(cscavy) cos(cscovb)
+ sin(cscoux) cos(cscaua) cos(cscavy) sin(cscovb)
+ cos(cscaux) sin(cscaua) sin(cscavy) cos(cscavb)
+ cos(cscaux) sin(cscaua) cos(cscavy) sin(cscovb)
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Let
P = cos(cscaua) Q = cos(cscavb) R = sin(cscaua) S = sin(cscavb)
L'((x+a)2+(y+b)2+u2+v2)cota iG-a) . ;
e2 e2 sm(csca.u(x + a)) sm(csca.v(y + b))

— e%(x2+y2+u2+v2)cota e%(Zxa+2yb+a2+b2)cota ei(%—u)

[ PQ sin(cscoux) sin(cscavy) 1
| +PS sin(cscaux) cos(cscavy) |
+ RQcos(cscaux) sin(cscovy)
+RS cos(cscoux) cos(cscavy)

i 2 2,22 ST
e2((H@)*+ G +b)%+us +v¥)cota (i G=) sin(csca. u(x + a)) sin(csca. v(y + b)) =

i(2,..2,.2,.2 i 2.2 LT . .
PQez(x +yf+ut+v )cotaez(2xa+2yb+a +b?)cota elG® sin(cscaux) sin(cscavy)

Lp2,.2,.2, 2 i 2,12 i(E_) .
+PS€2(X +yl+ul+v )cotaez(2xa+2yb+a +b?)cota el @ “)sm(cscaux) cos(cscavy)

Lp2,.2,.2, 2 13 2,52 i(E_ .

|+QR€2(X +yl+ul+v )cotaez(2xa+2yb+a +b?)cota el G0 cos(cscaux) sm(cscavy)|
i 2,..2,.2, 2 i 2.2 ST

l-l— Rsez(x +yl+ul+v )cotaez(2xa+2yb+a +b?)cota el@ “)cos(cscaux) COS(CSCU.VY)J

i 2 2,22 -
e2(GHa + ) ut+vt)cota (iG=w) sin(csca. u(x + a)) sin(csca. v(y + b)) =

PQQ%(Zxa +2yb+a?+b?)cota 2DKE (x,y,u,v)

+ PSe%(Zxa +2yb +a2+bz)cota 1DKSa (.X', u) * 1DKL€Z (y, U)

1 —icota

i 2
+QRe%(2xa +2yb +a2+b2)cota 1DKCa (X, u) * —TC 1DKsa (y’ U)
’1 — icota

+ RSe%(Zxa +2yb+a?+b%)cota ei(“_%) 2DK{ (x, y,u,v)

i 2 2..2.,.2 v
2+ +b)* +u+v)cota oi(G—a) sin(csca. u(x + a)) sin(csca. v(y + b)) =
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PQ2DK{ (x,y,u,v)

2n
| +PS 1DKZ(x,u) * ,mlDKé’(y.v)
ei(Zxa+2yb+a2+b2)cota
+QR1DKZ (x,u) o 1DK{ (y,v)
L
c U 1—icoto =Y

. s
+RSe!®2) 2DKZ (x,y,u,v)

Equation (1) is

PQ2DK& (x,y,u,v)

T
PS 1DK®(x,u) * |———1DK*(y,
i 2.2 * s Gu) - 1 —icota OAY
ES{f(x + ay +b)} = (f(x, y), ez(Zxa+ybra’+b)cota j_ )

a - a
+QRIDKS (x,u) * T ieotq [PKG ,v)

. T
+RSe! @2 2DK& (x,y,u,v)

E{f(x+ay+b)}= e%(ZXHZyb +a?+b?)cota

2
(7 r3) PQ2DIE (1,3,090) + [T (5,70, PS DS (5,20 1DKE (7,1

+ (£, ), QRIDKE (e W) DK (1,0) + 4/ e ), RS D Ko ,,0) )

E{f(x+ay+hb)}= e%(ZXHZyb +a?+b?)cota

2
pQ(f(x'Y) !ZDKg(xfy! u, 17)) + T‘:Otaps(f(xfy)f 1DKsa(xfu) 1DKca()’: U) )

k+QR ’%(f(xf )’)' 1DKCa (x, u)lDKsa (y' 17)) + RS (f(X, )’)» ei(a_%) Kca (x, y,u, U))}

th{f(x +ay+ b)} = e%(2x3+2yb +a?+b?)cota
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cos(cscaua)cos(cscavb)(f (x,y) ,2DK& (x,y,u, v))

2
+cos(cscaua)sin(cscavb) T::[ot(x (f(x,y), 1DKZ(x,u) 1IDK*(y,v))
X r
21
+cos(cscavb)sin(cscaua) /Tcota (f(x,¥), 1DKZ (x,w)1DKZ (y,v))

+sin(cscaua)sin(cscavb) (f(x, y), €' @) KX (x,y,u,v)) J

i
E{f(x+a,y+b)}= ea(2xat2yb+a® +b?)cota cos(cscaua)cos(cscavb){f (x,y) ,2DKZ (x,v,u, v))

i 21
tea(@ataybra®4btcota (oo oo ooua)sin(cscavb) /m (f(x,y), 1DK&(x,u)1DK*(y,v))

i 21
fez(Zra+2ybra’+b?)cota cos(cscavb)sin(cscaua) T icota (f(x,v), 1IDK& (x,u)1DKZ (y,v))

i . ™
+ez(2at2ybta’+h?)cota sin(cscaua)sin(cscavb) (f (x, v), e @2 K% (x, y,u, v))
10. THE AD JOINT DIFFERENTIAL OPERATOR

F;{Dx,yf(x: Y)} = <Dx,y' Ksa (x, yu, v))

Fas{Dx,yf(x' }’)} = (f(x' }’). _Dx,sta (x» »u, U))

1 —icota
2n

1 —icota i 2. 2
- — —(x +u )cota .
F;{Dx_yf(x’ )= <f(x, y), \/TD,C (eZ sm(cscoz.ux))>

ie2, .2 .
D, (ez(y +v*)cota sin(csca. vy))
Let A = ’1—i00t“ e%(v2+u2)cota
2m

L2422, 2 (T
67(x +y%+u’+v?)cota elG=0

Fi{D,yf (., )} = (f(x, ), —Dy, sin(csca. ux) sin(csca. vy) |)
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i i
E5{Dey f (6, )} = (f(x,¥), —AD; (ei("z)c‘”“ sin(csca-uX)> D, (20 )°% sin(csca. vy)))

FaS{Dx,yf(x: Y)} = (f(x: }’)
i
—A (ef(xz)“’m cos(csca. ux) csca. ux
i i
+ sin(csca. ux)ef("z)“’t‘Z ixcota) (ef(yz)“’t“ cos(csca. vy) csca. vy

i
+ sin(csca. vy) e2(r)eota iycota) )

Fas{Dx,yf(xﬁy)} = (f(X,J’)

Lie24y2 . .
— Aez(*+y*)eota (cos(csca.ux) csca. u + sin(csca. ux)ixcota) (cos(csca. vy) csca. v
+ sin(csca. vy) iycota) )

cos(csca. ux) csca. u cos(csca. vy) csca. v
2)eota |+ cOS(csca. ux) csca. usin(csca. vy) iycota |)

+ sin(csca. ux)ixcota cos(csca. vy) csca. v |

+ sin(csca. ux)ixcota sin(csca. vy) iycota

F{Dey f o)} = (f () = AeTx* Y

uv (csca)?cos(csca. ux) cos(csca. vy)
+iycota cscau cos(csca. ux) sin(csca. vy)
+ixcotacsca. v sin(csca. ux) cos(csca. vy)

—xy(cota)? sin(csca. ux) sin(csca. vy)

E2 Doy f e, )) = (f(x,) — Aealt* ) |

—uv(csca)? K& (x,y,u,v)

. T
—iycotacscau ei(«2) 1DKE (x,u) * 1DKS (y,v)

1 —icota

F;{Dx,yf(x'y)} = (f(x.)’). 5 )
(a0 T , T
—ixcotacsca. v e_’(“_Z) T icota 1DK (x,u) = IDKZ (y, v)

. T
+xy(cotar)? e_'(o‘_f) K&(x,y,u,v)

F{Dyy f (2, 9)} = —uv(esce)*(f (x, ), K& (x, 5, w,v) )

— i 1DK? 1DKY
——— icotacscau(f (x,), 1DKE (x,1) )y, 1DKE (7, v))
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s
3 a a
T icota icotacscav(f (x,y), IDKZ (x,u) ){x, IDKZ(y,v) )

+ (cota)?e (2 F G yyvy, Koy, 0, 0) )

FaC{Dx,yf(xl y)} = —uv(csca)zF;{f(x, }’)}

2T

T icota icotacscaul_DEf{f (x,y)}(w) 1_E{1.y}(v)

2T

T icora icotacscav 1_DFf{x. 1}(v) 1_ES{f (x,y)}(w) — (cota)ze_i(a_f)F;{f(x, )}

XI1.CONCLUSION

In the present work Operators on the testing function E and its dual space E* for two dimensional fractional sine transform
are obtained
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