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ABSTRACT: In electronic world an integral transform play an important role due to its properties. Fourier-Mellin
transform mainly use in the radar system, reconstruction of gray scale images, in detection of human face etc.In this
paper we proved some properties like modulation and Parsvals identity of two dimensional Fourier-Mellin transform.
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ILINTRODUCTION

Integral transforms find special applicability within other scientific and mathematical disciplines. Integral transforms
have been in wide use during the past two centuries as a tool to solve various problems in pure and applied
mathematics. Many integral transforms were originally introduced to solve specific problems, but over the course of
time have been found to be of use in the solution of other problems as well.

Due to shift invariant property of Fourier transform and scaled invariant property of Mellin transform, the Fourier-
Mellin transform (FMT) is a very powerful tool in image restoration, pattern recognition. G.J.Pratt used the Fourier-
Mellin transformation for the comparison of plant leaves[5]. The complexity of radar target detection, identification,
tracking and association, a trajectory-oriented SLAM process based on the Fourier-Mellin Transform was developed
for target assumptions about their position and nature were avoided by Paul Checchin, Franck Gérossier, Christophe
Blanc, Roland Chapuis and Laurent Trassoudaine [1].

Robust image registration using log-polar transform. The log-polar transformation is based on fourier-Mellin transform
it is used to recover rotation and scale,it is limited in use to two-fold scale factors.The purpose of the log-polar
registration module is to bring two images into alignment using only rotation, scale, and translation [2].

In the field of image registration hyperspectral image play an important role in agriculture, geology, military,
atmosphere, environment and in many fields. An image registration with hyperspectral data based on Fourier-Mellin
transform [3]. A further development in the use of the Fourier-Mellin transform is its application into the radar
classification of ships by Zwicke etal. Fourier-Mellin transform is used to identify plant leaves at various life stages
based on the leaves shape or contour. Fourier-Mellin transform is also used in estimation of optical flow [4].

Purpose of this paper is to generalized two dimensional fractional Fourier-Mellin transform in the distributional sense.
Also we proposed modulation and Parsvals Identity of two dimensional Fourier-Mellin transform.

Il. TWO-DIMENSIONAL FRACTIONAL FOURIER-MELLIN TRANSFORM

2.1 Definition of two-dimensional fractional Fourier-Mellin transform:

The two-dimensional fractional Fourier-Mellin transform with parameters o and 6 of f(x,y,t,q) denoted by
2DFRFMT{ f(x, y,t, q)} performs a linear operation, given by the integral transform. 2DFRFMT

{ f(xl .t q)} = Fa,9 (5! n, A, X) = f_oo f_oo fo fo f(x' .t q)Ka,G (X, y.tq, f! n 4, )()dXdydtdCI““(l)

2miA 2miy i

1—icota —L [(x2+y2+§2+n2)cosa —2&E+yn) =1 —F—1 [AZ+)(2+logzt+logzq]
= — @2si ing ing tanf
whereKo,o (%, ,t,4,$,1,2, 1) / S eZsina tsing " qsing " gtan
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— ClaeiCZa[(x2+y2+§2+n2)cosa —2(x§+yr])tClgL'/l—quwi)(—leClgi[/12+)(2+log2t+log2q]

1—icota 1 2n T m
WhereCla— ’ P Cza—mclg—w, CZG_W O<a<5,0<9<5. “'(2)

2.2 The Test Function

An infinitely differentiable complex valued smooth function @(x, v, t,q) on R" belongs to E(R”), if for each compact
set 1 =s,,» J =S, where

Sap ={x,y:x,y€R", |x| < a,|y| £ b,a > 0,b > 0}

Seqa ={t.q:t,qeR™,|t| < ¢, |q| £d,c > 0,d > 0}

@3
VEmn e[ 0y t.a)=sup et DTS 0y 0)|<o0 )

t.qe]

Thus E(R™) will denote the space of all @(x, y, t, q)eE(R™) with compact support contained in s_, N's_, -

Note that the space E is complete and therefore a Frechet space. Moreover, we say that f(x,y,t,q) isa
fractional Fourier-Mellin transformable if it is a member of E .

111. DISTRIBUTIONAL TWO DIMENSIONAL FRACTIONAL FOURIER-MELLIN TRANSFORM
(2DFRFMT)

The two dimensional distributional Fractional Fourier -Mellin transform of f(x, y, t, g)eE*(R™) can be defined by
ZDFRFMT{f(x' bz t, CI)} = Fa,e (61 n Av X) = (f(xl Z ¢, q)l Ka,9 (x, Y ¢, q, E: n A; X))'"(4)

. 1 2 2,52 2 _ 2miA _ 2miy _ i 2 2 2 2
where Ka g(x. y, £ q, 'f. T],/L ){) — ’1 lzcata eZsina [(x +y“+E°+n )cosa 2(x§+yn)tsin9 1qsin6 1e_tan9 [/1 +x“+log“t+log q]
1 ’ T

=C eiC2a [(x%+y2+£2+4n2)cosa —2(x§'+y17)tC19i/1—1qC1gi)(—leClgi[AZ+)(2+log2t+log2q]
a

where G, = [T Gy =Gy =t Gy = 0<a<Z,0<6<I. ()

Right hand side of equation (4) has a meaning as the application of f(x,y,t,q)eE*(R™)to K, o (x,v,t,q,¢,1, 4, x)€E.

It can be extended to the complex space as an entire function given by

2DFRFMT{f (x,y,t,@)} = F, 4(€.0, 2, X)

=(f(0.7,6,0), Koo (6, 3,1,4,§,1, 4, X))-—(6)

The right hand side is meaningful because for each &7, 4, x'eC™, K, 4(x,y,t,q,€,n7,4,x)eE as a function of

x,ytq.

IV- MODULATION PROPERTY

(i) Prove that-
2DFRFMT{f (x,y,u, v)cosifax + by + cu + dv)}(p, q,7, )

2 2
1 ei[(ap +bq)cosa —(azﬁcosaasina ]

2
{2DFRFMTf (x,y,u, v)e'+®)[(p — asina), (q — bsina),r,s]}
(a®+b?)

)

+ 1 e—i [(ap +bq )cosa + cosaasina |

2
{2DFRFMTf (x,y,u, v)e "“*)[(p + asina), (q + bsina),r,s]}
Proof-
2DFRFMT{f (x,y,u, v)cosifax + by + cu + dv)}(p, q,7,s)

o0 00 00 0

- f f f f fC,y,w,v)K, o (x,y,u,v,p,q,7,s)cosifiax + by + cu + dv)dxdydudv

—o —0 0 0
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1 —icota
2n

eZsmoc [(x2+y2+p2+q?)cosa —2(xp +yq)]

é'\g

s
-0 0 0

2mir 2mis

usin9 vsine etan@ [T +S +log u+log V

cosi?ﬁ’ax + by + cu + dv)dxdydudv

o0 00 00 00

] [ fresen

—oo —o 0

etanG [r2+s +10!] u+log V][ i(ax +by +cu+dv) 4 e—i(ax+by+cu+dv)]g;;axdydudv

o0 o0 00 o0
1 1 — icota i 2, 2.2, 2 2mir 2mis
= f ffff(x'y'“' v)eZsina [(x2+y2+p%+q?)cosa —2(xp +yq)] USing _1vsin9 —1
—o0 —oo

2mir . 2mis
usind  “psind

eZsina (x +y2+p +q2)cosa —2(xp+yq)]

2
0

etanG [r +s +log u+log v]+l(cu+dv)ei(ax+by)dxdydudv

o0 o0 o0 00
1 lCOt i 24,22, 2 2mir 2mis
"2 f f f f FCx,y,u, v)eZsima (0 Hy S 4pHat)eosa 26p v gLy smg !
o —o 0 0
2

2

?

etanG [r +s +log u+log v] i(cu+dv) _l(ax+by)dxdydudv

o0 o0 00 00
1 [1—icota i, 2, 2 L2 _ _ L2 _i _
— Y (Z’ +q“)cota j jjjf(x'y'u' v)ezx cota —i(pcoseca a)xezy cota —i(gcoseca —b)y
2 2m
—o —00 0

2mir 2mis
usmd Lysme etanG [r 2+s2+log?u+log v]+L(cu+dv)dxdydudv

o0 o0 00 00
Lo2..2 L) i L2 _i
e2(P“+a)cota J jjjf(x' yu v)er cota —i(pcoseca +a)xezy cota —i(qcoseca +b)y
—0 —0 0 0

4 1 |1 —icota
2 2n

2mir 2mis 2
usmd Lysme etanG [r 2+s2+log?u+log v]- L(cu+dv)dxdydudv

o0
_ 1 |1 —icota i(pz+qz)wm j
00

:T

2 2n

é\g

o0 00
ij(x y,u, v)ezx 2cota —icoseca (p—asina )x 2y 2cota —icoseca (q—bsina )y
00

2mir 2mis

wsmg Lysme etane [r +s2 +log u+log 1/]+L(cu+dv)dxdydudv

0 o0 00 0
L2, 2
(p +q*)cota J jJJ (x yu, v)ezx 2cota —icoseca (p+asina )x 2y 2cota —icoseca (q+bsina )y

—00 —oo 0

1 |1 —icota
2 2n

2mir 2mis
Usne vsm@ etan@ lr 24s +log u+log 1/] L(cu+dv)dxdydudv

2 2 o0 o0 00 00
’ lcota _(a +b )
i[(ap +bq)cosa cosaasina j jJJf(x V1, v)er 24 (p—asina )?]cota
—0 —0 0 0

—icoseca (p—asina )x 2[}’24'(‘1 —bsina )Z]Cﬂfa —lcoseca (q—bsina )y

e
Zmir _, 2mis 24624 +log 2v]+i(cu+d
using vsm@ etan@ lr s 09 “u 09 v i(eu ”)dxdydudv

2 0 o0 00 00
lCOtO( _l[(ap+bq)mm+( 2 ) cosaasina J-ffff(xyuy)e%[x2+(p+asina)2]cota
) ) )
—o —0 0 0

—icoseca (p+asina )x 2[)’ +(q+bsina )Z]COM —Lcoseca (q+bsina )y

e
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27ir 27is w2, .2 2 2 i
wusing Lpsmo L etang |r“+s“+log “u+log v]+L(cu+dv)dxdydudv

1 |1—icota (a +b2) Crr(
[(ap +bq)cosa ———-—=cosaasina | x v
2’ 2 fffff(y. )
—o0 —oo 0

2mir 1 2mis
usind ~psind

ei{[x +y2+(p—asina )2 +(q—bsina )z]cota —2coseca [(p—asina )x+(q—bsina )y}

w22 2 2,] -
eTand [r2+s2+log *u+log "]el(”‘””)dxdydudv

+% 1 _Zi:[Otaei[(ap+bq)cosa+(a2;b2)cosaasina] J. ffff(x,y, u, U)
—0 —0 0 0

2mir . 2mis
usind  “psind

e%{[xz +y 2 +(p+asina ) +(q+bsina )Z]L‘ot(x —2coseca [(p+asina )x+(q+bsina )y}

w2, 2 2 2 .
eTand [r2+s2+log *u+log "]e_l(””d")dxdydudv
(a®+b?)
2

— _ei[(ap +bq)cosa — cosaasina |
2

{2DFRFMTf (x,y,u, v)e' ) [(p — asina), (q — bsina),r,s]}

(a?+b?)
2

+ l e—i [(ap +bg )cosa + cosaasina |
2

{2DFRFMTf (x,y,u, v)e "+ [(p + asina), (q + bsina),r,s]}

(ii) Prove that-
2DFRFMT{f (x,y,u, v)sm fax + by + cu + dv)}(p,q,1,s)
( 2

= — g!lap+bg)cosa — )cosaasina ]
2
{2DFRFMTf (x,y,u, v)ei("“d”)[(p — asina), (q — bsina),r,s]}
1 —i[(ap +bq)cosa +(a2;b2)cosaasina ]
—e
{2DFRFMTf (x,y,u, v)e ") [(p + asina), (q + bsina),r,s]}
Proof-

2DFRFMT{f (x,y,u, v)cosifax + by + cu + dv)}(p, q,7,s)

o0 00 00 00

fff(x Y, u, V)Ky o (x,y,u,v,p,q,7,s)sinax + by + cu + dv)dxdydudv
0

0

f ffff(x y,u, U) lCOtaezsma [(x2+y2+p%+q?)cosa —2(xp +yq)]
-0 —oo 00

2mir 2mis

wott Ly gt Ir 457 Hog Pulog 2] sinfiflax + by + cu + dv)dxdydudv

o0 o0 00 0
— icota 2 2mir . 2mis
f ffff(x y,u, U) eZsma (x +y2+p2+q )ecosa —2(xp +yq)] USing 1vsin9 1
—0 —w 0

etan9 [r +s52 +log u+tlog 17] [el(ax+by+cu+dv) _ e—i(ax+by+cu+dv)]g;;axdydudv

o0 00 00 0O
1 lCOt(Z 2 2mir 2mis
= E f ffff(x y,u, U)eZsma (x +y24p2+q Yeosa —2(xp +yq)] usng -~ Usine —1

—o0 —o0 0

2

[r +s +log u+log

eTand V]+l(cu V) gitax +by) gy dydudv
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o0 o0

b 200202, 02 _ 2mir . 2mis
fff(X,y,u,V)ezsina[(x +y%4p®+q*)cosa ~2(xp +y4)] using 1175in9 1
00

1 Lcota
2

etanG [r +s +log u+log v]—i(cu+dv)e_i(ax+by)dxdydudv

o0 o0 00 00
L(p2+q2)COt0t J J J- J- f(x, y,u, v)e%xzcota —i(pcoseca —a)xe%yzcota —i(gcoseca —b)y
o —0 0 0

é%g
8'\8

_ 1 |1 —icota
T2 21

2mir 2mis
usimd ~Lysme 1etam9 [r 2+s2+log?u+log v]+L(cu+dv)dxdydudv

0 o0 00 00
1 |1—icota i 2, 2 i 2 . i o )
+q“)cota sx“cota —i(pcoseca +a)x _=y*“cota —i(qcoseca +b)
A T aa fjjff@%””” ' e T
—o0 —00 0
mr g Zms g 2452 4log 2u+log 2v]—i(cu+d
usind ~psiné etanG [r2+52+log 2u-+log ?v]-i(cu U)dxdydudv
o0 00 00 o0 2
1 Lcota i N2 —ia . i 2 . .
= 2 f J-J-Jf(x’ y,u, v)ez[(p asina )“co a giapcosa p—g—cosaasina  ,zx*cota —icoseca (p—asina )x
—o0 0020 0
e%[(q—bsina )2 cota ichosa b ——cosaasina e%yzcota —icoseca (q—bsina )y
2mir 2mis
usmg L yy5me 1etan9 [r%+s2+log?u+log v]+1(cu+dv)dxdydudv
o0 o0 00 © 2
1 lCOt(X i 2 —ia . i o . )
> ta _—i = ta —
_E f ffff(x' y,u, v)ez[(p+asma) co ae fapcosa ,— cosaasina ezx cota —icoseca (p+asina )x
—0 —0 0 0

. 2 .
e%[(q +bsina )% cota —ichgsa lzb cosaasina e%yzcota —icoseca (q+bsina )y

2mir 2mis
usng L ysme 1etan9 [r2+s2+log ?u+log?v]- L(cu+dv)dxdydudv

o0 00 00 0

1 |1—icota (a?
= - pillaptbg)cosa — )cosaasina ]
2 J[][rewn

—o0 —oo 0

2mir 2mis
using ~psinf

e%{[x +y2+(p—asina )2 +(q—bsina )Z]Cotd —2coseca [(p—asina )x+(q—bsina )y} -1

T2, .2 2 2.1 .
etand [r +s“+log “u+log V]el(cu+dy)dxdydudv

1 |1 —icota (@* Cr0l
_ E o l[(ap +bq)cosa +———= 2 )cosaasina f f f f f(x, VU, )
0

—o0 —oo 0
2mir 2mis

usin@ _lvsine -

e%{[x +y2+(p+asina )® +(qg+bsina )Z]COta —2coseca [(p+asina )x+(q+bsina )y}

et:rf@ [r2+sz+log2u+logzv]e—i(cu +d")dxdydudv
1 (a®+b?)

= z

{2DFRFMTf (x,y,u, v)e'+®)[(p — asina), (q — bsina),r,s]}

(a?+b?)
z

ei[(ap +bq)cosa — cosaasina |

—i[(ap +bq )cosa + cosaasina |

1
e
{2DFRFMTf (x,y,u, v)e~"“+)[(p + asina), (q + bsina),r,s]}

V- PARSVALS IDENTITY

ZDFRFMT{f(x,y,u, 17)} = Fa,e(p: Q:T;S) & ZDFRFMT{g(ny!uIU)} = Ga,@(p’ q’ris)
(i) 20 Sy f ey wv) gt y,u, v)dxdydudv = [ [7 [° [ F.0(0.4,7,5) Gy (p,q,7,5) dpdqdrds
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@y [ GOy )2 dadydudv = [ 7 [ (| (0,q,7,9)|" dpdgdrds
Proof-

2DFRFMT{g(x,y,u,v)}(p,q,7,5) = Go (0, q,7,5)

:ff;ff;fwfwg(x Y, u,v)

1_;&6 Sina [(X +y +p +q2)cosa 2(xp+yq)]u:fnlgr U:ZVILL; etanG [r +s +log u+log V] dxdydudv
T
By using inversion formula for two dimensional fractional Fourier Transform
9(x, y,u v)

o0 00 00 0 /

ffff ( )[1—lcota] 2

—_ r,S
" an? smzasmze Gap (P, 4,
—o0 —oo 0

2 —2mir —2mis —mi
esza (x +y24p24q )cosa 2(xp+yq)]u Sinf 1 Sin@ e tand [r +s2+log2u+log v]dpdqdrds

1 Crrf 1 —icota]” 2
" an? f fffsmzasmze ag(p,q,rs)[ ]

—0 -0 0 0

—2mir  —2mis  —mi 21 —mi 2 2
_(x +y?)cota —(p +q?)cota oG +ya)]coseca 1, 5ma 1, 5B etanf)[ +s ]etanB [log?u+log "]dpdqdrds

00 00 00 00

1 2(x +y )Comtane [tog?u+log?v] J JJJ Gop (0,7, 5)
(27‘[) *2sin2asin?VI — icota 22
" " =2mir —2mis —mi [r + ]
(p a%)cota o i(xp+yq)lcoseca 1y 5mg s etang " TS dpdqdrds
Taklng complex conjugate of above term
N 1 L(x2+ Z)COta i [lo 2u+lo 21;]
g0y, u,v) = 2™ TV I tang 09 RS f fffG 6(P,q,7.5)
2m)*2sin2asin?0vT + icota 2 “

(p +q%)cota —L(xp+yq)]coseca 2mlr, Zmls tang 2 +s?]
ez using psind etanB dpdqd‘r'ds

Now consider,

o0 00 00 00

f ffff(x y,u,v) g(x,y,u, v)dxdydudv

—o0 —oo 0
o0 o0 00 o0
i 2 2 [
log“u+log“v
fang | ]ffJ-J-Ga_g(p,q,r,s)
—0 —0 0 0

=10, f Iy f G, y,u,v) dxdydudv
1 e—(x2+y2)cota

{ 2
(2n)3/25in2asin20\/1 + icota

é(p2+q2)60m e~ ip+yq)]coseca usznnl; vfges erand ol SZ]dpdqdrds}
1 -
Gap(p,q,7,5) dpdqdrds
_[O bf 2m)*2sin?asin?0vT + icota

%[(xz +y24p24q z)cota —2(xp +yq)coseca ]

fl,y,u,v)e

1]
L

Usind Psind etanﬂ [r +s +log utlog 17]} dxdydudv

1 e —
= G ,q,7,58) dpdqgdrd
(271)3/25171 asin?@+1+icota f_“f_“’f f a0 (P, 47, 5) dpdqdrds

f fff ’1 —lcotaf(x V1, v) eszu[(x +y24p24+q2)=2(xp +yq)] (uv)
—o0 —oo 0
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2mir 2mis

Using 1175”[9 em 9 [r +s +log u+log v]} dxdydudv
_ en)'/2 e
B (271)3/251'71 asin?6+1-i2cot2a f_co f_wf f GaG(p’ @ S)
2DFRFMT[(uv)f(x v,u,v)](p,q,7,s)dpdqdrds
1 S —
=3 ; = I 0 Ty Gao®,4.7,5) Foplun)f(x,y,u,v)1(p, 4,7, 5)dpdqdrds
msin asz;l 9\/1+cot
= rsin?asinfcoseca f_w f_w fo fo Gap (P q,71,5) Fop [(wv)f(x, y,u,v)](p, q,7,s)dpdqdrds

2msin Zasm 29coseca

= ;29 f_ww f_ww fow fow Fup [wv)fCx,y,w,v)](p. q,7,5) Gay (p,q,7,s) dpdqdrds

2msina sin
Putting g(x,y,u,v) = f(x,y,u,v)
Fa,B (p' qr, S) = Ga,B (p' q7, S)
Foo(P,q,7,5) = Gao(D,q,7,5)
By using above result

o0 00 0 0

f f f f f@y,uv) g(x,y,u, v)dxdydudv =

-0 0 0

é\g
|

f f f Fpo(® q,7,5) Gug(p,q,7,5) dpdqdrds
o0 0

C>R185|3

i

FGoy,u )P ddydudv = [ [ [ [|Feg@.q.r, )" dpdqaras
—o —00 0

V1. CONCLUSION

In this paper we discussed on modulation and Parsvals Identity of two dimensional Fourier-Mellin transform.
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