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ABSTRACT: In this paper a two graded organization is considered in which depletion of manpower occurs due to its
policy decisions. Assuming that the wastages (loss in man-hours) are exchangeable and constantly correlated
exponential random variables and policy decisions are classified into two types interms of their intensity of attrition,
three mathematical models are constructed according to different forms of the mandatory threshold for wastages in the
organization. Explicit analytical expression for the system characteristics namely mean and variance of time to
recruitment are obtained for all the models using an univariate CUM policy of recruitment based on shock model
approach, when the inter-policy decision times form (i) a geometric process and (ii) an order statistics. The influence of
the nodal parameters on these system characteristics are studied and relevant conclusions are presented.

KEYWORDS: Two grade manpower system, Two types of policy decisions, Correlated wastage, Geometric Process,
Order statistics, Univariate CUM policy of recruitment, Variance of time to recruitment.

I. INTRODUCTION

Exit of personnel is a common phenomenon in any marketing organization. In [1] and [2] several stochastic models for
a manpower system with grades are discussed using Markovian and renewal theoretic approach. In [5] the authors have
initiated the study on problem of time to recruitment for a single grade manpower system and obtained the variance of
time to recruitment when the inter-decision times and the wastages form a sequence of indepenent and identically
distributed exponential random variables, using shock model approach. In [3] the author has studied the work in [5] for
correlated wastages. In [4] and [6] the authors have studied the work in [5] for a two grade manpower system according
as the inter-decision times with same attrition form an ordinary renewal process or an order statistics. The present paper
studies the work in [4] and [6] when (i) the inter-decision times which are classified into two types according to their
intensity (high or low) of attrition, form a geometric process or an order statistics. In the present paper, three
mathematical models are constructed which differ from each other in the context of permitting or not permitting
transfer of personnel between two grades and providing a better allowable loss of manpower in the organization. More
specifically, in Model-1, the breakdown threshold is minimum of the thresholds for the loss of manpower in the two
grades. In Model-2, the breakdown threshold is the maximum of the thresholds for the grades. In Model-3, the
breakdown threshold is the sum of the thresholds for the grades. This paper is organized as follows: In sections 11, 11l
and 1V Models 1, 2 and 3 are respectively described and analytical expressions for mean and variance of time to
recruitment are derived. The analytical results are numerically illustrated by assuming specific distributions and the
influence of nodal parameters on the system characteristics are reported.
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1. MODEL DESCRIPTION AND ANALYSIS FOR MODEL-1

Consider an organization having two grades in which decisions are taken at random epochs in [0,0) and at every

decision making epoch a random number of persons quit the organization. There is an associated wastage in manpower
(measured as loss in man-hours) to the organization, if a person quits and it is linear and cumulative. Let X; be the
wastage due to the i" decision epoch, i=1, 2,3... It is assumed that X, 's are exchangeable and constantly correlated

[P

exponential random variables with distribution function G(.). Let ‘p’ be the correlation between

X
X;and X ; wherei # jandg(n,x) = J.e_zzn_ldz. Let b = ¢ (1-p) where ‘¢’ is the mean of X;, i=1,2,3... Let
0

S, be the cumulative wastage in man-hour, in the first ‘n’ decisions. Let U.,i =1,2,3...be the time between i-1" and
i" decisions. The best distribution when the inter-decision times have high or low intencity of attrition is the hyper
exponential distribution. Let Ui,i =1,2,3...k are independent and identically distributed hyper exponential random
variables with distribution (density) function F(.)(f(.)), and high(low) attrition rate An()) and p(q) be the proportion of

k
decisions having high (low) attrition rate. Let F(t) (fi(t)) be the distribution(probability density) function of ZUi .
i=1
The time to recruitment is denoted by T and its cumulative distribution function, probability density function, mean and
variance are denoted by L(.), #(.), E[T] and V[T] respectively. Let o (.) be the Laplace transform of o(.) . Let Y be the
breakdown threshold for the cumulative wastage in the organization. Let Ya(Yg) be the threshold level for the
cumulative wastage in grade A(B) is a exponential random variable with mean 1/aa (1/0g). The loss of man-hours
process and the inter-decision time process are statistically independent. The univariate policy of recruitment is
Recruitment is done as and when the total wastages in the organization exceeds the breakdown threshold Y.
Let V(1) be the probability that there are exactly k-decision epochs in (0,t]. Since the number of decisions made in (0,t]
form a renewal process, we note that V(t)= F(t)-Fy.1(t), where Fo(t)=1.
Main results

By definition, Sy, is the total loss of man-hours in the N(t) decisions taken in (0,t]. Therefore
P(T >t)=P(Sye <Y). )

and y using laws of probability and on simplification we get

PT > 1) = > Vi (® [ G (h(¥)dy. 2
k=0 0
Since Y=min (Ya,Yg) it can be shown that
h(y) = (ocp +ag Je n . ©)
From (2) and (3) we get
P >0 =3 [Fe (- Fia O] Wi, 10 | (4
k=0
where W, ,y=(1+b7) 14 KOOT ) ()
k) (L-p)(A+br))

Since L(t) =1- P(T >t), from (5) and by taking Laplace transforms on both sides we get
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I

" (s) = —i [0~ 1) Wiy 0 | ©
k=0
It is known that

efr]=- SCEN ] L0

and V[T]=E[r2]- (€[], )
s=0 s=0
Case(i): The inter-decision times U; , i=1,2,3..form a geometric process with parameter ‘a’ .

Since {U, }is a geometric process it is known that

RO=T17( %) ®
n=1

From (6), (7) and (8) we get

© k
1
E[T]=E] > [EJ (Wi 0] ©
k=0
and
, =1 &l 1 2 rka 1 2
E[T?]=V[U] ), (TJ Weeon 0 FENI| D Y= | A 1| | Wi 100)
k=o \a& k=o|\ir @ i1 @
By the hypothesis that U=U; i=1,2,3...follows hyper exponential distribution, it can be shown that
2 2
EM:M and E[U%]=2 M ] 12)
Ay A

Case(ii): The inter-decision time U 4),U 5),..U ) be the order statistics selected from the sample U;,U,,..U,
with respective density function  f,,), fy2).-fum) -
From (6) and (7) it is shown that

ET=EU1 Y. [Wepeag 0] 12)
k=0
and
ET21=Y k(BN + EU ) Wi, 1] (13
k=0
Using the theory of order statistics it can be shown that
o, me, pig™ Tt .
P if f(t)=fyul(t
qzo(ih—/lu)fﬁ/lum ()= fugy @®)
E[U]= (14)

m m-n (_1)”‘—"1 mcrl (m _ rl)crz p r2q m-n—r2

(A + 4 )r, + A1 —mA,

o AE ) = fygm (©)

n=0r,=0

and
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me . prlqu—rl -

r if f(t)=fum®
=0 ( Ap =4 )"1 +A4m ) (15)
K— "1 k rlkC (k rl)crzprzqk n-r2

(2, +/l,)r2 + 41—k )

2

[\/]s

E[U*]=
()= i)

111.MODEL DESCRIPTION AND ANALYSISFOR MODEL-2
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For this model Y = max(Y,,Y) . All the other assumptions and notations are as in Model-I. In this model it can be

shown that h(y) = (cq)e ) +(ag e @) (o, +ag ool (16)
Proceeding as in Model-1 we get
£(5) == [0 9= 1.1 (9)] Wiy s+ Wiy 10 Wiy g1 | 7)

Case(i) : The inter-decision times U; , i=1,2,3..form a geometric process with parameter ‘a’
Proceeding as in Model-1 it is found that

E[T]= E[U]Z[ j (Wi, ) Wi 1) Wi s i) ] 19
and
© k
E[T?]1=V[U] Z ( k) TWiog k) ~Wieprag k) ]—
k=0
0 k+1 1 2
(EU1)? Z (ZTJ [W(aA,k) +W(a5,k)_W(aA+aB,k)] 19)
k=0| \i-1 @ i1 @

where E[U] and V[U] are given by (11).

Case (ii) : Consider the order statistics U g),U 2),..U ) as described in case(ii) of Model-1

In this case it is shown that

ET1= 1 Y Wi, Wiy 19 Wiey ey )] (20)
k=0
and
E[T2]= Z(Zk (1P +E 21 [Weo, 1) +Wies 10 ~Wie s i) ] (21)

where E[U] and E[U?] are given by (14) and (15).
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IV. MODEL DESCRIPTION AND ANALYSIS FOR MODEL-3

For thismodel Y =Y, + Y . All the other assumptions and notations are as in Model-I. In this Model it can be

shown that h(y) = (a—BJe‘(“A)V —(a—AJe‘(“B)V. (22)
Opg —ap Opg —xp

Case(i) : The inter-decision times U; , i=1,2,3...form a geometric process with parameter ‘a’.

Proceeding as in Model-1 it is found that

2 (1\k ag J ( ap J }
E[T]=E = Wiy ) | —2— (W, 23
[T] [U]kz_;(aj KQB_QA 0000 ™| g 2y Wean (23)

and
0 k
29 1 4! | %A _
v 3 () K—JWH (JWH}
ol = Ko ? (la 1 ? ag an
(EL]) Z(ZFJ ‘(Z—J KMJW(“B‘”_(MJW(““} (24)

k=0 \i=1 i1 @ +
where E[U] and V[U] are given by (11).
Case (ii) : Consider the order statistics U ;y,U 5y,..U  as described in case(ii) of Model-1.

In this case it is found that

= N g 3 o
ElT1=EL] kZOHaB _aAjW(aB,k) (aB _aJW(aA,k)} (25)
and
s Sl ]
[T°] kz—o( (E])* +EU ]){(QB—QA (o5 . k) g —cy (crp k) (26)

where E[U] and E[U?] are given by (14) and (15).
Note :

Let Ya; be the normal exponential threshold for the cumulative wastage in grade A and 1/aa; (0a1>0) be its
mean. Let Ya, be the exponential threshold for frequent breaks taken by the existing workers in grade A and 1/oa;
(0a2>0) be its mean. Similarly, let Yg; and Yg, be the normal exponential threshold for wastages and exponential
threshold for frequent breaks of existing workers in grade B with means 1/agy,1/0gy(0p; | gy >0) respectively.
Let Ha, and Hg be the cumulative distribution function of Y 5, and Yg respectively. It is assumed that Y i, Y a2, Ysiand
Yg. are statistically independent. Here the thresholds Y. and Yg for the grades A and B respectively are taken as
YA: YA]_ + YAZ and YB = YBl + Y|32. Since YA: YA]_ + YAZ and YB: YBl + YBZ it can be shown that

HA(X) =1_(—°‘A2 J R +(—°‘A1 J R (27)
Op2—Cp Opp—Qp
and
Hg (%) =1—(O‘LJ g X +(&J g et (28)
Opgy —Cpy Ogy —Cp
Model-1

Since Y=min (Ya,Yg), from (28) and (29) we get
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h (y) = yl(aAl +aB1)e_(aA1+aBjL)y +7, (aAZ +aB2)e—(a31+aBz)y _

yalam +ag; )B—(amasz)y ~74(@n +a51)e_(a“+am)y (29)
where
vy = O p20p2 Yy = anlp1 Ya = A p20p1
(aAZ_aAl)(aB2_aBl) (aAz—aAl)(asz—asl) (aAz—aAl)(asz—asl)
X B2 (30)

andy, = .
) (O‘Az _aAl)(aBz _aBl)

Case(i) : The inter-decision times U; , i=1,2,3...form a geometric process with parameter ‘a’
In this case the mean and variance are given by

E[T]= E[U]Z( J [71 Wig g rag k) 72 Wia,ra, )_y3W(aA1+aBz,k)_7/4W(aA2+aBl,k)] (31

and

- 1
EI‘T 2] :V[U] Z (_Zj [yl W(aAl*'aslvk) t72 W(aA2+a82vk) ~7s3 W(aAl"'aBka) _y“W(aAz*’aslvk)]_(E[U])z
k=0

o0 2 k+1 2
Z (Z J (Z%J [71 W(“Aﬁaslvk) 72 W(“Aﬁaszvk) 73 W(D‘Al"'aBka) _y4W(aA2+a81vk)] (32)

o\ al” i1 @

where E[U] and V[U] are given by (11).
Case (ii) : Consider the order statistics U ;y,U 5),..U i as described in case(ii) of Model-1.
In this case the mean and variance are given by

E[T] = E[U] Z [ylw(aAi*'aBivk) 72 W(aAZ+aBZ ,k) 73 W(aA1+aBZ ,k) _7/4W('1Az +aBlvk):| (33)

and

E[T?1=)] (2k(E[U 1) +E[U? ])[7/1 Wi rams k) F72 Wi gy k) = Y3 Wie gy ) 7/4W(aA2+a31,k)] (34)
k=0

where E[U] and E[U?] are given by (14) and (15).

Model-11
Since Y = max(Y,,Y,) from (28) and (29) we get

h(y)=7s(an +as e (st oy, (rp2 + g )e” s o)y +75(0‘A1)e_(a“)y +7/6(aB1)e_(aBl)y -

A "B

y7(0tn2 )e_(aAZ)y ~7s(as2 )e_(aBZ)y ~7ilam +ag )e_(aMWBl)y ~72(an +ap; )e_(a“mBZ)y- 35)
Vs = a2 Y6 = A Y7 = %82 andyg = e . (36)
where (@p—an) (@p—an) (@g2 —p1) (@p2 —ag1)
Case(i) : The inter-decision times U;, i=1,2,3...form a geometric process with parameter ‘a’
E E W(aA1+a32vk) + J/4W(0‘A2+0‘Blvk) + J/5W(0‘A1vk) t7s W(O‘Blvk) -
[T1=E[] Z (37)
&) |77 Wia, k) = 78W(ag, k) =71 Wiy argy k) =72 Wiepy targ, k)

and
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E[T?]=V[U] Z ( J Y3 Wagrag, k) F7aW(anrag k) F78W(an k) F76 Wiag, k)~
Y7 Wia k) = 78Wlag, k) =71 Wia g +ag k) =72 Wiapp+as, k)

o | (K 2 (ke 2 Wi oo 7 Wiy oo 47 Wi 0+ 76 Wi ) —
EOED (Z L J ‘(Z L J {Vs (envane ) 7 W 10+ 7 1)+ 76 Wi 1| o
a

0| Ui =g 77 Wiang k) ~78Wlag, 1) 71 Wiy ey k) 772 Wi, )
where E[U] and V[U] are given by (11).
Case (ii) : Consider the order statistics U ;y,U 5),..U q as described in case(ii) of Model-1.
In this case, the mean and variance of time to recruitment are given by

E[T]= E[U] i 73 Wiapragy )+ Wl vagr k) 78Vl 1) 76 Wiergy ) = (39
Y1 Wiany k) = 78W(argy k) = 72 Wla g ragr k) =72 W(ap +asy . k)
and
aAl gy, k) +7/4W app+agy K +7/5W apryk +7e w ag k)~
E[T2]= Z(ZkE[U] )2 + E[U ]) " (v ) (e.K) (o1 (40)
Y7 Wiano k) ~78W(ag, k) =71 Wianrans k) =72 Wi, +as, k)
where E[U] and E[U?] are given by (14) and (15).
Model-I11
Since Y =Y, +Y,, from (28) and (29) we get
h(y)=79 (O‘Al)ei(a“)y +710 (aal)ei(asl)y ~rulen )ei(a“)y ~712(gs )ei(aBZ)y- (41
where
Ve = ap20p1%R2 V1o = & p2%p2
(O‘Az —aAl)(aBl —am)(asz —O‘A1) (O‘Bz —0‘31)(0‘31 _aAl)(aBl —O‘Az)
A a2 A2t
Yu = and y, = (42)
(O‘Az _aAlxaBl Qa2 )(0‘82 _aAZ) . (asz —0‘31)(0‘32 _aAl)(aBZ _aAZ)
Case(i) : The inter-decision times U; , i=1,2,3...form a geometric process with parameter ‘a’.
In this case, the mean and variance of time to recruitment are given by
E[T]=E[V] Z [ j o Wi, )+ 71Wiey 1)~ 721 Wi k)~ 720 Wi ) | (43

and

- 1
EUZ]:V[U] Z (—ZJ [ng(aAl,k)+7/10W(a31,k)_yllW(aAz,k)_ylZW(aBZ,k) ]—
k=0

00 2 k+1 2
E[U] Z (Z J (Z%J [VgW(aAl,k)+710W(a51,k)—V11W(aA2,k)—712W(a32,k) ] (44)

k=o| iz @ i-1 &
Where E[U] and V[U] are given by (11).
Case (ii) : Consider the order statistics U ;y,U 5),..U i as described in case(ii) of Model-1.
In this case, the mean and variance of time to recruitment are given by
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ETT=EUT Y [ro Wi 10+ 710Wiags. 0 =711 Wi =722 Wi a0 | (43)
k=0
and
E[T 2] = z (Zk(E[U ])2 +E[U 2])[79 W(aAl,k) + leW(asl,k) ~Tu W(aAZ k)~ 712 W(aBZ k) ] (46)
k=0

where E[U] and E[U?] are given by (14) and (15).

V. NUMERICAL ILLUSTRATION
The influence of parameters on the performance measures namely the mean and variance of the time for recruitment is
studied numerically. In the following table these performance measures are calculated by varying the parameter ‘p’ and
the other parameters ax=0.1, 04,=0.2 05;=0.3 0g=0.4 , p=0.4, A,=0.3and 1,=0.2.

Table : Effect of ‘p’ on the performance measures E[T] and V[T]

Case(i)
Case(ii)
p f(t) = fuy(t) f(t) = fum(t)
E[T] VIT] E[T] VIT] E[T] VIT]
MODEL -1
-0.6 0.6706 0.21455 14,7397 38.6722 4.0382 11.80426
-0.3 0.6334 0.209397 13.9225 33.2705 3.8701 11.28273
0.3 0.5294 0.188413 11.6371 21.3412 3.3776 9.734001
0.6 0.4452 0.163272 9.786 15.6169 2.9573 8.309645
MODEL -2
-0.6 0.7989 0.211597 17.5607 67.3373 4.6217 13.06908
-0.3 0.7794 0.214113 17.1308 61.9708 4.5343 12.88459
0.3 0.6962 0.215368 15.3029 43.7146 4.1640 11.92752
0.6 0.6032 0.204739 13.2588 29.1119 3.7368 10.68055
MODEL -3
-0.6 0.8482 0.1990 18.6427 83.8940 4.8480 13.4147
-0.3 0.8382 0.2009 18.4243 80.8459 4.8045 13.3338
0.3 0.7812 0.2084 17.1717 65.1476 4.5549 12.8000
0.6 0.6975 0.2114 15.3309 45.9037 4.1774 11.9093

From the above table it is found that
E(T) and V(T) decreases in all the three models as ‘p’ increases for the cases(i) and (ii).
Conclusion : Since the time to recruitment is more elongated in Model-3 than the first two Models, Model-3 is
preferable from the organization point of view.
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