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l. INTRODUCTION AND PRELIMINARIES

In 2008, Bashirov et al. [12] introduced the notion of multiplicative metric spaces, and studied the concept of
multiplicative calculus and proved the elementary theorem of multiplicative calculus. In 2012, Florack and Assen
[13] had shown the use of the conception of multiplicative calculus in biomedical image analysis. In 2011, Bashirov
et al. [14] exploit the adaptability of multiplicative calculus over the Newtonian calculus. Furthermore, Bashirov et al.
[12] illustrated the usefulness of multiplicative calculus with some provocative applications. In 2012, Ozavsar and
Cevikel [15] investigate multiplicative metric spaces by remarking its topological properties, and introduced concept
of multiplicative contraction mapping and proved some fixed point theorems of multiplicative contraction mappings
on multiplicative spaces.

Recently, He et al. [16] proved common fixed point theorems for four self-mappings in multiplicative metric space.
Very recently, Abbas et ai. [17] Proved some common fixed point results of quasi-weak commutative mappings on a
closed ball in the framework of multiplicative metric space. Kang et al. [18] introduced the notions of compatible
mappings and its variants in multiplicative metric spaces, and proved some common fixed point theorems for these
mappings.

This paper deals with some common fixed point theorems which are established using multiplicative contraction in
multiplicative metric space with rational inequities. The letters R, R, and N denote the set of all real numbers, the set
of all positivereal numbers and the set of all natural numbers, respectively. Some useful definitions are as follows:

Definition 1.1. ([8]) Let X be a nonempty set. Multiplicative metric is a mapping d : X xX — R, satisfying the
following conditions:

dix,y) =1forallx,ye Xand d(x,y) =1l ifand only ifx =y, (1.1)
d(x,y) =d(y, x) forall x, y € X, (1.2)
d(x, 2) <d(x, y)-d(y, z) for all x, y, z € X (multiplicative triangle inequality). (1.3)
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Note that R is a complete multiplicative metric space with respect to the multiplicative metric.

Example.1.2. ([8]) Let RY be the collection of all n-tuples of positive real numbers. Let d*: R} x R} — R be defined
as follows

* * * *

* — X1 X2 X3 Xn
d (X, y) = ; . y—2 . g A y_n s
where X = (X4, <y Xp), Y= (Y1, - Yn) ERY and | . |* : R, — R, is defined as follows
a ifa>1
[ :{i ifa<1

All conditions of multiplicative metric are satisfied.
Note that this multiplicative metric is a generalization of the metric onRR,.

Definition 1.3. ([8]) (Multiplicative convergence): Let (X, d) be a multiplicative metric space, {x,} be a sequence in
X and x € X. If for every multiplicative open ball B,(x), there exists a natural number N such that n > N= x,€ B,(x),
then the sequence {x,} is said to be multiplicative convergent to x, denoted by x, — x (n — ).

Lemma 1.4. ([8]) Let (X, d) be a multiplicative metric space, {x,} be a sequence in X and x € X. Then x, —» x (n —
o) if and only if d(Xp, X) — 1 (n — ).

Lemma 1.5. ([8]) Let (X, d) be a multiplicative metric space and {x,} be a sequence in X. Then {x,} isa
multiplicative Cauchy sequence if and only if d(X,, Xm) —1 (m, n — ).

Now. We prove the common fixed point theorem for two maps. This result shows the participation of rational
functions to set the common fixed point between the self-mappings.

. MAIN RESULTS

Theorem 2.1. Let S and T be mappings of a complete multiplicative metric space (X, d) into itself satisfying the
conditions

SXcX, TXcX

d(x,Sx)[d(y,Sx)+d(y, Ty)] d(y,Sx)d(x,Ty)+d(x,y)d(Sxy) A

1+d(Sx,Ty) ! d(Sx,Ty)+d(Sxy) !

[ 1)
| [
{ d(x,Sx)d(y,Sx)+d(x,y)d(Sx,Ty) E }
| J |

d(y,Ty)+d(y.Sx) ' (2.2)

k d(y, Ty)d(x,Ty)+d(x,Ty)d(y,Sx)
d(y Ty)+d(y.Sx)

(

I
d(Sx,Ty)S{ max

I

\

for all x, y €X, where » €(0,1/2).
Then S and T have a unique common fixed point.

Proof.Let X, be an arbitrary in X . Since S( X ) = X and T(X ) < X, we construct the sequence {Xn} in X,

such that
Xoni1 = SXZn and X;,,,= TX2n+1 vn=>0 (2.3)

from the definition of {Xn} and using (2.2), we have
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d(X2n+1, X2n+2)<d(Sxan, TXan+1)
d(X2n, SX20)[A(Xans1,SX25) + d(Xoni1, TXone1)]
1+ d(SXzn: TXzn41)
Ad(Xzn+1, SX2n)d(Xan, TXani1) + d(Xan, X2n41)d(SXon, Xon 1)
d(SXzn, TXz2n41) + d(SXzn, Xan41)
Ad(Xzn, SXon)d(Xan 41, SXzn) + d(Xan, X2n11)A(SXon, TXon41)
Ad(Xzn+1: TXan+1) + d(Xzn41, SXan)
Ad(Xan+1, TXon1+1)dKan, TXon11) + d(Xan, TXon41)d(Xan41, SXan)

d(Xzn+1, TXzn41) + d(Xzp41,SXop)
A

< < maxy

d(x2n X2n+1)[dXzn+1.X2n+1)+d(Xan+1X2n+2)]
1+d(Xzn+1X2n+2)
d(Xz2n+1.X2n+1)d(X2nXz2n+2)+d(X2nX2n+1)dX2n+1.X2n+1)

d(xz2n+1.X2n+2)+d(Xzn+1X2n+1) '

d(x2nXz2n+1)d(X2n+1X2n+1)+d(X2nX2n+1)d(X2n+1.X2n+2)

< { max; > [using (2.3)]

d(xz2n+1.X2n+2)+d(Xzn+1X2n+1) '

d(Xz2n+1.X2n+2)d(X2n Xz2n+2)+d(X2nX2n+2)d(X2n+1.X2n+1)

——

d(xz2n+1.X2n+2)+d(Xzn+1X2n+1)

d(Xz2nXzn+1)[1+d(X2n+1.X2n+2)] \
1+d(X2n+1X2n+2) '
d(xz2nXz2n+2)+d(Xz2n X2n+1)

i
|

max d d(Xzn+1.X2n+2)+1 ’ } ¢ (using (1.1))
i
)

IA

d(xz2nXz2n+1)+d(XanXan+1)d(Xzn+1X2n+2)
d(X2n+1X2n+2)+1
d(x2nX2n+2)[d(Xan+1X2n+2)+1]
d(Xz2n+1X2n+2)+1

d(Xzn, X2n+1), (X2, X2n41),
max d(X35, X2n41)s [since,d(Xzp, Xaps2) <

d(Xzn, X2n+2)

IA

d(Xan: Xzn+1)- AXan4 1, X2n4+2)]
d(Xzn+1, X2n+2) < 0 (Xan X2n42)

d(Xzn+1:Xzns2) < PXan, Xons1)- B Kans1, X2n12)
A A Xanr1: Xons2) < 0 (Xan, Xons1)
A
d(Xzn+1: Xan42) < d=2(Xzn, Xon41)

(24)

Similarly, we obtain
d(Xzn, X2n+1)= d(TXzn1 , SXan)[using (2.3)]
= d(Sxan , TXzn1) [using (1.2)]
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d(Xzn, SX20)[A(Xzn_1,SX25) + d(Xon_1, TXpn_1)]
1+ d(Sxzn, TXzn-1) ’

d(Xz2n—1,SX2n)d (X2, TXzn_1) + d(Xzpn, X2n—_1)d(SX2p, X2n_1)
d(SXzn, TXz2n—1) + d(SXzp, X2n_1) ’

d(Xzn, SX20)d(Xzn—1, SX2n) + d(Xz5, X25n—1)d(SXz0, TX2n_1)
d(Xzn—1, TXzn—1) + d(Xzn_1,SX;p)

d(Xzn-1, TXzn—1)d(Xzn, TXzn_1) + d(Xzp, TXz0-1)d(Xz2n_1,SX2p)

d(Xzn—1, TXzn—1) + d(Xzp_1,SXp)

< < maxy

[using (2.2)]

d(xz2n Xz2n+1)[d(X2n-1X2n+1)+d(X2n—1.X2n)]
1+d(X2n+1.X2n)
d(X2n-1X2n+1)d(X2n X2n)+d(Xzn.X2n-1)d(X2n+1.X2n-1)
d(Xz2n+1X2n)+d(Xzn+1X2n-1)
d(X2nXzn+1)d(Xzn—1X2n+1)+d(Xz2n Xan-1)d(Xan+1.X2n)
d(X2n-1X2n)+d(Xzn-1X2n+1)
d(X2n-1X2n)d(X2nX2n)+d(X2n X2n)d(X2n X2n)
d(xz2n-1.X2n)+d(Xzn-1X2n+1)

< { maxH "\ { [using (1,1) and (2.3)]

——

A

d(Xzn, X2n4+1)- A(Xz2n_1,X2n), Xz, X2n_1), )
< { max A (am: Xons1) [using (1.1), (1.2) and (1.3)]
1
d(Xan Xans1) < 0*(Xzn—1.X2n41)
d(Xan Xant1) < 0 (Xan—1, X20) -0 Xz, Xan41)-
A

d(X2n, X2n41) < dA(Xpn_1,X2)  [using (2.5)]
d(Xons1: Xons2) < AP (Xop, Xan41), forall n.
using (2.4) and (2.5), we have
d(anXn+1) S dh(xn—lxxn) (26)

hence
d(Xy, Xpe1) < A (Xpop,X,) < dD*(Xy_q, %) < AP (Xp_q,X,) < -+ < dM" (X1, X,) for all n[using (2.6)]
foralln = 2. let m,n € N such that m > n. Then we get

A(Xm: Xn) < dXpmy Xm—1)- AXim—1, Xm—2) AXm_z, X;m—3) . - A(Xp11, %) [Using (1.3)]

Ad(Xp, X)) < A0 (X, Xo)- ™ (X, X)-Ad0 T (X4, Xo) ... AP (X4, %)

n

d(Xpm, Xy) < di=h(Xy,Xg).

Letting limit as m, n— oo, we have
d(x,,, X,) — 1. Therefore {x,} is a multiplicative Cauchy sequence.

By the completeness of X.

There exist z belongs to X such that x,, approaches to z as n approches to infinity.
Moreover, we will show that Sz = z , if possible Sz # z. By the notion of a complete multiplicative metric space.
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d(z,52) <d(z.Xzn42)- d(X2n42,52).

= d(zXz2n42)- d(5Z,X2n42)
=d(z,X2n42)- d(SZ, TX;541)

d(z,Sz)[d(X2n+1,52)+d(X2n+1,TX2n+1)] \
1+d(Sz,TX2n+1) i
d(x2n+1,52)d(z,TX2n+1)+d(zX2n+1)d(SzXan+1) |
d(Sz,TXzn+1)+d(Sz.X2n+1) !
d(z,Sz)d(x2n+1,52) +d(2.X2n4+1)d(SZ, TX2n41) }
d(X2n+1.TX2n+1)+d(X2n+1.52) ' i
d(X2n+1.TX2n+1)d(ZTX2n+1)+d(z.TX2n+1)d(X2n+1.5%)
d(x2n+1.TX2n+1)+d(X2n+1.52) J

<d(z, Xzp42)- § Max s

Taking n— oo, we have

( (d(z,Sz) [d(z,Sz)+d(z,z)] d(z,Sz)d(zz)+d(zz)d(Szz) A

1+d(Sz.z) ' d(Sz,z)+d(Sz,2) '

1)
d(z.52)d(z,Sz)+d(z,z)d(Szz) ¥ }

< d(Z, Z)- { maX{I d(z,z)+d(z,Sz) ' |
. J)

d(z,z)d(z,z)+d(z,z)d(zSz)

[since, TXzn+1=X2n+2]
d(z,z)+d(z,Sz)

A
d(z,Sz), 1,
< {maxy d(z, Sz),
1
d(z,Sz) < d*(z,S2)
Which is a contradiction, since A € (0,1/2)
which implies that d(z,Sz) = 1 i.e.,
Sz=1z 2.7)
Now we will show that Tzis equal to z, if possible let us suppose Tz and z are unequal, then we have
d(z,T2) <d(z.Xzn+1)- d(X2n41,T2).
d(X2n,S%2n) [d(z,Sx2n)+d(z,Tz)]
1+d(Sxzn,Tz)
d(z,5%2n)d (X2n,T2)+d(X5p,2)d(SX2n,2)

d(Sxon, Tz)+d(Sx2n,2)
d(z,Sx21)d(z,SX2n)+d(X20,2)d(SX2n,TZ)

(
|
= 2 Xan1). 05, T2) S A2 Xg00).{ ]
1

——
~

| d(z,Tz)+d(z,SX2n) '
d(z,Tz)d(X2n,Tz)+d(X2n,TZz)d(z,SX2n)
t d(z,Tz)+d(z,Sx2p)
Taking n— oo, we have
( {d(z,z)[d(z,z)+d(z,Tz)] d(z,z)d(zTz)+d(z,z)d(z,z) \ \ A
| | 1+d(zTz) ! d(zTz)+d(z,z) al
d(22)d(22)+d(z2)d(z.T2) ¥ } -
<d(z, z).{ max{ A2 T2)1d@2) , [using (2.7)]
I | d(z,Tz)d(z,Tz)+d(z,Tz)d(z,z) I I
k t d(z,Tz)+d(z,z) JJ
11,
<1l max{ 1, } [using (1.1)]
d(z,Tz)

d(z,T2) < d*(z,Tz)

Copyright to IJIRSET DOI:10.15680/1JIRSET.2015.0506176 10477



@ ISSN(Online): 2319-8753

171 |{ 5 ET ISSN (Print): 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology
(AN I1SO 3297: 2007 Certified Organization)

Vol. 5, Issue 6, June 2016

Which is a contradiction, since A € (0,1/2)
Hence, we have
Tz=z (2.8)
Using (2.7) and (2.8), we have
Sz=Tz=1z2 (2.9)
So, z is a fixed pointof Sand T.

UNIQUENESS
Let z and w are two common fixed points, we have to prove that z = w, if possible z # w, then we have
d(z,w)=d(Sz,Tw)

d(z,Sz)[d(w,Sz)+d(w,Tw)] d(w,Sz)d(z,Tw)+d(z,w)d(Sz,w) \ \ A
1+d(Sz,Tw) : d(Sz.Tw)+d(Sz,w) a2l
<d max? d(z,Sz)d(w,Sz)+d(z,w)d(Sz,Tw) E }
= d(w,Tw)+d(w,Sz) !
d(w, Tw)d(z, Tw)+d(z,Tw)d(w,Sz) I I
d(w,Tw)+d(w,Sz) J J
d(z,z)[d(w,z)+d(w,w)] d(w,z)d(z,w)+d(z,w)d(z,w) \ \ A
1+d(z,w) ! d(z,w)+d(z,w) | I
d(z,z)d(w,z)+d(z,w)d(z,w, .
=y maxy ( )dEw,v:)+d((w,z))( )' E } [using(2.9)]
d(w,w)d(z,w)+d(z,w)d(w,z) J I
d(w,w)+d(w,z) J
A
1,d(z,w),
<<{maxs d(w,z),
d(w,z)

d(z,w) < d*(z,w)
Which is a contradiction, since A € (0,1/2)
which implies that d(z,w) = 1 i.e, z = w which proves t6he uniqueness of fixed point.
Corollary : If S is a self-mapping defined on a complete multivalued metric space (X,d) satisfying
SXcXand

d(xSOMA(y5%)+d(y.59)] d(y.$9dxSy)+dGxy)d(sxy) § )

1)
1+d(Sx,Sy) ' d(Sx.Sy)+d(Sx.y) 2l
d(x,Sx)d(y,Sx)+d(x,y)d(Sx,Sy) E }

J I

d(y,Sy)+d(y,Sx) '
d(y,Sy)d(x,Sy)+d(x,Sy)d(y,Sx)
d(y.Sy)+d(y.Sx)

(¢

I |
(2.10)d(Sx,Sy)§{ max{
|

.

(2.11)
for all x, y €X,,where )\ € (0,1/2) Then S has a unique fixed point.

Proof: we can prove the result by applying previous theorem setting T=S.
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