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ABSTRACT: The present paper generalizes Laplace-Weierstrass transform to the space of generalized function by 

defining testing function space baLW , . 
Laplace-Weierstrass transform is defined by taking 
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as a kernel, as it 

happens to the most natural pair of transformations. We have proved boundedness theorem called characterization 
theorem for Laplace-Weierstrass transform. Also representation theorem for Laplace-Weierstrass transform is given 
which states that every abstract structure with certain properties is isomorphic to a concrete structure 
 
KEYWORDS: Laplace transform, Weierstrass transform, Laplace-Weierstrass transform, Integral transform, Testing 
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I. INTRODUCTION 
 

Integral transform is that it transforms difficult mathematical problems to relatively easy problems. Extensions of some 
transformations to generalized functions have been done from time to time and their properties have been studied by 
various Mathematicians. Zemanian [8, 9] extended Laplace and Weierstrass transformations to generalized functions.   
Mathurkar et.al [2,3] discussed the analyticity of Laplace Weierstrass transform with elementary properties. Pathak [4] 
developed representation theorem for a class of stieltjes transformable generalized function. Pollard [6] studied 
representation as a Gaussian integral. The representation theorem states that every abstract structure with certain 
properties is isomorphic to a concrete structure. Zayed [7] also explained various transform to generalized function. 
There is much scope in extending double transformation to a certain class of generalized functions. Gudadhe and 
Gulhane [1] created distributional Laplace-Stieltjes transform.            
 In the present paper we established the boundedness theorem as well as representation theorem. In section [II], we 
have defined testing function space. We have given the lemma in section [III]. Section [IV] is devoted the boundedness 
theorem. Representation theorem is given in section [V]. Lastly conclusions are given in section [VI]. Notation and 
terminology as per Zemanian.  
In this work, define the Laplace-Weierstrass transform  xsF ,  of a generalized function f  directly as the application 

of  ytf ,  to 
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For this purpose we construct a testing function space baLW ,  which contains the kernel 
 

4
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


 for all  ytf ,  in 
some restricted domain. 

 
II. TESTING FUNCTION SPACE 

 
The Testing Function Space baLW ,  
 

baLW , as the linear space of all complex valued smooth functions  yt,  on  t0 ,  y0  such that for 
each  p, q = 0, 1, 2, - - - 

    ,,sup, 42
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for some fixed numbers ba, in R 
The space LWa,b is complete and a Frechet space. This topology is generated by the total families of countably 
multinorms space given by (2.1). 
 
                                                                                   

III. LEMMA 
 

For sufficient condition of boundedness theorem require following lemma 
 

If, on the half plane }Re:{ sas  and { xbx Re:  },  xsG ,  is analytic and satisfies     2
21 ,,  xsKKxsG , 

where 21, KK  are constants and if    
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                                                                                                                                                                                     (3.1)                                                                      
then  ytg ,  is a continuous function that does not depend on the choice of   & ' and generates a regular 

generalized function in *
,baLW . Moreover     xsGytgLW ,,   for sa Re  and xb Re . 

Proof: The fact that  ytg ,  does not depend on  & ' follows by Cauchy’s theorem and the bound on  xsG , . 
Now from equation (3.1) 
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                                                                                                                                                                                       (3.2) 
In view of the bound on  xsG ,  it follows that the last integral converges uniformly for all 0, yt , which implies the 

continuity of  ytg , . In view of equation (3.2) and the bound on  xsG ,  it can easily be seen that  ytg ,  is a 

regular generalized function in '
,baLW  . Finally from inversion theorem it also follows that     ytgLWxsG ,,   

for sa Re  and xb Re .   
This completes the proof of the lemma. 
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IV. CHARACTERISTIC THEOREM FOR LAPLACE-WEIERSTRASS TRANSFORM 
 

Theorem: 
If     ytfLWxsF ,,  for,     '

2
'
121 Re,Re/,,   xsxsxs f ,  xsF ,  is bounded 

on any subset   xbsaxs Re&Re/,'  and '  ba  of   according to    xsPKxsF ,  

for some polynomial P depending on ba & and K  is constant. 
Proof: Necessary condition 
We know that  xsF ,  is analytic on f by analyticity theorem [2, 3]. By the boundedness property of generalized 

function, there exist a constant K  and non negative integers 'randr . 
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   xsPKxsF ,

 
where  xsP depends on banda . This proves necessary part. 
Sufficient condition  
Now to complete the proof of the theorem, we assume that   fsas  Re: and   fxbx  Re: . Next 

assume that  xsQ ,  is a polynomial which has no zeros in the half plane  sa Re  and xb Re  and which 
satisfies 
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Satisfies conditions of above lemma and is a member of .*
,baLW      ytgDQytfletNow ,, 

, 
where D

represent the generalized differentiation in *
,baLW . Then  ytf ,  is also a member of  

*
,baLW

 
        xsFxsGxsQytfLWand ,,,, 

  
andsafor Re

 
xb Re . 

 
V. REPRESENTATION THEOREM FOR LAPLACE-WEIERSTRASS TRANSFORM 

 
 Theorem: 
Let  ytf ,  be an arbitrary element of *

,baLW  and  yt, be an element of  D , the space of infinitely 

differentiable functions with compact support on . Then there exist bounded measurable functions  yth nm ,,  

defined over   such that,
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 where r and  are appropriate non-negative integers satisfying 11  nandrm  

Proof: Let 
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0,,,, qpqpba  be the sequence of seminorms.  
Let  ytf ,  be an arbitrary element of *

,baLW  and  yt, be an element of  D .Then by the
 boundedness property 

of generalized functions we have for an appropriate constant K and a  
non negative integers r and  satisfying rp  and q  
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On differentiating above equation with respect to t and y successively we get, 

   





















yte
ty

ytDD r

ybyat

yt ,, ,
42

2


 

   

    

















































 
















 









2
,

,

,
2

,

,
,

,,
2

42

2

ybyta
y

yt
a

t
ytyb

ty
yt

e

r
r

rr
ybyat











 
Let us suppose that in  , 

  ''''
2, ,/, ByADtCytSupSup r  

 
Then since, 

042

2




ybyat
e  

yt DD        
































ty
yt

y
yt

a
t

ytybybytae rrr
r

ybyat ,,,
22

, ,
2

,,
,

42

2





  

                        
































ty
yt

y
yt

a
t

ytAbAbytae rrr
r

ybyat ,,,
22

, ,
2

,,
''

,
42

2





  

                        





























ty
yt

y
yt

t
yt

yteK rrr
r

ybyat ,,,
, ,

2
,,

,
42'''

2





  

where 






 

 1,,
2

,
2

max
''

''' aAbAbaK  

Hence by induction we can prove that in   for obvious constant 
ivK , which depends on banda then, 

    )3.5(,, ,
42

2








nd
mc

r
d
y

c
t

ybyativn
y

m
t ytDDeKytDD 

 

Using equation (5.3) in equation (5.1), we get 

 













nd
mc

r
d
y

c
t

ybyativ
ybyat

y
tn

rm
ytDDeKeSupKf ,max, ,

4242

0
0

''

22







  )4.5(,max ,

0
0

ytDDSupK r
d
y

c
t

y
tn

rm

v













 
where mc  and nd  are suitable constants. 
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Now we can write, 
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Using property of differentiation of a distribution by an infinitely smooth function, we get 
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Now by using property of multiplication of a distribution by an infinitely smooth function, we get 
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V. CONCLUSION 

 
In the present paper the boundedness theorem and representation theorem for the Laplace-Weierstrass are proved 
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