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ABSTRACT: A dominating set S of G is called a paired dominating set if S  has a perfect matching. If S is a paired 
dominating set with perfect matching M, then two vertices u and v are said to be paired in S if the edge uv is in M.  
Every graph without isolated vertices has a paired dominating set. Let G be a graph without isolated vertices. The 
minimum cardinality of a paired dominating set of G is called the paired domination number of G and is denoted  by 

pr(G). 
     An edge e = uv of a graph G is said to be subdivided if e is replaced by the edges uw and wv for some vertex w not 
in V (G). The graph obtained from G by subdividing each edge of G exactly once is called the subdivision graph of G 
and is denoted by S(G).In this paper, we initiate a study of the paired domination number of subdivision graphs. We 
determine the paired domination number of the subdivision of some standard graphs. We also obtain bounds for the 
paired domination number of S(G). 
 
KEYWORDS: paired domination , paired domination number, subdivision graph,Paired domination number of a 
subdivision graph. 
                                        

I.INTRODUCTION 
 
        Haynes and Slater [7] introduced the concept of paired domination in graphs. Arumugam and Paulraj Joseph [1] 
have studied the domination parameters of the subdivision graph S(G).  
        The graphs considered in this paper are finite, undiected, without loops,multiple edges and isolated vertices.we 
need the following theorems. 

Theorem 1.1.For any graph G,  

Theorem 1.2.For any graph G,  
Theorem 1.3If a graph G has no isolated vertices, then ߛ௣௥ (G) ≤ 2 (G). 
Theorem 1.4.  ߛ௣௥ (Pn) = ߛ௣௥ (Cn) =  42 n  

Theorem 1.5. If T is a tree of order n ≥ 3 with s support vertices, then  ߛ௣௥ (G) ≤ 2
12  sn  

  Since S(Cn) = C2n and S(Pn) = P2n−1 it follows from Theorem 1.4 that  
௣௥(S(Cn)) = ߛ 22 n  and ߛ௣௥ (S(Pn)) =  2

122 n  
 

II. MAIN RESULTS 
 
Theorem 2.1. For any graph G of order n, ߛ௣௥ (S(G)) ≤ 2(n − 1),and this bound is sharp. 
Proof : Let G be any graph of order n. It follows from  Theorem 1.1 and Theorem 1.3 that  ߛ௣௥ (S(G)) ≤ 2(n−1). For the 
graph G = K1,n−1, we have  ߛ௣௥ (S(G)) = 2(n − 1) and hence the inequality is sharp. 
Problem 2.2. Characterize graphs G for which  ߛ௣௥ (S(G)) = 2(n − 1). 
Theorem 2.3. For any connected graph G, ߛ௣௥ (S(G)) ≤ 2m(G) where m(G) is the number of edges of G. Further 
equality holds if and only if G is the star K1,n. 
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Proof. It follows from Theorem 1.2 and Theorem 1.3 that  ߛ௣௥ (S(G)) ≤ 2m(G). 
    Now, suppose ߛ௣௥ (S(G)) = 2m. Since ߛ௣௥ (S(G)) ≤ 2(n − 1),  we have m ≤ n − 1. Since G is connected,  
m ≥ n − 1, so that  m = n − 1 and G is a tree. Now suppose G ≠ K1,n. Then G contains a path P = (u0, u1, u2, u3). 
    Let v1, v2 and v3 be the vertices of S(G) subdividing the edges  u0u1, u1u2  and u2u3 respectively. Let ei = xiyi, 1 ≤ i ≤ n 

− 4  be the remaining edges of G and let zi  be the vertex of S(G) subdividing the edge xiyi. Now D =   






 




4

1

,
n

i
ii yx

 {v1, u1, v3, u3} is a paired dominating set of S(G) and |D| = 2(n − 2). Hence ߛ௣௥ (S(G)) ≤ 2(n − 2), which is a 
contradiction.  Hence G = K1,n. 
      Conversely, if G = K1,n, then obviously ߛ௣௥ (S(G)) = 2 m(G). 
Theorem 2.4. Let G be a connected unicyclic graph of order n.  Then ߛ௣௥ (S(G)) = 2(n − 1) if and only if G = C3. 
Proof. Let G be a connected unicyclic graph of order n with ߛ௣௥ (S(G)) = 2(n − 1). 
  Let C = (u1, u2, . . . uk, u1) be the cycle in G. We claim that deg ui =2 for all i = 1, 2, . . . , k. Suppose there exists a 
vertex, say u1, with deg u1 ≥ 3 . Then G = {u1u2, u1uk}has two nontrivial components, say G1 and G2. 
 Now   ߛ௣௥ (S(G1)) ≤ 2(|V (G1)| − 1) and  ߛ௣௥ (S(G2)) ≤ 2(|V (G2)| − 1)  so that ߛ௣௥ (S(G)) ≤ 2(n − 2), which is a 
contradiction. 
Thus deg ui = 2 for all i = 1, 2, . . . , k and G = C. If G = Cn,  n ≥ 4, then ߛ௣௥ (S(Cn)) =2  2

n  ≤ 2(n − 2).  
Thus n = 3 and  G = C3. The converse is obvious. 
Theorem 2.5. Let G be a graph of order n. Let G(k) be the  graph obtained by attaching k pendant edges to each vertex 
of G. Then  ߛ௣௥ (S(G(k))) = 2nk. 
Proof. Let V (G) = {u1, u2, u3, . . . , un}. Let Vi = {vi1, vi2, . . . , vik} be the set of pendant vertices which are adjacent to ui. 
Let wij be the vertex in S(G(k) ) which subdivides the edge uivij .  
 Now S = {vijwij : 1 ≤ i ≤ k − 1,1 ≤ j ≤ k − 1} {uiwik : 1 ≤ i ≤ n} is a paired dominating set of S(G(k)). Hence  
 .௣௥ (S(G(k))) = 2nkߛ  ௣௥ (S(G(k))) = 2nk.  Thusߛ
Theorem 2.6. Let T be a tree of order n. Then s + l ≤ ߛ௣௥ (S(T)) ≤ n + l − 1 where l is the number of pendant vertices 
of T and s is the number of support vertices of T. 
Proof. Let V1 = {u1, u2, . . . , ul} be the set of all pendant vertices of T.  
Let  V2  be the set of all ߛ௣௥ (S(G(k))) ≤ |S| = 2(n(k − 1) + n) = 2nk.  Further, since G has nk pendant vertices, we have   
support vertices of T and let V3 = {v1, v2, . . . , vl} where vi is the vertex subdividing the edge incident with ui. Then any 

paired dominating set D of S(T) contains   or 31 VV  and hence ߛ௣௥ (S(T)) ≥ |D| ≥ s + l. 
 If T is a tree with l pendant vertices, then S(T) is a tree with (2n − 1) vertices and l supports. Now, it follows from 

Theorem 1.5 that ߛ௣௥ (S(T)) ≤ 
2

)1212(  ln
 = n + l − 1. 

Thus s + l ≤ߛ௣௥ (S(T)) ≤ n + l − 1. 

Theorem 2.7. For the wheel Wn = Cn−1 + K1, we have ߛ௣௥(S(Wn)) = 2 + 2 



 

2
1n

 

Proof. Let V (Wn) = {u0, u1, u2, . . . , un−1}, and  

 
   Let vi, (1 ≤ i ≤ n−1) be the vertex of S(Wn) which is adjacent to u0 and ui. 
Let wi be the vertex subdividing the edge uiui+1, 1 ≤ i ≤ n − 2 and let wn−1 be the vertex subdividing the edge un−1u1. Let 
D be a minimum paired dominating set of the cycle 

32 VV 

     11:21:)( 011   niuuuuniuuWE iniiin 
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(u1,w1, u2,w2, u3, . . . , un−1,wn−1, u1), so that |D0| = 2 



 

2
1n

 Now,   1,vuDD oo  is a paired dominating set of 

S(Wn) and hence ߛ௣௥ (S(Wn)) ≤ 2 + 2 



 

2
1n

 

Now,, let D be any paired dominating set of S(Wn). 
Case i. u0 D. 
      Since D is a paired dominating set, we may assume without loss of generality that v1, u1  D. Now, for each i, 2 ≤ 
i ≤ n−1, at least one of the vertices ui, vi is in D and since D is a paired dominating set, it follows that |D| ≥ 2n − 2. 
Case ii. u0  D. 
Since D is a paired dominating set, we may assume without loss of generality that v1  D. Now, D − {u0, v1} is a 

paired dominating set of the path (w1, u2,w2, u3, . . . , un−1,wn−1). Hence  it follows that, |D| ≥ 2 + 2 



 

2
1n

 

 Hence ߛ௣௥ (S(Wn)) ≥ 2 + 2 



 

2
1n

.Thus ߛ௣௥ (S(Wn)) = 2 + 2 



 

2
1n

 

Theorem 2.8. For the complete bipartite graph Km,n with m ≤ n, we have ߛ௣௥ (S(Km,n)) = 2n. 
Proof. Let V1 = {u1, u2, . . . , um} and V2 = {v1, v2, . . . , vn} be a bipartition of Km,n. 
 Let n = m + r where r ≥ 0. Let wij (1 ≤ i ≤ m, 1 ≤ j ≤ n) be the vertex of S(Km,n) which is adjacent to ui and vj .         

 Let       



















r

mj
jmj

m

j
jjj wvwvS
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,, . Clearly S is a paired dominating set of S(Km,n) and hence  

 ௣௥ (S(Km,n)) ≤ 2n. Also, any paired dominating set of S(Km,n) contains at least n vertices from Km,n and at least nߛ
vertices from V (S(Km,n)) − V (Km,n), so that ߛ௣௥ (S(Km,n)≥ 2n.  Thus ߛ௣௥ (S(Km,n)) = 2n. 
Theorem 2.9. For the complete graph Kn, we have ߛ௣௥ (S(Kn)) = 2(n − 1). 
Proof. It follows from Theorem 2.1 that ߛ௣௥ (S(Kn)) ≤ 2(n−1). Now, let V (Kn) = {v1, v2, . . . , vn} and let  

W = V (S(Kn)) −V (Kn) = {w1,w2, . . . ,wr} where  









2
n

r  

   Let S be any paired dominating set of S(Kn) with|S| = 2k, k ≥ 1. Then S contains k vertices of V (Kn) and k vertices of 
W = V (S(Kn)) − V (Kn). We may assume without loss of generality that S = {v1,w1, v2,w2, . . . , vk,wk} where  k ≤ n. 
Consider the first pair (v1,w1) of vertices in S. This pair of vertices dominate (n − 1) vertices in W. Now, the second 
pair (v2,w2) dominates (n − 2) vertices in W other than the vertices dominated by (v1,w1). In general the pair (vi,wi) 
dominates n−i vertices of W, other than the vertices dominated by {v1,w1, . . . , vi−1,wi−1}. Since S dominates all the 









2
n

 vertices of W, it follows that 2
)1(

2
)1(   kknn nk   Hence  

 k2 + k(1 − 2n) + (n2 − n) = 0. Solving this equation for k, we get k = n or k = n − 1.  
Hence |S| ≥ 2(n − 1) so that ߛ௣௥ (S(Kn)) ≥ 2(n − 1). Thus ߛ௣௥ (S(Kn)) = 2(n − 1).  
 

III.CONCLUSION 
 

    We have found paired domination number of the subdivision of some standard graphs. Using the proof technique we 
can find paired domination number of the subdivision of some other graphs also. 
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