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ABSTRACT: We study on the discriminant and integral basis of the cubic field of the form Q(θ) , where  is a root of 
3+a2+b=0 (a,bQ). If K is a field extension of the rational numbers Q of degree [K:Q] = 3, then K is called a cubic 
field.  
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I. INTRODUCTION 
 
The Propose of this paper is to describe few subjects concerned with integral bases of Cubic Fields. Any such field is 
isomorphic to a field of the form Q[x]/f(x) , where f is an irreducible cubic polynomial with coefficients in Q. If f has 
three real roots, then K is called a totally real cubic field . If f has a non-real root, then K is called a complex cubic 
field. 
 
In Frazer Jarvis [1], any cubic field F is of the form F=Q(θ) for some number θ that is a zero of the irreducible 
polynomial g(X)= X³+aX²+b with a,b in Z. In section 2, we find a integral basis of the cubic field. In Cohen and Henri 
[4], A field K is a number field if it is a finite extension of Q. The degree of K is the degree of the field extension [K:Q]. 
Q(i) is a number field.  A basis of the Principal ideal of the ring OK of integers of a number field K generated by 1, is an 
integral basis for K. Suppose that K is a number field of degree n over Q. There are n embeddings σ1,...,σn from K into 
C. Assume that {ω₁,...,ωn} lie in K. Consider the matrix 
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The discriminant of {ω1,...,ωn} to be Δ{ω1,...,ωn}=(det M)2. If K is an number field of degree n and α is an element of K 
then there are two quantities associated with α, namely 
 

σ1(α)+σ2(α)+...+σn(α) and 
σ1(α)σ2(α)...σn(α) 

 
where σk : K → C, k=1,2,...n are the n distinct monomorphisms from K to C. These quantities are the trace and norm of 
α respectively. The Integral basis for a number field E of degree m is a set A = a1,a2,...,am of  m algebraic integer in E 
such that every element of the ring of integer OE of E.  
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Let t be a cube–free integer. t is of the form t = hk², where h is square–free. Therefore k is square–free and (h,k)=1. Let 
θ= t1/3 and let E be the pure cubic field Q(θ).As x3– t is irreducible polynomial of θ , we have c = 0,d= – t and 

Δ= 4c3 – 27d2 = – 27(–t)2 = – 27t2 
 
 
 
 An integral basis of E is 
 
  
 
 
 
 
The discriminant of E is 

 

II. RELATED WORK 
 
If E is a pure cubic field given in the form E = Q(θ),θ3+cθ+d = 0 , c, d ∈ Z it is known that   – 4c3–27d2= – 3p2 for 
some positive integer p and an integral basis for E has been given by Spearman and Williams[2]. 

III. INTEGRAL BASES OF CUBIC FIELDS 
 
Theorem 3.1 
Let θ be a root of the cubic equation x3 + ax2 + b = 0 (a,b Q). Then y0 + y1θ + y2θ2           (y0,y1,y2 Q) is a root of the 
cubic equation  

x3+Ax2+Bx+C, 
where A = 3y0 –ay1+a2y2;  B = 3y0

2+2aby2
2–2ay0y1+2a2y0y2+3by0y1y2;   

C=y0
3–by1

3–b2y2
3+2aby0y2

2–ay0
2y1+a2y0

2y2+aby1
2y2+3by0y1y2 

 Proof 
Let θ, θ, θ  C be the three roots of the cubic equation x3+ ax2+ b = 0 So that  θ+θ+θ= – a,  θθ+θθ+θθ  = 0,   θ 
θθ = – b.  

Then θ2 + 2  + 2   = (θ + θ+ θ)2– 2(θθ+θθ+θθ) 
= a2, θ2 2  + 2  2  + 2   θ2  

= (θ θ+ θ θ + θ θ )2– 2θ θθ(θ + θ+ θ)  
= 2ab, θ 2  + θ2 θ +θ 2  + θ2 θ + θ 2  + 2  θ   
= (θ + θ  )θ θ +(θ + θ )θ θ+ (θ + θ ) θ  θ  
= – θ θθ – θ θθ – θ θθ  
= 3b 

Now Assume that 
α =y0+y1θ +y2 θ2; α' = y0+ y1 θ +y2 2  ; α '' = y0+y1 θ+y2

2   
Then 

α +α'+α'' = 3y0 – ay1+a2y2 
α α'+ α'α ''+ α ''α' = 3y0

2+2aby2
2– 2ay0y1+2a2y0y2+3by1y2 

and 
α α'α'' = y0

3+y1
3θ θ'θ''+y2

3θ θ' 2  +y0y1
2(θ θ+ θ θ+ θθ )  
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+ y0y2
2(θ2 2  + 2  2  + 2  θ2)+ y0

2y1(θ +θ' + θ'')  
+ y0

2y2(θ2+ 2  + 2  )+y1
2 y2θθ'θ''(θ +θ' + θ'')  

+y1y2
2θ θ'θ''(θ θ '+ θ'θ''+ θ''θ )  

+y0y1y2(θ 2  +θ2θ'+θ 2  +θ2θ''+θ' 2  + 2  θ'')  
=y0

3–by1
3– b2y2

3+2aby0y2
2– ay0

2y1+a2y0
2y2+aby1

2y2+3by0y1y2 
The result now follows as y0+y1θ +y2θ2 is a root of  

(x – α)(x – α')((x – α'')= x3– (α +α' + α'')x2+ (α α' +α α'' +α' α '' )x – α α' α'' .  
 

Example 3.1 
Let θ be a root of θ3–3θ2+27= 0. We have a= –3, b=27 , y0=0,y1=1/3, y2=0 . Then, we find A=0, B=0, C= –1 and θ/3 
is a root of x³–1=0.  
This shows that θ/3 is an algebraic integer of Q(θ). 
 
Example 3.2 
Let θ be a root of θ³–3θ²+27= 0. We have a= –3, b=27 , y0=0,y1=0, y2=1/3 . Then, we find A=3, B= –18, C= –27 and 
θ²/3 is a root of x³+3x²–18x–27=0. This shows that θ²/3 is an algebraic integer of Q(θ). 
 
Theorem 3.2 
Let a, b be integers such that x3+ax2+b  Z[x] is irreducible. Let θ  C be a root of x3+ax2+b so that F=Q(θ) is a cubic 
field and θ  OF. Then D(θ)= –4ba3–27b2. 
 
Proof  
Let f(x) = irrQ(θ)=x3+ax2+b. Let θ1, θ2, θ3 be the conjugates of θ over Q, so that (x–θ1)(x – θ2)(x – θ3) = x3+ax2+b. We 
find that θ + θ' + θ''= – a, θ θ' + θ' θ'' +θ''θ = 0, θ'θ''= – b.  
Now f'(x)=3x2+2ax, so that f'(θ1)f'(θ2)f'(θ3) = 27b2+4ba = 3.  
Hence we find that D(θ)=( –1)3f'(θ1)f'(θ2)f'(θ3)= – 4a3b – 27b2. 
 
Example 3.3 
Let F=Q(θ), θ³–3θ²+27=0. The polynomial x³–3x²+27 ∈ Z[x] is irreducible, so F is a cubic field. We compute D(θ)= –
36.2.  
In Saban Alaca [3], let d1 be the denominator of a minimal integer in θ of degree 1.We see that   d1

2(3–1)∣D(θ). That is, 
d1

4∣ – 36.23. So that d=1 or 3. θ/3 is an integer of F. So we must have d1 = 3 and θ/3 is a minimal integer in θ of degree 
2. We have d2

2(3–2)∣ D(θ). that is, d2
2∣ – 36.23. So that d = 1 or 3. θ²/3 is an integer of F. Hence θ²/3 is a minimal integer 

in θ of degree 2. {1,(θ/3),((θ²)/3)} is an integral basis for F.  

IV. CONCLUSION 
 
We conclude that we found the discriminant and the integral bases of the cubic field. Integral bases is essential concept 
in algebraic number theory. The study of the number of cubic fields whose discriminant is less than a given bound is a 
current area of research.We can develop our further research of finding normal and power integral bases of the cubic 
field. We can improve the result for the cyclic cubic field. 
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