International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET)

@ | e-ISSN: 2319-8753, p-ISSN: 2320-6710| www.ijirset.com | Impact Factor: 7.512]
IJIRSET

|| Volume 9, Issue 6, June 2020 ||

On The Radio Antipodal Mean Number of
Certain Types of Ladder Graphs

Kins Yenoke', Arputha Jose T *, Venugopal P’
Assistant Professor, Department of Mathematics, Loyola College, Chennai, India'
Research Scholar, Department of Mathematics, SSN College of Engineering, Kalavakkam, Chennai, India®

Associate Professor, Department of Mathematics, SSN College of Engineering, Kalavakkam, Chennai, India®

ABSTRACT:Let G = (V,E) be a graph and diam(G) be the diameter of the G. Let u, v € V(). The radio antipodal
mean labelling of graph G is a function f that assigns to each vertex u, a non-negative integer f(u) such that f(u) #

f) if d(u,v) < diam(G) and d(u,v) + [M] > diam G, where d(u, v) represents the shortest distance

between any pair of vertices u and v of G. The antipodal mean number of f, denoted by 7, (f) is the maximum
number assigned to any vertex of G and is denoted by amn(G). The antipodal mean number of G, denoted by 7,,,, (G)
is the minimum value of 7,,,,(f) taken over all antipodal mean labeling f of G. In this paper, the radio antipodal mean
number for certain ladder-related graphs - Mongolian tent graph, Triangular ladder graph and Pagoda graphs were
obtained.
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I. INTRODUCTION

Graph labeling is an assignment of integers to the vertices or edges or both, subject to some constraints. The labeling of
vertices with non-negative integers is used to study the channel assignment problem introduced by Hale [14]. Here the
vertices correspond to the radio transmitters and their labeling denotes the radio channel [13]. Gary Chartrand et.al. [5]
introduced radio labeling, which is an extension of distance two labeling.

The antipodal labeling of a graph G is a radio k — 1 labeling such that, d(u,v) + |f(w) — f(v)| = k, for every
distinct pair of vertices u and v of G. Determining the radio number of general graphs with diameter 2 is NP-hard and
in general, its complexity is unknown [8]. The radio antipodal labeling was first introduced by Gary Chartrand in 2002
[6]. Khennoufa R, and Togni O had given a note on the radio antipodal colouring of path [9]. The antipodal labeling of
graphs like certain classes of Circulant graphs, cycles, some power of cycles, hexagonal mesh and grid were studied in
[2,4,7,11,12].

The radio antipodal mean labeling was introduced by Antony Xavier and Thivyarathi [3]. In their paper, they
have studied the antipodal mean number of path, wheel and cycle. They have also completely determined the radio
antipodal mean number for mesh and its derived architectures. Let G = (V, E) be a graph and diam(G) be the diameter
of the G. Let u, v € V(G). The radio antipodal mean labeling of graph G is a function f that assigns to each vertex u, a
non-negative integer f(u) such that f(u) # f(v) if d(u,v) < diam(G) andd(u,v) + [W] > diam G, where
d(u, v) represents the shortest distance between any pair of vertices u and v of G. The antipodal mean number of f,
denoted by7,,, (f) is the maximum number assigned to any vertex of f and it is denoted by amn(f). The antipodal
mean number of G, denoted by 7, (G) is the minimum value of 7,,,,(f) taken over all antipodal mean labeling f of
G.

In this paper, we have obtained the radio antipodal mean number of certain ladder related graphs - Mongolian tent
graph, Triangular ladder graph and Pagoda graphs.

II. RADIO ANTIPODAL MEAN NUMBER OF MONGOLIAN TENT GRAPH

In this section, the bounds of radio antipodal mean number of Mongolian tent graph MT (n) has been investigated.

Definition 2.1. [1]: The Ladder graph is a graph obtained by the Cartesian product of two path graphs P,and P, n > 2.
The n" dimension of a ladder graph has 2n vertices and 3n — 2 edges. It is denoted by L,,.
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Remark 1. The vertices of the ladder graph are labelled as v; pi=121<j<n

Definition 2.2. [1]: The Mongolian tent graph is a graph obtained from the ladder graph L,, by adding a new vertex z
above the ladder and joining each vertex vy j, 1 < j < n with z.

Remark 2. For our convenience, the vertices vy, pl<j<nare considered to form the top row R, and the vertices
v,,j, 1 < j < n forms the bottom row R,of MT (n).

Lemma 2.1. The radio antipodal mean number of Mongolian tent graph MT(2)is 3.
Proof. The graph MT (2) is a planar graph with 5 vertices and 6 edges. The diameter of MT (2) is 2. See Figure 1.
Take f(z) = 1. Label the vertex v;, as 2. Since the vertices v; ; and v, , are diametrically opposite, by antipodal
labeling condition, the vertex v, ,can also receive the same labeling as of v, ;.
Label the vertex v, , as 3. As the distance between the vertices v; , and v, ; is also equal to the diameter of MT(2), the
vertex v, ; also receives the same labeling as of v; , as 3.
Hence, amn(MT(2)) = 3. :
z(1

vy 1(2) v1.2(3)

7}Q=|(3) '1)2‘2(2)

Fig. 1. Radio antipodal mean labeling of MT (2)

Lemma 2.2. The radio antipodal mean number of Mongolian tent graph MT(3) is 5.

Proof. MT (3)has 7 vertices and 10 edges and the diameter of MT (3) is 3. See Figure 2.

Label the vertices of MT (3) as follows.

First label the single vertex z as 1. Then label the vertex vy, as 2. Since the vertices vy ; and v, 3 are diametrically
opposite, the vertex v, 3 can also be labelled as 2. Next label the vertex vy, as 3 and vy 3 as 4. As the vertices v; 3 and
v, are at diametric distance, the vertex v, can also be labelled as 4. The remaining vertex v, , is labelled as 5. It can
be easily verified that in each case, the radio antipodal mean labeling condition is satisfied.

Hence, amn(MT(S)) =5.
1

Fig. 2. Radio antipodal mean labeling of MT (3)

Lemma 2.3. The radio antipodal mean number of Mongolian tent graph MT (4) is 7.

Proof. The graph MT (4) has 9 vertices and 14 edges. Its diameter is 3. See Figure 3.

The vertices of MT(4) are labelled as follows. First, label the single vertex z as 1. The remaining vertices of MT (4)
are labeled by applying the antipodal mean labeling condition. Label the vertices vy 1,V 5,01 3 and v; 4 as 2, 3,4 and 5
respectively. The pair of vertices (vq 4, V;4) and (v 4,7, ,) are diametrically opposite to each other. Therefore the
vertices v, ; and v, 4 can be labelled as 5 and 2 respectively. The vertices v,, and v, 3 are labeled as 6 and 7
respectively. It can be easily verified that in each case, the radio antipodal mean labeling condition is satisfied.

Hence, amn(MT(4)) =7.
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1

D 6 7 2
Fig. 3. Radio antipodal mean labeling of MT (4)

Theorem 2.1.amn(MT(n)) >n+5n=5.
Proof. The graph MT (n) has 2n + 1 vertices. The diameter of MT(n),n =5 is 4.

The vertices in the bottom row of MT (n) can be partitioned into 4 disjoint sets such that these vertices are at diametric
distance. For instance, let v, = {vz‘a: a = 1mod 4} , Up = {vz_b: b = 2mod 4} , Ve = {UZ’C: ¢ = 3 mod 4} and

vy = {Uz,di d = 0mod 4} such that the vertices inside each set are internally disjoint set. See Figure 4.

It can be easily verified that, v; N v = @,i #j,1<1i,j<4. All these n vertices are at diametric distance 4, hence they
can be labelled with just 4 numbers. The remaining n + 1 vertices of MT(n) are not at diametric distance, hence at

least n + 1 numbers are required to label these vertices.
Hence minimum of n + 5 numbers are required to label the vertices of MT (n).
Therefore, amn(MT(n)) >n+5n=5.

z(1)

U1)1(6) U1’7(12:

v2.1(2) v2.9(3) va23(4) 172:1(5) v2,5(2) v2,6(3) vg,7(4)

Fig. 4. Radio antipodal mean labeling of MT(7)

Theorem 2.2.amn(MT(n)) <n+5n=5.

Proof. Let {Z, V115 V1,20 s Vi Vags oo Uz,n} be the vertex set of MT (n).
Label the vertex z as 1.

The vertices in the top row of MT(n) are labeled by the mapping,

flvy))=j+51<j <n (1)
And the vertices in the bottom row of MT(n) are labelled by the mapping,

2,if n = 1mod 4
3,if n = 2 mod 4
f(v2)) = 4,ifn = 3mod 4’
5,ifn = 0 mod 4

1<j<n ()

Claim: The mapping (1) and (2) are valid radio antipodal mean labeling.
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Let u, v be any two vertices of MT (n).
Case 1. Let the vertices u, v lies in top row

Case 1.1. Suppose d(u, v) = 1.
Then the vertex u and v will be of the form u = vy gand v = vy 41, 1 < k < n.

In this case, by mapping (1), f(v) = k + 5 and f(v,41) = k + 6and [f(vk)+£(vk+1)] = Zk:n.
Hence, d(u,v) + [M} >1+ [21{;11] > 4.,

Case 1.2. Suppose d(u,v) > 1
Then the vertices u and v is of the form u = v, gand v = vy 10,k #a,a+ 1,1 < ak <n.

(Vl'k)+£(v1‘k+a)] > [2k+a] 1<k,a<nanda #k,k+ 1.

] >4

By mapping (1), [f

Therefore, in this case we haved (u, v) + [f(vk)+£(yk+1) ] > [2k+a

2

Case 2.Let the vertices u, v lies in the bottom row.

Case 2.1.If the vertices u, v lies in the same set, u, v € v, pi=a b, ¢, d, then the vertices u and v will be at diametric
distance. That is, d(u, v) = 4 and the vertices u and v will be of the form u = vyjand v = v, 5,j = q, b,c,d.
By mapping (2), [W] > 2.

Therefore d(u, v) + [Wl > 4
Case 2.2. If the vertices u and v lies in two different set, u € v,;, v € vl #Fj,Lj=aq, b,c,d. Then d(u,v) = 1.

f("z,i)‘;f(vz,j)] >3

f(vz,i):f(vz, ,-)] >4

By mapping (2), [
Hence d(u, v) + [

Case 3: Supposeu = zandv =v;j,i =1,2andl1 < j<n

Case3.l:Letv=v,;,1<j<n

In this case, d(u,v) = 1

By mapping (1),f(w) = 1and f(v,;) =k +51<k < nand[W] > 4.
Case3.2:letv=v,;,1<j<n

In this case, d(u,v) = 2.

By labeling (2), [M] > 2.

Hence, in all the cases it can be seen that d(u, v) + [W] > 4.

Therefore, (1) and (2) are valid radio antipodal mean labeling.
By mapping (1) the vertex v, ,receives the maximum label and is given by, f (U1,n) =n+5.
Therefore, amn(M T(n)) < n+5.

Theorem 2.3.amn(MT(n)) = n + 5.
Proof. The proof is obvious from Theorem 2.1 and Theorem 2.2.
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II1. RADIO ANTIPODAL MEAN NUMBER OF TRIANGULAR LADDER GRAPHS

In this section, the upper bound of radio antipodal mean number for triangular ladder graph TLG (n) has been obtained.

Definition 3.1. [1]: A Triangular ladder graph, denoted by TLG (n), is a ladder graph obtained by adding the edges
{(vi, Vpsic1) i = 1,2, ...,n}. See Figure 5.

Vi Va Vi Vi1 Vi

‘/:’J.+ 1 %H» 2 MH» 3 ‘/‘;l'rn.— 1 ng'ri,

Fig 5. TLG(n)

Remark 2.TLG(n)has2n vertices and 4n — 3 edges. Its diameter is n. The vertices {vy, V5, ..., U, } forms the top row
R; and the vertices {V,,41, Vpt2, - » Uz} forms the bottom row R,of TLG (n).

Theorem 3.1.amn(TLG(2)) = 3.

Proof. From Figure (6), TLG (2)has 4 vertices. Therefore, amn(TLG (2)) > 3.

In TLG(2), there is a pair of vertices at diametric distance. This implies, amn(TLG (2)) <3
Hence, TLG(2) = 3.

Ul(l) Ug(?)

113(3) U4(1)
Fig. 6. TLG(2)

Theorem 3.2. The radio antipodal mean number of triangular ladder graph, amn (TLG (n)) < 2n+k,k=0modn—
4,n = 3.
Proof. Let {vy, V3, ..., Uy, Uny1, -, Van Jbe the vertices of TLG (n). See Figure 7.

v1(3) v(4) v3(5) v4(6) v5(7)

vg(8) v7(9) vg(10) vg(11) v10(3)

Fig. 7. TLG(5)with its antipodal mean labeling.

In these vertices v, and v,, are at diametric distance and hence they receive the same labeling. Therefore, f(v,) =
fWan).
The remaining 2n — 1vertices of TLG (n) are labeled by the mapping,

fw)=n+i—-3,1<i<2n 3)
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Claim: The mapping (3) is a valid radio antipodal mean labeling.
Let u, v be any two vertices of TLG (n).

Case 1: Suppose u and v are not extreme vertices (V;,Vy, Vpy1and v,y,)
Clearly,d(u,v) = 1

By mapping (3), [w] =>n.

Case 2: Suppose u and v are extreme vertices
As there are four extreme points in TLG (), this case is partitioned into two subcases as follows.

Case 2.1: Letu = vyand v = v,,.
Then d(u,v) = n.

By labeling (3), [[42/®] = p — 1.

Case 2.2: Let u = v, and the vertex v = v,,,4,
In this case, d(u,v) = n — 1.

By (3), [2S9) = n 4 1.

Hence, in all the cases it can be seen that the mapping (3) satisfies the radio antipodal mean labeling condition,
d(u,v) + [L‘):ﬂv)] =n

Therefore, (3) is a valid radio antipodal mean labeling.

By the mapping (3) the vertex v,,_,receive the maximum label and the label is given by,
f(wen—1) = 2n+k,k = 0modn — 4.
Hence, amn(TLG(n)) < 2n+k,k=0modn—4,n=>3.

IV.RADIO ANTIPODAL MEAN NUMBER OF PAGODA GRAPHS

In this section, the upper bound of radio antipodal mean number of pagoda graphs PG (n) has been obtained.

Definition 4.1. A pagoda graph is a ladder graph formed by adding a vertex v, in such a way that it is adjacent to the
vertices v;and v,. See Figure 8.

va(3)

Ul@)AUz(E))

’Ug(G) g U4(7)

5(8) v6(9)

’11-7(10) ¢ .U10(3)

Fig. 8. PG(4)and it’s labeling

Remark 3.PG(n)has2n + 1 vertices. The diameter of PG (n)is n. The vertices vy, V3, ..., Vo, 1 are said to be in left
column (say C;) of PG (n), and the vertices vy, vV, ..., U, forms the right column (say C,) of PG (n).

Theorem 4.1. The Radio antipodal mean number amn(PG(n)) < 3n-2,n=>2.
Proof. Let {vg, V1, V,, ..., Uan ) be the vertices of PG (n). These vertices are labeled as follows.
Here, the vertices v, and v,,, are at diametric distance and so they receive the same labeling.

Label f(v,) = f(vy) =n — 1.
The remaining vertices of PG (n) are labeled by the mapping,
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fw)=n+i—-1,1<i<2n &4
Claim: Mapping (4) is a valid radio antipodal mean labeling.

In order to prove this claim, consider the following cases.
Let u, v be any two vertices of PG (n).

Case 1: Supposeu = yyand v = v,y;_4, 1<i<n
Then by mapping (4), [W] > nand d(u,v) = 1.

Case 2: Supposeu = yyandv = v,;, 1<i<n
The proof is similar to Case 1.

Case 3: Suppose u = vy;_jandv = vy, 1 <i<n-—1.
Then by mapping (4), [M] > nand d(u,v) = 1.

Case 4: Suppose u = vyand v = vy, 1 <i<n-—1.
Then by (4) [M] > nand d(u, v) > 1.

Case 5: Suppose u = vy;and v = vy,i #j, 1 <10, j<n
Then by (4) [M] > nand d(u,v) > 1.

Case 6: Suppose u = v,y and v = vy;_1,i #j, 1<i, j<n
The proof is similar to Case 4.

Case 7: Suppose u = v, and v = v,,
Then by our assumption, [M] > n— land d(u,v) = n.

Hence, in all the cases it can be seen that d(u, v) + [M] > n.

Therefore, (4) is a valid radio antipodal mean labeling.

Here, by (4) the vertex f (v,,_;) receives the maximum label and here it’s label is given by,
f(Wzn_1) =3n—2.

Therefore, amn(PG(n)) < 3n—2,n > 2.

V. CONCLUSION

In Communication Engineering, assigning radio frequency to an arbitrary network is an interesting and challenging
problem. In this paper, we have obtained the Radio antipodal mean number for certain types of ladder graphs. It is
observed that the span of any network is minimized by using radio antipodal mean labeling in comparison to radio
labeling, radio mean labeling and radio antipodal labeling. This work can be further extended to other types of
communication networks also.
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