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ABSTRACT : In this paper we construct a Cantor - 
38  set S from [0,1] such that 𝑆𝑛 ⊃  𝑆𝑛+1 ,m(𝑆𝑛) = (68)𝑛 and S = ∩ 𝑆𝑛  

.Further we find the measure of Cantor - 
38 set S i.e. we find that if S is Cantor - 

𝟑𝟖 set then m(S) = 0. Here in the 

construction of Cantor - 
38 set the length of remaining closed intervals at each stage are equal to  ( 38 )𝑘 , k = 

1,2,3,…………… so we call this  Cantor like set as Cantor - 
38 set. 

 KEY WORDS :  Cantor set, Cantor like sets, Cantor - 
38 set.  

I. INTRODUCTION 

 Originator of Cantor set was Georg Ferdinand Ludwig Philipp Cantor (1845 - 1918). He was born on March 

3, 1845, in St. Petersburg. The Cantor set and Cantor like sets have been constructed to give examples of uncountable 

sets with measure zero. These sets are found to have astonishing properties. 

e.g. Though they are uncountable they have empty interior, are closed, bounded, compact, perfect and nowhere dense 

sets.[3] 

  These sets are used to clear the concepts in Real Analysis and are found very useful in constructing counter 

examples. These sets are also used in variety of branches of mathematics such as Real Analysis, Number Theory, 

Measure Theory, General Topology, Functional Analysis, Dimension Theory, Theory of Fractals etc.     

II. MAIN RESULT 

1. Construction of Cantor- 
𝟑𝟖 set 
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First stage: 

         At first stage we divide I = [0,1] in to eight equal parts and remove middle open interval 𝐼1,1 = ( 
38 , 58 ). The 

remaining two closed intervals are denoted by  𝐽1,1  = [0, 
38] and  𝐽1,2= [ 58 ,1 ]. Let 𝑆1  be union of remaining two closed 

intervals at first stage. ∴ 𝑆1  = 𝐽1,1 ⋃ 𝐽1,2 

Second stage: 

                Now we divide the remaining two closed  intervals 𝐽1,1, 𝐽1,2 again into eight equal parts and remove the middle 

open intervals i.e. we remove  𝐼1,2  = ( 982  , 
1582) and 𝐼2,2 = ( 4982  , 

5582 ).The remaining four closed intervals are denoted by 𝐽2,1= [0, 
982] , 𝐽2,2  = [ 1582, 

38  ] , 𝐽2,3  = [ 58 , 
4982] , 𝐽2,4= [ 

5582 ,1 ]. Let 𝑆2  be union of remaining four closed intervals at second stage. ∴ 𝑆2  = 𝐽2,1 ⋃ 𝐽2,2 ⋃ 𝐽2,3 ⋃ 𝐽2,4 

Third stage: 

                Now we divide the remaining four closed  intervals 𝐽2,1, 𝐽2,2 , 𝐽2,3 and 𝐽2,4 again into eight equal parts and 

remove the middle open intervals i.e. we remove  𝐼1,3  = ( 2783  , 
4583) , 𝐼2,3  = ( 14783   , 

16583  ), 𝐼3,3  = ( 34783   , 
36583 ) and 𝐼3,3   = ( 46783   , 48583 )  .The remaining eight closed intervals are denoted by 𝐽3,1= [0, 

2783] , 𝐽3,2  = [ 4583, 
982  ] , 𝐽3,3  = [ 1582 , 

14783 ] , 𝐽3,4= [ 
16583  , 38 ], 𝐽3,5= [ 

58 , 34783  ], 𝐽3,6= [ 
36583  , 4982 ], 𝐽3,7= [ 

5582 , 46783  ] and 𝐽3,8= [ 
48583  , 38 ] . Let 𝑆2  be union of remaining eight closed intervals at 

third stage. ∴ 𝑆3  = 𝐽3,1 ⋃ 𝐽3,2 ⋃ 𝐽3,3 ⋃ 𝐽3,4 ⋃ 𝐽3,5 ⋃ 𝐽3,6 ⋃ 𝐽3,7 ⋃ 𝐽3,8 

 

Continuing in this way at the 𝑛𝑡ℎ stage we remove 2𝑛−1 open intervals 𝐼𝑗,𝑛  , j = 1, 2, …. , 2𝑛−1 , n ≥ 1 obtaining 2𝑛 closed intervals 𝐽𝑛,𝑗 , , j = 1, 2, …. , 2𝑛 , n ≥ 1 of length ( 
38 )𝑛. Let 𝑆𝑛  be union of remaining 2𝑛 closed intervals at 𝑛𝑡ℎ stage. ∴ 𝑆𝑛  = ⋃ 𝐽𝑛,𝑗2𝑛𝑗=1      , n ≥ 1 

We define Cantor - 
38 set S by 

S = ⋂ 𝑆𝑛∞𝑛=1  

Where 𝑆𝑛  = ⋃ 𝐽𝑛,𝑗2𝑛𝑗=1      , n ≥ 1 

Now we determine the measure of Cantor - 
38 set in two ways. In the first way we use the length of remaining 

closed intervals at each stage, use the following theorem and in second way we use the length of removed open 

intervals at each stage.  
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Theorem 2 Let {𝐸𝑖} be a sequence of measurable sets. We have 

i) If 𝐸1 ⊆ 𝐸2 ⊆ ….. , then 𝜇(⋃ 𝐸𝑛∞𝑛=1 ) = lim 𝜇(𝐸𝑛). 

ii) If 𝐸1 ⊇ 𝐸2 ⊇ ….. , then 𝜇(𝐸𝑖) < ∞, 𝜇(⋂ 𝐸𝑛∞𝑛=1 ) = lim 𝜇(𝐸𝑛). 

This is theorem 10 in section 5.5 on page 103 of chapter 5,  from G. de Barra [1]. 

Theorem 3 If S is Cantor - 
38 set then m(S) = 0. 

Proof 1 

 At first stage remaining two closed intervals are each of length 
38. 

∴ The sum of the lengths of remaining closed intervals at first stage = m(𝑆1) =  
68 . 

At second stage remaining four closed intervals are each of length 
982 

∴ The sum of the lengths of remaining closed intervals at second stage = m(𝑆2) = 
6282 = ( 

68 )2. 

At third stage remaining eight closed intervals are each of length 
2783. 

∴ The sum of the lengths of remaining closed intervals at third stage = m(𝑆3) = 
6383 =  ( 

68 )3. 

Continuing in this way at 𝑛𝑡ℎ stage remaining 2𝑛 closed intervals are each of length ( 
38 )𝑛. 

∴ The sum of the lengths of remaining closed intervals at 𝑛𝑡ℎ stage = m(𝑆𝑛) = 2𝑛 ( 
38 )𝑛  = ( 

68 )𝑛. 

Since S = ⋂ 𝑆𝑛 and by using theorem 2 we get, ∴ m(S) = m(⋂ 𝑆𝑛) 

= lim𝑛→∞ 𝑚(𝑆𝑛) 

= lim𝑛→∞( 68 )𝑛 

   ∴ m(S) = 0 ∴ Lebesgue measure of Cantor - 
38 set is zero. 

Proof 2  

       At first stage the length of removed interval is 
28 i.e. m(𝐼1,1 ) = 

28. 

In the second stage we remove two open intervals each of length 
682. 

∴ The sum of the lengths of the removed disjoint intervals = 
682 + 

682 = 
1282 

In the third stage we remove four open intervals each of length 
1883. 
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 ∴ The sum of the lengths of the removed disjoint intervals = 
1883 + 

1883 + 
1883 + 

1883 =  
7283  . 

Similarly sum of the lengths of the removed disjoint intervals at fourth stage = 
5484 +  

5484 +  
5484 +  

5484 + 
5484  + 

5484  +  
5484  +  5484=  

43284 . ∴ The sum of the lengths of the removed disjoint intervals in the geometric construction of S  

= 
28 + 

1282 + 
7283 + 

43284  + ……. 

= 
14 + 3 ( 

2282) + 9 ( 
2383) + 27 ( 

2484) + ……. 

= 
14 + 3 (14)2+ 32 (14)3 + 33 (14)4 + ……. 

= 
14 + 

14 [ 
34 + (34)2 + (34)3 + ……. ] 

= 
14 + 

14 [ 

34 1− 34 ] = 
14 + 

14 [ 

34  14 ] = 
14 + 

34 = 1                                               …………………………..(1)                                                       

Since S = [ 0,1 ] \ ⋃ ⋃ 𝐼𝑗,𝑘2𝑘−1𝑗=1∞𝑘=1      

(The symbol “ \ ” denote the complementation) ∴ m(S) = m(I) – m( Union of removed intervals ) 

           = 1 – 1 = 0                                                                       (From equations (1) and m(I) = 1) ∴ m(S) = 0 ∴ Lebesgue measure of Cantor - 
38 set is zero.  

III. CONCLUSION 

 we can construct different Cantor like sets from [0, 1].  
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