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ABSTRACT : In this paper we construct a Cantor - Z set S from [0,1] such that S,, © S,,11,Mm(S,) = (g)" andS=NS§,
.Further we find the measure of Cantor - g set Si.e. we find that if S is Cantor - % set then m(S) = 0. Here in the
construction of Cantor - % set the length of remaining closed intervals at each stage are equal to (Z)k k=

1,2,3,c 0. so we call this Cantor like set as Cantor - Z set.
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I. INTRODUCTION

Originator of Cantor set was Georg Ferdinand Ludwig Philipp Cantor (1845 - 1918). He was born on March
3, 1845, in St. Petersburg. The Cantor set and Cantor like sets have been constructed to give examples of uncountable
sets with measure zero. These sets are found to have astonishing properties.

e.g. Though they are uncountable they have empty interior, are closed, bounded, compact, perfect and nowhere dense
sets.[3]

These sets are used to clear the concepts in Real Analysis and are found very useful in constructing counter
examples. These sets are also used in variety of branches of mathematics such as Real Analysis, Number Theory,
Measure Theory, General Topology, Functional Analysis, Dimension Theory, Theory of Fractals etc.

II. MAIN RESULT
1. Construction of Cantor- % set
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First stage:

At first stage we divide I = [0,1] in to eight equal parts and remove middle open interval I; ; = ( ) The

remaining two closed intervals are denoted by J;; =0, g] and J; ,= [5 ,1]. Let S; be union of remaining two closed

intervals at first stage.

~S1=J11UJ12
Second stage:

Now we divide the remaining two closed intervals ]1 1,J1,2 again into eight equal parts and remove the middle

. . 9 15 49
open intervals i.e. we remove I, , = ( 5 E) and I, ,= (= 3 52 ) The remaining four closed intervals are denoted by

]2,1=[0,£2] S22 =l 1 as =12

15 3
82’ g

5 49

5 82] J24= [ o2 ,1 ]. Let S, be union of remaining four closed intervals at second stage.

~S8=J21UJ22UJz3U 24
Third stage:

Now we divide the remaining four closed intervals J, 1,/ ./23 and J, , again into eight equal parts and

. . . _ 27 45 _ 147 165 _ /347 365 467
remove the middle open intervals i.e. we remove I; 3 —(8—3 ,8—3) , 123—(? ’ﬁ)’ I33 '(¥ ,—5)and I3 3 —(8—3 ,
485 45 9 15 147 165 3

~ —) .The remaining eight closed intervals are denoted by J3 ;= [0, ] Jsz = [E' = 1./33 = [E 53 1,347 = = ,—],

5 347 365 49 55 467 485 3
, , and ,=].LetS, be union of remaining eight closed intervals at
3,5 5’ 83 3,6~ '8z 3,77 PYREPTE 3,8~ 3 2 geig

third stage.

“83=J31UJ32UJ33UJ34U 55 U536 U )37 Uz

Continuing in this way at the n* stage we remove 2"~ open intervals [inj=1,2,...., 2""1 'n > 1 obtaining
. . 3 . - .
2" closed intervals J, j, .j=1,2,....,2" ,n =1 of length ( 5 )™. Let S,, be union of remaining 2™ closed intervals at
" stage.

“Sp= U 1],” ,n>1
We define Cantor - Z set S by
S=Nnz15,

Where S, = sz-;]n_j ,n=1

. 3 . " ..
Now we determine the measure of Cantor - 5 setin two ways. In the first way we use the length of remaining

closed intervals at each stage, use the following theorem and in second way we use the length of removed open
intervals at each stage.
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Theorem 2 Let {E;} be a sequence of measurable sets. We have

i) IfE, CE,
ii) IfE, 2 E,

. then u(Up=q Eyn) = lim p(Ey).

c
2 ..., then u(Ey) < oo, u(Ny=q En) = lim pu(Ey).

This is theorem 10 in section 5.5 on page 103 of chapter 5, from G. de Barra [1].
Theorem 3 If S is Cantor - g set then m(S) =
Proof 1

. . . 3
At first stage remaining two closed intervals are each of length p

~ The sum of the lengths of remaining closed intervals at first stage = m(S;) =

- . 9
At second stage remaining four closed intervals are each of length 2

2
-~ The sum of the lengths of remaining closed intervals at second stage = m(S,) = :—2 =( g )2.

At third stage remaining eight closed intervals are each of length Z—Z
8

3
-~ The sum of the lengths of remaining closed intervals at third stage = m(S3) = 2_3 = ( 3 )3.

Continuing in this way at nt" stage remaining 2™ closed intervals are each of length ( 3 )"

(.

= The sum of the lengths of remaining closed intervals at nt* stage = m(S,,) = 2™ ( % o= s

Since S = N §,, and by using theorem 2 we get,
~m(S)=m(NS,)
=lim, ., m(S,)
= limy o0 ()"
~m(S)=0
~ Lebesgue measure of Cantor - g set is zero.
Proof 2
At first stage the length of removed interval is %i.e. m(l; ;)= g.

. 6
In the second stage we remove two open intervals each of length 3

S 6 6 12
- The sum of the lengths of the removed disjoint intervals = — + — = —
82 82 8
. . 18
In the third stage we remove four open intervals each of length et
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i 18 18 18 18 _ 72
< The sum of the lengths of the removed disjoint intervals = =+ =+ = +—== — .
8 8 8 8 8

54 54 54 54 54 54

- e 54
Similarly sum of the lengths of the removed disjoint intervals at fourth stage = Gttt atagtete

54 432

8t gt
-~ The sum of the lengths of the removed disjoint intervals in the geometric construction of S

2 12 72 432

+=+—=+—F
8 82 g3 g+

1 2?2 283 24
=Z+3(8_2)+9(8_3)+27(8_4)+ .......

= 24D+ D ]
1 % _ 1 % _1 3_
=_+Z[:]__+Z[§]_Z+Z_1 ................................ (1)

2k1

Since S=[0,1 ]\ U=, Uj=; I
(The symbol “\” denote the complementation)
~ m(S) = m(I) — m( Union of removed intervals )
=1-1=0 (From equations (1) and m(I) = 1)

~m(S)=0
3 .
-~ Lebesgue measure of Cantor - 5 Set s zero.

III. CONCLUSION
we can construct different Cantor like sets from [0, 1].
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