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ABSTRACT: Let G (p,q) be aconnected, undirected, simple and non-trivial graph with p vertices and q edges. Let
be an injective function f: V(G) - { s,s+d,s+2d,....s+(qg+1)d } and g be an injective function g: E(G) —
{d, 2d,3d....2(q — 1)d}.Then the function f is said to be (s, d) magic labeling if f(u) + g(uv) + f(v) is a constant, for
all u,v € V(G) and uv € E(G). A graph G is called (s, d) magic graph if it admits (s, d) magic labeling.

KEYWORDS: spl (P,) ,spl (P, © K;) , spl(K; ) spl (Bmn)
L. INTRODUCTION

[1] Graph labeling involves assigning labels to the vertices, edges, or both in a graph, following certain specified
conditions. One specific type of labeling is edge-magic labeling, where a bijection is created from the union of the
vertex set V and the edge set E to the set {1,2,...,p + q }, where p is the number of vertices and q is the number of
edges. The labeling must satisfy the condition that for each edge (u,v) € E, the sum f(u) + f(u,v) + f(v) = s, where s
is a constant for all edges.

Edge-magic labeling was introduced by Neelam Kumari and Seema Mehra in 2013. In this paper the existence of (s, d)
magic labeling of spl (P,) , spl (P, © K;) , spl(K;,) and spl (B, )

[5] Let G (p,q) be a simple, non-trivial, connected, undirected graph with p vertices and q edges. Consider the
following: f: V(G) — {s,s + d,s + 2d,..s + (q + 1)d} and

g:E(G) » {d,2d,3d...2(q — 1)d} be an injective function. Then, for any u,v € V(G) and uv € E(G), f(u) +
g(uv) + f(v) is a constant, and the function f is said to be (s, d) magic labeling. If a graph G admits (s, d) magic
labeling, then it is referred to as a (s, d) magic graph.

I1. DEFINITIONS

Definition 2.1:
For a graph G the split graph which is denoted as spl (G) is obtained by adding to each vertex v a new vertex v'such
that v'is adjacent to every vertex that is adjacent to v in G.

Definition 2.2:
A path can be denoted as a sequence of vertices :P=v;, Vv, ..... v where vy, Vv, .....Vy are the vertices in the graph and
for every i ,there is an edge between v; and vi;,

Definition 2.3:
P, © Kjrepresents the corona product of two graphs: a path graph P,and a complete graph K.

Definition 2.4:
A star graph, denoted as K, ,,, is a graph consisting of one central vertex connected to n outer vertices

Definition 2.5:
The graph bistar By, ,is the graph obtained by joining the centre vertices of two copies of K; ,with an edge of By, .
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III. MAIN RESULT

Theorem 3.1: The splitting of a path graph is (s, d) magic labeling

Proof: Let G = spl (P,) has 2n vertices and 3n — 3 edges.

Let V(spl (Pn)) ={vi1<i<n}U{u:l1<i<n}and

E(spl (Py)) = {(uiviz1): 1 Si<n—1JUWvig); 1 Si<n =13 U{viu,): 2 <i<n -1}
Define the function f from the vertex set to {{s,s +d,s + 2d ....s + (q + 1)},

g:E(G) - {d,2d,3d.....2(q — 1)d }

Case (a) when 1 is odd

Labeling of vertices
Value of i f(V2gi+1)) f(vais1) f(uzgien)) f(uzis1)
. _n—3 ) . -
0§1<T s+ (2(1 + 2i)d - s+ (3 + 4i)d
OSiSnT - s+ (1+4i)d - s+ 4id
Table 1 Labeling of vertices of spl (P,)
Labeling of Edges
Value of i 8(Vivis1) g(u;viy1) g(viujyq)
2s + 2s + 2s +
1<i<n-1 2(q—1d - 2(q—1d — (f(uy) + 2(q—1d -
(f(vi) + f(vi41)) f(vis1)) (f(vi) + f(uis4))
Table 2 Labeling of Edges of spl (P,)
Case (b) when 7 is even
Labeling of vertices
Value of i f(V2(i+1)) f(v2ir1) f(‘12(i+1)) f(uzis1)
0313%—1 s+ (2(1 + 2i)d s+(1+4i)d | st@+4d s+ 4id
Table 3 Labeling of vertices of spl (P,)
Labeling of Edges
Value of i 8(ViVis1) g(u;viy1) g(vitjy1)
2s + 2s + 2s +
1<ig<n-1 2(q—1)d - 2(q—1d - 2(q—1Dd — (f(vy) +
(f(vi) + f(vi41)) (f(u;) + £(vit1)) f(ui41))
Table 4 Labeling of Edges of spl (P,)
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Thereforef(v;) + f(viz1) + g(viviz1),f(u;) + f(viz1) + g(uivig,), f(vy) + f(uiz,) + g(viu;41), are constant equals to
2(s + (q — 1)d).Hence spl (P,) admits (s, d) magic labeling.
Example 3.1 splitting of a path graph spl (P;)

s+7d

s+12d

us

Fig. 1 splitting of a path graph spl (P,)

Theorem 3.2: The splitting of comb graph spl (P, © K;) is (s, d) magic labeling.
Proof:

Let V(P, O K;) = {v;,v';Uuy;u’;:1 <i<n}and
E(P, © Kp)= (vivig1), (Wivigg), (Uigqvi): 1 < i< — 13U {(vivp), (ujvy), (viw); 1 <i<n}.
Here |V(P, © K;)| = 4n and |E(P, © K;)| = 6m. Define the function f from the vertex set to {s,s +d,s + 2d....s +

(q+ 1)}, gE@G) - {d,2d,3d.....2(q — 1)d }

Case (a) When 1 is odd

Labeling of vertices
Value i f(uzis1) f(uz(i+1)) f(V2is1) f(Vz(i+1)) Vévziﬂ) VEZ(i+1) u22(i+1) uE2i+1)
<i S+ 8id - S - S - S -
n-1 + (8i + (8i + (8i
2 + 1)d + 2)d +4)d
<i - S — S - S - S
n—-3 + (8i + 7)d + (8i + 6)d + (8i + (8i
S +5)d + 3)d
Table 5: Labeling of vertices of the graph spl (P, © K;)
Labeling of Edges
Value of i 8(ViVit1) 8(u;uj41) g(Viljt1) g(vivi) g(viu;) g(u;vy)
1<i<n-1 2s + 2s + 2s +
2(q—1)d- |2(q—1)d- |2(q—1d- - - -
(f(vi) + (f(up) + (f(vi) +
f(vi1)) f(uis1)) f(uis1))
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1<i<n 2s + 2s + 2s +
- - - 2(q—1d- |[2(q—1d- |2(q—1d-
(f(V,i) + (f(V’i) + (f(u’i) +
f(vi)) f(u;)) f(vi))
Table 6: Labeling of edges of the graph spl (P, © K;)
Case (b) when 1 is even
Labeling of vertices
Value i fuzie) | fuzgen) | fVaind) | fVaie1) | Vi | Vieas) | Yedsn U(zis1)
0<i s + 8id S S S S s s s+ (8i + 3)d
<N_ 1 + (8i + (8i + (8i + (8i + (8i + (8i
2 + 7)d + 1)d + 6)d + 2)d +5)d + 4)d
Table 7: Labeling of vertices of the graph spl (P, © K;)
Labeling of Edges
Value of i 8(ViVis1) g(uilis 1) gviviy1) | g(vivi) g(viu;) g(u;vi)
1<i 2s + 2s + 2s +
<n-1 2(q—1Dd- | 2(q—1d—- |2(q—1)d- — — —
(fvi) + (f(w) + (ftv) +
f(vit1)) f(ui+1)) f(uit1))
1<i<n 2s + 2s + 2s +
- - - 2(q—1Dd—- | 2(q—1)d—- |2(q—1d-
(ftv) + (ftvp) + (f(wy) +
f(vi") f(ui") f(vi")

Table 8: Labeling of edges of the graph spl (P, © K;)

Thereforef(v) + f(viy1) + 8(viviger),f (u) + f(uirg) + gluiuige), f(vi) + f(uip1) + g(vinig,).f(vi) + £(v) + g(vivi),
f(vy) + f(u)) + g(viu;"), f(u;) + f(v{) + g(u;v;")are constant equals to 2(s + (q — 1)d).Hence the spl (P, © K;) admits

(s, d) magic labeling.
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Example 3.2 splitting of comb graph spl (Ps O K;)

Fig.2 splitting of comb graph spl (P; O K;)

Theorem 3.3: The graph Spl ( By, ;) m,n = 2 is (s, d) magic labeling.

Proof: Let G = Spl ( By ) has 2m + 2n + 4 vertices and 3m + 3n + 3 edges

Let the vertex set be V(spl(Bmm)) ={vp,vi:1<i<n+1}U{u,u,:1<i<m+1},

E(Spl(Bm,n)) = {(u1uity), (yuiey), (Uinie),: 1 < P < m}PU{(vivigg), (Vivigr), (Vvig): 1 S i<n}u

{Cuyv1), (ugvy), (uyvy)}
Define the function f from the vertex set to {s,s + d,s + 2d ....s + (q + 1)}, g:E(G) —» {d,2d,3d .....2(q — 1)d }

Labeling of vertices
f(uy) = s, f(vy)=std
f(v1) = f(vysy) +3d
fQup) = f(vgep) +d

Value of i (Ui fCuj ) f(vie) f(v]ep)
1<i<n — — f(up4q) +id f(vnH) +id
1<i<m s+ (i+1)d f(uy) +id - -

Table 9: Labeling of vertices of the graph Spl(By, ,,)
Labeling of edges

g((wvy) = 25 + 2(q — 1)d — (f(uy) + f(vy))

gluvy) =2s+2(q—1Dd - (f(u1) + f(V1))

g(uivy) = 25+ 2(q — 1d — (f(uy) + f(vy))

Value i g(uyuisq) g(uyuj,,) g(uiuiy ) g(V1Vit1) 8(V1Vit1) 8(V1Vis1)
1<i<m 2s 2s 2s — - -
+2(q—1)d | +2(q—1)d | +2(q—1)d
— (f(uy) = (f(uy) — (f(uy)
+ f(uj44)) + f(u'i41)) + f(uiy1))
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1<i<n - - - 2s 2s 2s
+2(q—1d | +2(q—1)d | +2(q—1)d
- (f(Vi) - (f(V1) - (f(V1)
+fvip)) | i) |+ )

Table 10: Labeling of edges of the graph Spl(Bp, ;)

Therefore f(uy) + f(vi)+g(uyvy), f(uy) + f(v)+g(uyvy), f(uy) + f(v)+g(vauy), fuy) + f(uise) + gluguieq).fluy) +
fuh) + gluguiyq), fuh) + fluiy,) + guiuiyy), f(vi) + f(vie) + g(viviee), (f(V1) + f(Vi+1)) + g(vqvisr), f(vy) +
f(vi;1) + g(v1Vi,q)are constant equals to 2(s + (q — 1)d).Hence the Spl(By, ,)admits (s, d) magic labeling.

Example 3.3 Spl ( B3 4)

s+2d s+3d s+4d
Uz Uy Uy

oL%

33d/ 32d| 31d

Fig.3 Spl ( By,)

Theorem 3.4:The star graph S(Km ) is (s, d) magic labelling.

Proof: Let G = Spl(K; ,,).let X4, v, Vv, ... vy, are the vertices of the graph Ky ,,.then X} v v; ... vy, X4, V1 V5 ... vy are the

vertices of S(Ky ,, ).-Here [V(S(Ky, )| = 2n + 2 and|E(S(Ky,, )| = 3n

Define the function f from the vertex setto {s,s + d,s + 2d ....s + (q+ 1)}, g:E(G) = {d,2d,3d .....2(q — 1)d }

Labeling of vertices
f(x1) =s
fx))=s+2m+1)—-1d
Value i f(vy) fvi)
1<i<n s+id s+ +id

Table 11: Labeling of vertices of the graph S(Kl,n )
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Labeling of edges
Value i g(x1vi) g(x1vi) g(x1vi)
1<i<nq 2s+2(q— 1)d 2s+2(q—1)d 2s+2(q—1)d
— (fx0) + f(v)) — (f(v) + f(x4)) — (f(x)) + f(vD))

Table 12: Labeling of edges of the graph S(Kl,n )

Thereforef(v;) + f(x;) + g(vix), f(v]) + f(x1) + g(x,v{) and f(x}) + f(v]) + g(x1v{) are constant equals to 2(s +
(q — 1)d).Hence the S(Km )admits (s, d) magic labeling.

Example 3.4 Star graph S(K1_3 )

s+d

s+7d

Fig.4 Star graph S(K1’3 )
IV. CONCLUSION

In this paper, we have explored certain types of graphs splitting that permit (s,d) Magic Labeling. Further research
could focus on identifying the specific conditions under which various graphs admit (s,d) Magic Labeling.
Alternatively, future research could focus on identifying the specific factors or conditions that allow a graph to have
this type of labeling.
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