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ABSTRACT: Let 𝐹 ∈ {𝑅, 𝐶, 𝐻}. Let 𝓤𝒏×𝒏 be the set of  secondary unitary bimatrics in 𝐹𝑛×𝑛, and let 𝑂𝑛×𝑛 be the set of 

secondary orthogonal bimatrices in 𝐹𝑛×𝑛 . Suppose 𝑛 ≥ 2. we show that every 𝐴𝐵 ∈ 𝐹𝑛×𝑛 can be written as a sum of 

bimatrices in 𝓤𝒏×𝒏 and of  bimatrices in 𝑂𝑛×𝑛 . let 𝐴𝐵 ∈ 𝐹𝑛×𝑛 be given that and let 𝑘 ≥ 2 be the least integer that is a 

least upper bound of the singular values of AB. When F=C, we show that AB can be written as a sum of k bimatrices 

from 𝓤𝒏×𝒏. 

 

KEYWORDS: Orthogonal matrix, unitary matrix, bimatrix, orthogonal bimatrix, unitary bimatrix, secondary 

orthogonal bimatrices, secondary unitary bimatrices. 
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I. INTRODUCTION 

 

Matrices provide a very powerful tool for dealing with linear models. Bimatrices are still a powerful and an 

advanced tool which can handle over one linear model at a time. Bimatrices are useful when time bound comparisons 

are needed in the analysis of a model. Bimatrices are of several types. We denote the space of nxn complex matrices by 𝒞nxn. For 𝐴 ∈ 𝒞nxn, 𝐴𝑇 , 𝐴𝑠, 𝐴∗, 𝐴−1and 𝑑𝑒𝑡( 𝐴)denote transpose, secondary transpose, conjugate transpose, inverse and 

determinant of A respectively. If 𝐴𝐴𝑇 = 𝐴𝑇𝐴 = 𝐼 then A is an orthogonal matrix, where I is an identity matrix. If 𝐴𝑉𝐴𝑇𝑉 = 𝑉𝐴𝑇𝑉 𝐴 = 𝐼   𝑜𝑟   𝐴𝐴𝑆 = 𝐴𝑆𝐴 = 𝐼 Where V is a permutation matrix with units in its secondary diagonal, 𝐴𝑆 

is an secondary orthogonal matrix. In this paper, we study secondary orthogonal bimatrices as a generalization of 

secondary orthogonal matrices. Some of the properties of secondary orthogonal matrices are extended to secondary 

orthogonal bimatrices.  Some important results of secondary orthogonal matrices are generalized to secondary 

orthogonal bimatrices. 

 

II. PRELIMINARIES 

 

Definition 2.1 [7] 

 A bimatrix 𝐴𝐵 is defined as the union of two rectangular array of numbers A1 and A2 arranged into rows and 

columns. It is written as 𝐴𝐵 = 𝐴1 ∪ 𝐴2 with 𝐴1 ≠ 𝐴2 (except zero and unit bimatrices) where, 

 

𝐴1 = [  
 𝑎111 𝑎121 ⋯ 𝑎1𝑛1𝑎211 𝑎221 ⋯ 𝑎2𝑛1⋮ ⋮ ⋱ ⋮𝑎𝑚11 𝑎𝑚21 ⋯ 𝑎𝑚𝑛1 ]  

 
 and 𝐴2 = [  

 𝑎112 𝑎122 ⋯ 𝑎1𝑛2𝑎212 𝑎222 ⋯ 𝑎2𝑛2⋮ ⋮ ⋱ ⋮𝑎𝑚12 𝑎𝑚22 ⋯ 𝑎𝑚𝑛2 ]  
 
 

′ ∪ ′ is just for the notational convenience (symbol) only. 

 

Definition 2.2 [7] 

 Let 𝐴𝐵 = 𝐴1 ∪ 𝐴2 and 𝐶𝐵 = 𝐶1 ∪ 𝐶2 be any two m x n bimatrices. The sum 𝐷𝐵 of the bimatrices 𝐴𝐵 and 𝐶𝐵 is 

defined as  

 𝐷𝐵 = 𝐴𝐵 + 𝐶𝐵 = (𝐴1 ∪ 𝐴2) + (𝐶1 ∪ 𝐶2) = (𝐴1 + 𝐶1) ∪ (𝐴2 + 𝐶2) 

Where 𝐴1 + 𝐶1 and 𝐴2 + 𝐶2 are the usual addition of matrices. 
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Definition 2.3 [8] 

 If 𝐴𝐵 = 𝐴1 ∪ 𝐴2 and 𝐶𝐵 = 𝐶1 ∪ 𝐶2 be two bimatrices, then 𝐴𝐵 and 𝐶𝐵 are said to be equal (written as 𝐴𝐵 =𝐶𝐵) if and only if A1 and C1 are identical and A2 and C2 are identical. (That is, A1 = C1 and A2 = C2). 

 

Definition 2.4 [8]   

 Given a bimatrix 𝐴𝐵 = 𝐴1 ∪ 𝐴2 and a scalar 𝜆, the product of 𝜆 and 𝐴𝐵 written as 𝜆𝐴𝐵 is defined to be  

 𝜆𝐴𝐵 = [  
 𝜆𝑎111 𝜆𝑎121 ⋯ 𝜆𝑎1𝑛1𝜆𝑎211 𝜆𝑎221 ⋯ 𝜆𝑎2𝑛1⋮ ⋮ ⋱ ⋮𝜆𝑎𝑚11 𝜆𝑎𝑚21 ⋯ 𝜆𝑎𝑚𝑛1 ]  

 ∪ [  
 𝜆𝑎112 𝜆𝑎122 ⋯ 𝜆𝑎1𝑛2𝜆𝑎212 𝜆𝑎222 ⋯ 𝜆𝑎2𝑛2⋮ ⋮ ⋱ ⋮𝜆𝑎𝑚12 𝜆𝑎𝑚22 ⋯ 𝜆𝑎𝑚𝑛2 ]  

 
 

        = (𝜆𝐴1 ∪ 𝜆𝐴2). 
That is, each element of A1 and A2 are multiplied by 𝜆. 

 

Remark 2.5 [8] 

 If 𝐴𝐵 = 𝐴1 ∪ 𝐴2be a bimatrix, then we call A1 and A2 as the component matrices of the bimatrix AB. 

 

Definition 2.6 [7] 

 If 𝐴𝐵 = 𝐴1 ∪ 𝐴2 and 𝐶𝐵 = 𝐶1 ∪ 𝐶2 are both n x n square bimatrices then, the bimatrix multiplication is 

defined as, 𝐴𝐵 × 𝐶𝐵 = (𝐴1𝐶1) ∪ (𝐴2𝐶2). 
 

Definition 2.7 [7] 

 Let  𝐴𝐵𝑚×𝑚 = 𝐴1 ∪ 𝐴2 be a mxm square bimatrix.  

We define 𝐼𝐵𝑚×𝑚 = 𝐼𝑚×𝑚 ∪ 𝐼𝑚×𝑚 = 𝐼1𝑚×𝑚 ∪ 𝐼2𝑚×𝑚 to be the identity bimatrix. 

 

Definition 2.8 [7] 

 Let 𝐴𝐵𝑚×𝑚 = 𝐴1 ∪ 𝐴2 be a square bimatrix, AB is a symmetric bimatrix if the component matrices A1 and A2 

are symmetric matrices. i.e, 𝐴1 = 𝐴1𝑇  and 𝐴2 = 𝐴2𝑇 . 
 

Definition 2.9 [7] 

 Let 𝐴𝐵𝑚×𝑚 = 𝐴1 ∪ 𝐴2 be a mxm square bimatrix i.e, A1 and A2 are mxm square matrices. A skew-symmetric 

bimatrix is a bimatrix AB for which 𝐴𝐵 = −𝐴𝐵𝑇 , where −𝐴𝐵𝑇 = −𝐴1𝑇 ∪ −𝐴2𝑇  i.e, the component matrices A1 and A2 are 

skew-symmetric. 

 

Definition 2.10[4] 

A bimatrix 𝐴𝐵 = 𝐴1 ∪ 𝐴2 is said to be unitary bimatrix,  

if 𝐴𝐵𝐴𝐵∗ = 𝐴𝐵∗ 𝐴𝐵 = 𝐼𝐵  (or) (𝐴1𝐴1∗ ∪ 𝐴2𝐴2∗) = (𝐴1∗𝐴1 ∪ 𝐴2∗𝐴2) = 𝐼1 ∪ 𝐼2. 
(That is, the component matrices of AB are unitary.) 

 That is, 𝐴𝐵∗ = 𝐴𝐵−1 (or) (𝐴1∗ ∪ 𝐴2∗) = (𝐴1−1 ∪ 𝐴2−1). 

 

Definition 2.11 [5] 

A bimatrix 𝐴𝐵 = 𝐴1 ∪ 𝐴2 is said to be orthogonal bimatrix,  

if 𝐴𝐵𝐴𝐵𝑇 = 𝐴𝐵𝑇𝐴𝐵 = 𝐼𝐵  (or) (𝐴1𝐴1𝑇 ∪ 𝐴2𝐴2𝑇) = (𝐴1𝑇𝐴1 ∪ 𝐴2𝑇𝐴2) = 𝐼1 ∪ 𝐼2. 
(That is, the component matrices of AB are orthogonal.) 

 That is, 𝐴𝐵𝑇 = 𝐴𝐵−1 (or) (𝐴1𝑇 ∪ 𝐴2𝑇) = (𝐴1−1 ∪ 𝐴2−1).  

  

III. SECONDARY ORTHOGONAL AND SECONDARY UNITARY BIMATRICES 

 

Definition 3.1 [6] 

 A bimatrix 𝐴𝐵  = 𝐴1 ∪ 𝐴2 is said to be secondary orthogonal bimatrix, if 𝐴𝐵𝑉𝐵𝐴𝐵𝑇𝑉𝐵 = 𝑉𝐵𝐴𝐵𝑇𝑉𝐵𝐴𝐵 = 𝐼𝐵  or 𝐴𝐵𝐴𝐵𝑆 = 𝐴𝐵𝑆𝐴𝐵 = 𝐼𝐵 where 𝑉𝐵 is a permutation bimatrix with units in its secondary diagonal. 

(That is, the component matrices of AB are secondary orthogonal.) 

 That is, 𝐴𝐵𝑆 = 𝐴𝐵−1 (or) (𝐴1𝑆 ∪ 𝐴2𝑆) = (𝐴1−1 ∪ 𝐴2−1). 
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Remark 3.2 

 Let 𝐴𝐵 = 𝐴1 ∪ 𝐴2 be a secondary orthogonal bimatrix. If A1 and A2 are square and possess the same order 

then  AB is called square secondary orthogonal bimatrix, and if A1 and A2 are of different orders then AB is called mixed 

square secondary orthogonal bimatrix.  

Example 3.3 

(1) 𝐴𝐵 = [ 35 45 0− 45 35 00 0 1]  ∪    [   
 23 13 2313 23 − 23− 23 23 13 ]   

 
 is a square secondary orthogonal bimatrix. 

(2) 𝐴𝐵 = [𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛 𝜃] ∪ [1 0 00 𝑐𝑜𝑠 𝜃 −𝑠𝑖𝑛 𝜃0 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 ]is a mixed square secondary orthogonal bimatrix. 

 

Definition 3.4[4] 

Let 𝐴𝐵 = 𝐴1 ∪ 𝐴2 be an 𝑛 × 𝑛 complex bimatrix. (A bimatrix 𝐴𝐵 is said to be complex if it takes entries from 

the complex field). 𝐴𝐵𝑆  is called a secondary unitary bimatrix if 𝐴𝐵𝑉𝐵𝐴𝐵∗ 𝑉𝐵 = 𝑉𝐵𝐴𝐵∗ 𝑉𝐵𝐴𝐵 = 𝐼𝐵 (or) 𝐴̄𝐵𝑆 = 𝐴𝐵−1.  

That is, 𝐴1𝑉1𝐴1∗𝑉1 ∪ 𝐴2𝑉2𝐴2∗𝑉2 = 𝑉1𝐴1∗𝑉1𝐴1 ∪ 𝑉2𝐴2∗𝑉2𝐴2 = 𝐼1 ∪ 𝐼2. 

Example 3.5 𝐴𝐵 = 𝐴1 ∪ 𝐴2 = 1√2 [𝑖 𝑖𝑖 −𝑖] ∪ 12 [1 + 𝑖 −1 + 𝑖1 + 𝑖 1 − 𝑖 ] is a secondary unitary bimatrix. 

 

In this paper, we have determined which bimatrices (if any) in 𝐶𝑛×𝑛can be written as a sum of secondary 

unitary or secondary orthogonal bimatrices. We let 𝓤𝒏×𝒏 and 𝑂𝑛×𝑛 are the set of secondary unitary and secondary 

orthogonal bimatrices in the complex field. We begin with the following observation. 

 

Lemma 3.6 

Let n be a given positive integer. Let 𝐺 ⊂ 𝐹𝑛×𝑛 be a group under multiplication. Then 𝐴𝐵 ∈ 𝐹𝑛×𝑛 can be 

written as a sum of bimatrices in G if and only if for every 𝑄𝐵 , 𝑃𝐵 ∈ 𝐺, the bimatrix QBABPB can be written as a sum of 

bimatrices in G. 

Notice that both  𝓤𝒏×𝒏 and 𝑂𝑛×𝑛 are groups under multiplication. 

Let 𝛼1, 𝛼2 ∈ 𝐹 be given. Then lemma 3.6 guarantees that for each 𝑄𝐵 ∈ 𝐺, we have that 𝛼1𝑄1 ∪ 𝛼2𝑄2 can be 

written as a sum of bimatrices from G if and only if 𝛼1𝐼1 ∪ 𝛼2𝐼2 can be written as a sum of bimatrices from G. 

 

Lemma 3.7 

Let 𝑛 ≥ 2 be a given integer. Let 𝐺 ⊂ 𝐹𝑛×𝑛 be a group under multiplication. Suppose that G contains 𝐾𝐵 ≡𝑑𝑖𝑎𝑔(1, −1, . . . , −1) and the permutation bimatrices. Then every 𝐴𝐵 ∈ 𝐹𝑛×𝑛 can be written as a sum of bimatrices in G 

if and only if for each 𝛼1, 𝛼2 ∈ 𝐹, 𝛼1𝐼1 ∪ 𝛼2𝐼2 can be written as a sum of bimatrices from G. 

 

IV. SUM OF SECONDARY ORTHOGONAL BIMATRICES IN Cnxn 

 

The only bimatrices in the set of all secondary orthogonal bimatrices of order 1 are 1. Hence, not every 

element of 𝐹1×1 can be written as a sum of elements in the set of all secondary orthogonal bimatrices of order 1. In fact, 

only the integers can be written as a sum of elements of the set of all secondary orthogonal bimatrices of order 1. 

 Notice that 𝓤𝟏 = {𝑒𝑖𝜃1; 𝜃1 ∈ 𝑅} ∪ {𝑒𝑖𝜃2; 𝜃2 ∈ 𝑅
 Set 𝐶𝐵2 = (𝐶1℩℩ ∪ 𝐶2℩℩) ≡ {𝑒𝑖𝜃1 + 𝑒𝑖𝛽1; 𝜃1, 𝛽1 ∈ 𝑅} ∪ {𝑒𝑖𝜃2 + 𝑒𝑖𝛽2; 𝜃2, 𝛽2 ∈ 𝑅}. 

If 𝜃1, 𝜃2, 𝛽1, 𝛽2 ∈ 𝑅 are given, then |𝑒𝑖𝜃1 + 𝑒𝑖𝛽1| ≤ 2and|𝑒𝑖𝜃2 + 𝑒𝑖𝛽2| ≤ 2. 

Hence, (𝐶1℩℩ ∪ 𝐶2℩℩) ⊂ (𝐴1℩℩ ∪ 𝐴2℩℩) ≡ {𝑍1 ∈ 𝐶; |𝑍1| ≤ 2} ∪ {𝑍2 ∈ 𝐶; |𝑍2| ≤ 2} 
 

We show that (𝐴1℩℩ ∪ 𝐴2℩℩) ⊂ (𝐶1℩℩ ∪ 𝐶2℩℩).Let 0 ≤ 𝑟1 ≤ 2 and 0 ≤ 𝑟2 ≤ 2 are given. 

Set 𝛽1 = −𝜃1, 𝛽2 = −𝜃2 and Choose 𝜃1 and 𝜃2 so that, 2 𝐶𝑜𝑠 𝜃1 = 𝑟1  and 2𝐶𝑜𝑠 𝜃2 = 𝑟2. 
Then 𝑒𝑖𝜃1 + 𝑒−𝑖𝜃1 = 2𝐶𝑜𝑠𝜃1 = 𝑟1  and 𝑒𝑖𝜃2 + 𝑒−𝑖𝜃2= 2𝐶𝑜𝑠 𝜃2 = 𝑟2. 
If  𝑧1 = 𝑟1𝑒𝑖𝛿1  and 𝑧2 = 𝑟2𝑒𝑖𝛿2, then choose 𝛽1 = −𝜃1 + 2𝛿1; 𝛽2 = −𝜃2 + 2𝛿2, and choose 𝜃1, 𝜃2  

so that 2𝐶𝑜𝑠(𝜃1 − 𝛿1) = 𝑟1 and 2𝐶𝑜𝑠(𝜃2 − 𝛿2) = 𝑟2. 
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Let 𝑘 ≥ 2 be an integer. 

Set 𝐶𝐵𝑘 = (𝐶1𝑘 ∪ 𝐶2𝑘) ≡ {∑ 𝑒𝑖𝜃𝑗1𝑘𝑗=1 ; 𝜃𝑗1 ∈ 𝑅 𝑓𝑜𝑟𝑗 = 1, . . . , 𝑘} 

    ∪ {∑ 𝑒𝑖𝜃𝑗2𝑘𝑗=1 ; 𝜃𝑗2 ∈ 𝑅 𝑓𝑜𝑟𝑗 = 1, . . . , 𝑘} 

and set 𝐴𝐵𝑘 = (𝐴1𝑘 ∪ 𝐴2𝑘) ≡ {𝑧1 ∈ 𝐶; |𝑧1| ≤ 𝑘} ∪ {𝑧2 ∈ 𝐶; |𝑧2| ≤ 𝑘}.  
We show that for each k, we have (𝐴1𝑘 ∪ 𝐴2𝑘) = (𝐶1𝑘 ∪ 𝐶2𝑘). 
 

First, notice that for each k, we have (𝐶1𝑘 ∪ 𝐶2𝑘) ⊂ (𝐴1𝑘 ∪ 𝐴2𝑘). We now show that 

 (𝐴1𝑘 ∪ 𝐴2𝑘) ⊂ (𝐶1𝑘 ∪ 𝐶2𝑘). If 𝑧1 = 𝑟1𝑒𝑖𝛽1; z2 = 𝑟2𝑒𝑖𝛽2   with 𝑟1, 𝑟2, 𝛽1, 𝛽2 ∈ 𝑅 and  𝑟1, 𝑟2 ≥ 0, then 𝑒𝑖𝜃11 +𝑒𝑖𝜃21+. . . +𝑒𝑖𝜃𝑘1 = 𝑟1𝑒𝑖𝛽1; 𝑒𝑖𝜃12 + 𝑒𝑖𝜃22+. . . +𝑒𝑖𝜃𝑘2 = 𝑟2𝑒𝑖𝛽2  if and only if  
( ) ( )1 1

1 1 1

1... ;
ki i

e e r
   − −

+ + =𝑒𝑖(𝜃12−𝛽2)+. . . +𝑒𝑖(𝜃𝑘2−𝛽2) = 𝑟2         (1) 

 

Hence, (𝑧1 = 𝑟1𝑒𝑖𝛽1; 𝑧2 = 𝑟2𝑒𝑖𝛽2) ∈ (𝐶1𝑘 ∪ 𝐶2𝑘) if and only if 𝑟1, 𝑟2 ∈ (𝐶1𝑘 ∪ 𝐶2𝑘). 
 

For (𝜃11, . . . , 𝜃𝑘1; 𝜃12, . . . . , 𝜃𝑘2) ∈ 𝑅, set 𝑓𝑘1(𝜃11, . . . , 𝜃𝑘1) ≡ 𝑒𝑖𝜃11+. . . +𝑒𝑖𝜃𝑘1 . ( ) 11
11 1 1

1 ,..., ... ;kii

k kf e e
   + +𝑓𝑘2(𝜃12, . . . , 𝜃𝑘2) ≡ 𝑒𝑖𝜃12+. . . +𝑒𝑖𝜃𝑘2 . 

 

The case k=2 has already been shown. Let k =3, and suppose  0 ≤ 𝑟1 ≤ 3; 0 ≤ 𝑟2 ≤ 3 Set (𝜃31, 𝜃32) = 0 and 

set 𝜃11 = 𝜃1 = −𝜃21 and 𝜃12 = 𝜃2 = −𝜃22.  
 

Then ( )1 1 1 1

3 1 2 3 1, , 1 2  ;f Cos   = +
 
𝑓32(𝜃12, 𝜃22, 𝜃32) = 1 + 2𝐶𝑜𝑠 𝜃2, and (𝜃1, 𝜃2) may be chosen so that 0 ≤ 𝑟1 ≡ 1 + 2𝐶𝑜𝑠 𝜃1 ≤ 3;  0 ≤ 𝑟2 ≡ 1 + 2𝐶𝑜𝑠 𝜃2 ≤ 3. 

  

We use mathematical induction to show the general case. The base cases k = 2 and k = 3 have already been shown. 

Assume that k>3 and suppose that (𝐶1𝑘 ∪ 𝐶2𝑘) = (𝐴1𝑘 ∪ 𝐴2𝑘). 
Consider 𝑓𝑘+11 (𝜃11, … , 𝜃𝑘1, 𝜃𝑘+11 ) ≡ 𝑒𝑖𝜃12 + ⋯+ 𝑒𝑖𝜃𝑘2 + 𝑒𝑖𝜃𝑘+12 ;  
    𝑓𝑘+12 (𝜃12, . . . , 𝜃𝑘2, 𝜃𝑘+12 ) ≡ 𝑒𝑖𝜃12+. . . +𝑒𝑖𝜃𝑘2 + 𝑒𝑖𝜃𝑘+12 .  

 

Let 𝑧1 = 𝑟1𝑒𝑖𝛽1  and 𝑧2 = 𝑟2𝑒𝑖𝛽2  are given with 0 ≤ 𝑟1 ≤ 𝑘 + 1,0 ≤ 𝑟2 ≤ 𝑘 + 1. We show that 𝑟1, 𝑟2 ∈(𝐶1𝑘+1 ∪ 𝐶2𝑘+1). 
  

First, we show that (𝐴1℩℩ ∪ 𝐴2℩℩) ⊆ (𝐶1𝑘+1 ∪ 𝐶2𝑘+1). If k is even, choose 𝜃31 =. . . = 𝜃𝑘−11 = 0; 𝜃32 =. . . = 𝜃𝑘−12 = 0 and 𝜃41 =. . . = 𝜃𝑘1 = 𝜋; 𝜃42 =. . . = 𝜃𝑘2 = 𝜋. Then 𝑓𝑘+11 (𝜃11, . . . , 𝜃𝑘1, 𝜃𝑘+11 ) ≡ 𝑒𝑖𝜃11+. . . +𝑒𝑖𝜃𝑘1 + 𝑒𝑖𝜃𝑘+11 ; 𝑓𝑘+12 (𝜃12, . . . , 𝜃𝑘2, 𝜃𝑘+12 ) =𝑒𝑖𝜃12 + 𝑒𝑖𝜃22 . 
 

If k is odd, choose 𝜃41 =. . . = 𝜃𝑘−11 = 0; 𝜃42 =. . . = 𝜃𝑘−12 = 0 and 𝜃51 =. . . = 𝜃𝑘1 = 𝜋; 𝜃52 =. . . = 𝜃𝑘2 = 𝜋.  Then 𝑓𝑘+11 (𝜃11, . . . , 𝜃𝑘1, 𝜃𝑘+11 ) ≡ 𝑒𝑖𝜃11 + 𝑒𝑖𝜃21 + 𝑒𝑖𝜃31; 𝑓𝑘+12 (𝜃12, . . . , 𝜃𝑘2, 𝜃𝑘+12 ) ≡ 𝑒𝑖𝜃12 + 𝑒𝑖𝜃22 + 𝑒𝑖𝜃32 . 
 

In both cases, notice that (𝐴1℩℩ ∪ 𝐴2℩℩) ⊆ (𝐶1𝑘+1 ∪ 𝐶2𝑘+1). Hence, we may assume further that 𝑟1, 𝑟2 ≥ 1; that is, 

we need to show that (𝑟1, 𝑟2) ∈ (𝐶1𝑘+1 ∪ 𝐶2𝑘+1) for 1 ≤ 𝑟1 ≤ 𝑘 + 1; 1 ≤ 𝑟2 ≤ 𝑘 + 1. 
  

Choose 𝜃𝑘+11 = 0; 𝜃𝑘+12 = 0, so that 𝑓𝑘+11 (𝜃11, . . . , 𝜃𝑘1, 𝜃𝑘+11 ) = 𝑓𝑘1(𝜃11, . . . , 𝜃𝑘1) + 1; 𝑓𝑘+12 (𝜃12, . . . , 𝜃𝑘2, 𝜃𝑘+12 ) =𝑓𝑘2(𝜃12, . . . , 𝜃𝑘2) + 1. Now, by our inductive hypothesis, the equation 𝑓𝑘1(𝜃11, . . . , 𝜃𝑘1) + 1 = 𝑟1; 𝑓𝑘2(𝜃12, . . . , 𝜃𝑘2) + 1 = 𝑟2 

has a solution since 0 ≤ 𝑟1 − 1 ≤ 𝑘;  0 ≤ 𝑟2 − 1 ≤ 𝑘. 
 

Lemma 4.1 

 Let 𝑘 ≥ 2 be a given integer. Let (𝐴1𝑘 ∪ 𝐴2𝑘) ≡ {𝑧1 ∈ 𝐶; |𝑧1| ≤ 𝑘} ∪ {𝑧2 ∈ 𝐶; |𝑧2| ≤ 𝑘} and let (𝐶1𝑘 ∪ 𝐶2𝑘) ≡{∑ 𝑒𝑖𝜃𝑗1; 𝜃𝑗1 ∈ 𝑅 𝑓𝑜𝑟 𝑗 = 1, . . . , 𝑘𝑘𝑗=1 } ∪ {∑ 𝑒𝑖𝜃𝑗2𝑘𝑗=1 ; 𝜃𝑗2 ∈ 𝑅 𝑓𝑜𝑟 𝑗 = 1, . . . , 𝑘}. Then (𝐴1𝑘 ∪ 𝐴2𝑘) = (𝐶1𝑘 ∪ 𝐶2𝑘). 
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I. The case 𝓤𝒏×𝒏 

 Let 𝛼1, 𝛼2 ∈ 𝐶 be given. Then there exist an integer 𝑘 ≥ 2 and  𝜃11, 𝜃21. . . , 𝜃𝑘1; 𝜃12, 𝜃22. . . , 𝜃𝑘2 ∈ 𝑅 such that 𝛼1 =𝑓𝑘1(𝜃11, . . . , 𝜃𝑘1); 𝛼2 = 𝑓𝑘2(𝜃12, . . . , 𝜃𝑘2). Now, notice that  (𝛼1𝐼1 ∪ 𝛼2𝐼2) = (𝑓𝑘1(𝜃11, . . . , 𝜃𝑘1)𝐼1) ∪ (𝑓𝑘2(𝜃12, . . . , 𝜃𝑘2)𝐼2) 

                    
= (𝑒𝑖𝜃11𝐼1+. . . +𝑒𝑖𝜃𝑘1𝐼1) ∪ (𝑒𝑖𝜃12𝐼2+. . . +𝑒𝑖𝜃𝑘2𝐼2) 

is a sum of matrices in 𝓤𝒏×𝒏. 

When n=1, every 𝛼1, 𝛼2 ∈ 𝐶 can be written as a sum of elements of the set of all secondary unitary bimatrices 

of order 1. When 𝑛 ≥ 2,  Lemma 3.7 guarantees that every (𝐴1 ∪ 𝐴2) ∈ 𝐶𝑛×𝑛 can be written as a sum of matrices in 𝓤𝒏×𝒏 . 

 

Lemma 4.2 

 Let n be a given positive integer. Then every (𝐴1 ∪ 𝐴2) ∈ 𝐶𝑛×𝑛 can be written as a sum of matrices in 𝓤𝒏×𝒏. 

Proof 

 Let (𝐴1 ∪ 𝐴2) ∈ 𝐶𝑛×𝑛 be given. We look at the number of matrices that make up the sum (𝐴1 ∪ 𝐴2). 

 Let 𝛼1, 𝛼2 ∈ 𝐶 be given. If |𝛼1|, |𝛼2| ≤ 𝑘 for some positive integer k, then  (𝛼1, 𝛼2) ∈ (𝐴1𝑘 ∪ 𝐴2𝑘). Moreover, (𝛼1, 𝛼2) ∈ (𝐴1𝑚 ∪ 𝐴2𝑚) for every integer 𝑚 ≥ 𝑘. 

          For any such m, Lemma 4.1 guarantees that there exist 𝜃11, . . . , 𝜃𝑚1 ;  𝜃12, . . . . , 𝜃𝑚2 ∈ 𝑅 such that 

 𝛼1 = 𝑒𝑖𝜃11+. . . +𝑒𝑖𝜃𝑚1 ;  𝛼2 = 𝑒𝑖𝜃12+. . . +𝑒𝑖𝜃𝑚2 . 
However, if  |𝛼1|, |𝛼2| < 𝑘 then 𝛼1, 𝛼2 ∉ (𝐴1𝑘 ∪ 𝐴2𝑘) and 𝛼1, 𝛼2 cannot be written as a sum of k elements of 𝓤𝟏(𝑪). 

Write (𝐴1 ∪ 𝐴2) = (𝑈1 ∪ 𝑈2)(𝛴1 ∪ 𝛴2)(𝑉1 ∪ 𝑉2)  where (𝑈1 ∪ 𝑈2), (𝑉1 ∪ 𝑉2) ∈ 𝐶𝑛×𝑛 are secondary unitary 

bimatrices and 𝛴1 =  𝑑𝑖𝑎𝑔𝐵(𝜎11, . . . , 𝜎𝑛1) with 𝜎11 ≥. . . ≥ 𝜎𝑛1 ≥ 0; 𝛴2 = 𝑑𝑖𝑎𝑔𝐵(𝜎12, . . . , 𝜎𝑛2)  with 𝜎12 ≥. . . ≥ 𝜎𝑛2 ≥ 0. 
Let k be the least integer such that 𝜎11, 𝜎12 ≤ 𝑘.  Suppose that 𝑘 ≥ 2. Then for each l, we have 𝜎𝑙1, 𝜎𝑙2 ∈(𝐴1𝑘 ∪ 𝐴2𝑘). Moreover, 𝜎𝑙1, 𝜎12 ∉ (𝐴1𝑘−1 ∪ 𝐴2𝑘−1). 

Hence, (𝐴1 ∪ 𝐴2) cannot be written as a sum of k-1 secondary unitary bimatrices. However, for each l, we 

have 𝜎𝑙1 = 𝑒𝑖𝜃𝑙11 +. . . +𝑒𝑖𝜃𝑙𝑘1 , 𝜎𝑙2 = 𝑒𝑖𝜃𝑙12 +. . . +𝑒𝑖𝜃𝑙𝑘2 ,where each (𝜃𝑙11 , . . . , 𝜃𝑙𝑘1 ); (𝜃𝑙12 , . . . , 𝜃𝑙𝑘2 ) ∈ 𝑅. 
For each 𝑡 = 1, . . . , 𝑘, set  

                       (𝑈1𝑡 ∪ 𝑈2𝑡) = 𝑑𝑖𝑎𝑔𝐵(𝑒𝑖𝜃1𝑡1 , . . . , 𝑒𝑖𝜃𝑛𝑡1 ) ∪ 𝑑𝑖𝑎𝑔𝐵(𝑒𝑖𝜃1𝑡2 , . . . , 𝑒𝑖𝜃𝑛𝑡2 ).  
Then (𝑈1𝑡 ∪ 𝑈2𝑡) ∈ 𝐶𝑛×𝑛 is secondary unitary bimatrix and  ∑ (𝑈1𝑡 ∪ 𝑈2𝑡)𝑘𝑡=1 = (𝛴1 ∪ 𝛴2). Hence, (𝐴1 ∪ 𝐴2) 

can be written as a sum of k secondary unitary bimatrices. 

 Suppose that k=1. If 𝜎𝑛1 = 1; 𝜎𝑛2 = 1, Then (𝛴1 ∪ 𝛴2) = (𝐼1 ∪ 𝐼2) and (𝐴1 ∪ 𝐴2) is secondary unitary 

bimatrix. If  𝜎𝑛1 ≠ 1; 𝜎𝑛2 ≠ 1,then for each l, we have 𝜎𝑙1, 𝜎𝑙2 ∈ (𝐴1℩℩ ∪ 𝐴2℩℩), and (𝐴1 ∪ 𝐴2)  can be written as a sum of 

two secondary unitary bimatrices. 

 

Theorem 4.3 

 Let (𝐴1 ∪ 𝐴2) ∈ 𝐶𝑛×𝑛 be given. Let k be the least (positive) integer so that there exist  (𝑈11 ∪ 𝑈21), (𝑈12 ∪ 𝑈22), . . . , (𝑈1𝑘 ∪ 𝑈2𝑘) ∈ 𝓤𝒏×𝒏 satisfying (𝑈11 ∪ 𝑈21)+. . . +(𝑈1𝑘 ∪ 𝑈2𝑘) = (𝐴1 ∪ 𝐴2). 
1. If 𝐴1 ∪ 𝐴2 is secondary unitary bimatrix, then k=1. 

2. If  𝐴1 ∪ 𝐴2 is not secondary unitary bimatrix and 𝜎𝑙1(𝐴1) ∪ 𝜎𝑙2(𝐴2) ≤ 2 then k=2. 

3. If  𝑚 ≥ 2 is an integer such that 𝑚 < 𝜎𝑙1(𝐴1) ∪ 𝜎𝑙2(𝐴2) ≤ 𝑚 + 1 then k=m+1. 

For positive integers 𝑚 ≥ 𝑘, we have (𝐴1𝑘 ∪ 𝐴2𝑘) ⊆ (𝐴1𝑚 ∪ 𝐴2𝑚). Hence, every  (𝑈1 ∪ 𝑈2) ∈ 𝓤𝒏×𝒏 can be 

written as a sum of two or more elements of 𝓤𝒏×𝒏. 

It follows that every (𝐴1 ∪ 𝐴2) ∈ 𝐶𝑛×𝑛 that can be written as a sum of k elements of  𝓤𝒏×𝒏 can be written as a 

sum of m elements of 𝓤𝒏×𝒏. 

 

II. The case 𝑂𝑛×𝑛 

 Let n=2. Let 𝛼1, 𝛼2, 𝛽1, 𝛽2 ∈ 𝐶 be given.  

Set (𝐴1(𝛼1, 𝛽1) ∪ 𝐴2(𝛼2, 𝛽2)) ≡ [ 𝛼1 𝛽1−𝛽1 𝛼1] ∪ [ 𝛼2 𝛽2−𝛽2 𝛼2]      (2) 
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Choose 𝛽1, 𝛽2 such that 𝛼12 + 𝛽12 = 1;𝛼22 + 𝛽22 = 1  and notice that     (𝐴1(±𝛼1, ±𝛽1) ∪ 𝐴2(±𝛼2, ±𝛽2)) ∈𝑂2×2 

Set (𝐴1℩ ∪ 𝐴2℩ ) ≡ (𝐴1(𝛼1, 𝛽1) ∪ 𝐴2(𝛼2, 𝛽2)) and 

      (𝐴1℩℩ ∪ 𝐴2℩℩) ≡ (𝐴1(𝛼1, −𝛽1) ∪ 𝐴2(𝛼2, −𝛽2)) 

Then (𝐴1℩ ∪ 𝐴2℩ ) + (𝐴1℩℩ ∪ 𝐴2℩℩) = 2[𝛼1𝐼1𝐼𝐼 ∪ 𝛼2𝐼2𝐼𝐼]. Lemma 3.7 guarantees that every (𝐴1 ∪ 𝐴2) ∈ 𝐶2×2 can be 

written as a sum of bimatrices from 𝑂2×2. 

 We look at the case when n=3. Let 𝛼1, 𝛼2, 𝛽1, 𝛽2 ∈ 𝐹 be given. 

Set [𝐵1(𝛼1, 𝛽1) ∪ 𝐵2(𝛼2, 𝛽2)] ≡ [1 0 00 𝛼1 𝛽10 −𝛽1 𝛼1] ∪ [1 0 00 𝛼2 𝛽20 −𝛽2 𝛼2],    (3) 

set [𝐶1(𝛼1, 𝛽1) ∪ 𝐶2(𝛼2, 𝛽2)] ≡ [ 𝛼1 0 𝛽10 1 0−𝛽1 0 𝛼1] ∪ [ 𝛼2 0 𝛽20 1 0−𝛽2 0 𝛼2]    (4) 

and  set [𝐷1(𝛼1, 𝛽1) ∪ 𝐷2(𝛼2, 𝛽2)] ≡ [ 𝛼1 𝛽1 0−𝛽1 𝛼1 00 0 1] ∪ [ 𝛼2 𝛽2 0−𝛽2 𝛼2 00 0 1]    (5) 

 

Choose 𝛽1, 𝛽2 so that  𝛼12 + 𝛽12 = 1; 𝛼22 + 𝛽22 = 1. Then [𝐵1(±𝛼1, ±𝛽1) ∪ 𝐵2(±𝛼2, ±𝛽2)], [𝐶1(±𝛼1, ±𝛽1) ∪𝐶2(±𝛼2, ±𝛽2)], and [𝐷1(±𝛼1, ±𝛽1) ∪ 𝐷2(±𝛼2, ±𝛽2)], are all elements of 𝑂3×3. 

 

 Set   (𝐵1℩ ∪ 𝐵2℩ ) ≡ [𝐵1(𝛼1, 𝛽1) ∪ 𝐵2(𝛼2, 𝛽2)], 
            (𝐵1℩℩ ∪ 𝐵2℩℩) ≡ [𝐵1(−𝛼1, 𝛽1) ∪ 𝐵2(−𝛼2, 𝛽2)], (𝐶1℩ ∪ 𝐶2℩ ) ≡ [𝐶1(𝛼1, 𝛽1) ∪ 𝐶2(𝛼2, 𝛽2)], 

     (𝐶1℩℩ ∪ 𝐶2℩℩) ≡ [𝐶1(−𝛼1, 𝛽1) ∪ 𝐶2(−𝛼2, 𝛽2)], 
    (𝐷1𝐼 ∪ 𝐷2𝐼) ≡ [𝐷1(𝛼1, 𝛽1) ∪ 𝐷2(𝛼2, 𝛽2)], 

And (𝐷1℩℩ ∪ 𝐷2℩℩) ≡ [𝐷1(−𝛼1, 𝛽1) ∪ 𝐷2(−𝛼2, 𝛽2)]. 
 

Then, (𝐵1℩ ∪ 𝐵2℩ ) − (𝐵1℩℩ ∪ 𝐵2℩℩) + (𝐶1℩ ∪ 𝐶2℩ ) − (𝐶1℩℩ ∪ 𝐶2℩℩) +(𝐷1𝐼 ∪ 𝐷2𝐼) − (𝐷1℩℩ ∪ 𝐷2℩℩) = 2[𝛼1𝐼1℩℩℩ ∪ 𝛼2𝐼2℩℩℩] 
 

Lemma 3.7 now guarantees that every  (𝐴1 ∪ 𝐴2) ∈ 𝐶3×3 can be written as a sum of bimatrices in 𝑂3×3. 

Let n=2m be a positive even integer, and let 𝛿1, 𝛿2 ∈ 𝐶 be given. Choose  (𝐴1 ℩ ∪ 𝐴2 ℩), (𝐴1 ℩℩ ∪ 𝐴2 ℩℩) ∈ 𝑂2×2so that [(𝐴1 ℩ ∪ 𝐴2 ℩) + (𝐴1℩℩ ∪ 𝐴2 ℩℩)] = [𝛿1𝐼1 ℩℩ ∪ 𝛿2𝐼2 ℩℩]. 
Set   (𝐸1 ℩ ∪ 𝐸2 ℩) = (𝐴1 ℩ ∪ 𝐴2 ℩) ⊕. . .⊕ (𝐴1 ℩ ∪ 𝐴2 ℩)(𝑚 𝑐𝑜𝑝𝑖𝑒𝑠) 

and set          (𝐸1 ℩℩ ∪ 𝐸2 ℩℩) = (𝐴1 ℩℩ ∪ 𝐴2 ℩℩) ⊕. . .⊕ (𝐴1 ℩℩ ∪ 𝐴2 ℩℩)(𝑚 𝑐𝑜𝑝𝑖𝑒𝑠). 

Then(𝐸1 ℩ ∪ 𝐸2 ℩), (𝐸1 ℩℩ ∪ 𝐸2 ℩℩) ∈ 𝑂2𝑚×2𝑚, and [(𝐸1 ℩ + 𝐸1 ℩℩) ∪ (𝐸2 ℩ + 𝐸2 ℩℩)] = (𝛿1𝐼12𝑚 ∪ 𝛿2𝐼22𝑚) 

Let 𝑛 = 2𝑚 + 1 ≥ 3 be an odd integer, and let 𝛿1, 𝛿2 ∈ 𝐶 be given.  

Choose (𝐴1 ℩ ∪ 𝐴2 ℩), (𝐴1 ℩℩ ∪ 𝐴2 ℩℩) ∈ 𝑂2×2so that ((𝐴1 ℩ + 𝐴1 ℩℩) ∪ (𝐴2 ℩ + 𝐴2 ℩℩)) = (𝛿1𝐼1 ℩℩ ∪ 𝛿2𝐼2 ℩℩). 

Also, choose (𝐵1 ℩ ∪ 𝐵2 ℩), (𝐵1 ℩℩ ∪ 𝐵2 ℩℩), (𝐶1 ℩ ∪ 𝐶2 ℩), (𝐶1 ℩℩ ∪ 𝐶2 ℩℩), (𝐷1 ℩ ∪ 𝐷2 ℩), (𝐷1 ℩℩ ∪ 𝐷2 ℩℩) ∈ 𝑂3×3. 

Such that [(𝐵1 ℩ − 𝐵1 ℩℩) ∪ (𝐵2 ℩ − 𝐵2 ℩℩)] + [(𝐶1 ℩ − 𝐶1 ℩℩) ∪ (𝐶2 ℩ − 𝐶2 ℩℩)] + 

     [(𝐷1 ℩ − 𝐷1 ℩℩) ∪ (𝐷2 ℩ − 𝐷2 ℩℩)] = (𝛿1𝐼1 ℩℩℩ + 𝛿2𝐼2  ℩℩℩) 

Set (𝐸1 ℩ − 𝐸2 ℩) = (𝐴1 ℩ ∪ 𝐴2 ℩) ⊕. . .⊕ (𝐴1 ℩ ∪ 𝐴2 ℩) ⊕ (𝐵1 ℩ ∪ 𝐵2 ℩)[𝑚 − 1 𝑐𝑜𝑝𝑖𝑒𝑠 𝑜𝑓(𝐴1 ℩ ∪ 𝐴2 ℩)] 
Set     (𝐸1℩℩ ∪ 𝐸2 ℩℩) = (𝐴1  ℩℩ ∪ 𝐴2 ℩℩) ⊕. . .⊕ (𝐴1℩℩ ∪ 𝐴2 ℩℩) ⊕ (−𝐵1 ℩℩ ∪ −𝐵2 ℩℩)[𝑚 − 1 𝑐𝑜𝑝𝑖𝑒𝑠 𝑜𝑓(𝐴1 ℩℩ ∪ 𝐴2 ℩℩)], 
Set  (𝐸1 ℩℩℩ ∪ 𝐸2 ℩℩℩) = (𝐼12𝑚−2 ∪ 𝐼22𝑚−2) ⊕ (𝐶1 ℩ ∪ 𝐶2 ℩), 
Set (𝐸1 ℩𝑣 ∪ 𝐸2 ℩𝑣) = −(𝐼12𝑚−2 ∪ 𝐼22𝑚−2) ⊕ −(𝐶1 ℩℩ ∪ 𝐶2 ℩℩), 
Set     (𝐸1𝑣 ∪ 𝐸2𝑣) = (𝐼12𝑚−2 ∪ 𝐼22𝑚−2) ⊕ (𝐷1 ℩ ∪ 𝐷2 ℩), 
and    set (𝐸1 𝑣℩ ∪ 𝐸2 𝑣℩) = −(𝐼12𝑚−2 ∪ 𝐼22𝑚−2) ⊕ −(𝐷1 ℩℩ ∪ 𝐷2 ℩℩). 

 

Then each (𝐸1𝑗 ∪ 𝐸2𝑗) ∈ 𝑂2𝑚+1, and (𝐸1 ℩ ∪ 𝐸2 ℩)+. . . +(𝐸1 𝑣℩ ∪ 𝐸2 𝑣℩) = (𝛿1𝐼12𝑚+1 ∪ 𝛿2𝐼22𝑚+1). 

Hence, for every 𝛼1, 𝛼2 ∈ 𝐶 and for every integer 𝑛 ≥ 2, (𝛼1𝐼1 ∪ 𝛼2𝐼2) can be written as a sum of bimatrices 

from 𝑂𝑛×𝑛 . Lemma 4.2 guarantees that every (𝐴1 ∪ 𝐴2) ∈ 𝐶𝑛×𝑛 can be written as a sum of bimatrices from 𝑂𝑛×𝑛. 
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Theorem 4.4 

 Let 𝑛 ≥ 2 be a given integer. Then every (𝐴1 ∪ 𝐴2) ∈ 𝐶𝑛×𝑛 can be written as a sum of bimatrices from 𝑂𝑛×𝑛 . 
Proof 

 Suppose that (𝐴1 ∪ 𝐴2) = [(𝑄1 ℩ + 𝑄1 ℩℩) ∪ (𝑄2 ℩ + 𝑄2 ℩℩)], where (𝑄1 ℩ ∪ 𝑄2 ℩), (𝑄1 ℩℩ ∪ 𝑄2 ℩℩) ∈ 𝑂𝑛×𝑛. 

Then one checks that (𝐴1𝑉1𝐴1𝑇𝑉1 ∪ 𝐴2𝑉2𝐴2𝑇𝑉2) = (𝑄1 ℩𝐴1𝑠 ∪ 𝑄2 ℩𝐴2𝑠)(𝐴1𝑄1 ℩𝑠 ∪ 𝐴2𝑄2 ℩𝑠), so that (𝐴1𝑉1𝐴1𝑇𝑉1 ∪𝐴2𝑉2𝐴2𝑇𝑉2) and (𝑉1𝐴1𝑇𝑉1𝐴1 ∪ 𝑉2𝐴2𝑇𝑉2𝐴2) are similar. Theorem 13 of [3] ensures that (𝐴1 ∪ 𝐴2) + (𝑄1𝑆1 ∪ 𝑄2𝑆2), 
where (𝑄1 ∪ 𝑄2) is secondary orthogonal bimatrix and (𝑆1 ∪ 𝑆2) is secondary symmetric bimatrix (or that (𝐴1 ∪ 𝐴2) 

has a (𝑄1𝑆1 ∪ 𝑄2𝑆2) bidecomposition). 

Suppose now that has a (𝑄1𝑆1 ∪ 𝑄2𝑆2) bidecomposition. Is it true that (𝐴1 ∪ 𝐴2) can be written as a sum of 

two (complex) secondary orthogonal bimatrices? 

 Take the case n=1, and notice that every (𝐴1 ∪ 𝐴2) ∈ 𝐶𝑛×𝑛 is a scalar and has a (𝑄1𝑆1 ∪ 𝑄2𝑆2) 

bidecomposition. 

 However, only the integers can be written as a sum of secondary orthogonal bimatrices in this case. 

 

Lemma 4.5 

 Let an integer 𝑛 ≥ 2 and 0 ≠ 𝛼1; 0 ≠ 𝛼2 ∈ ℂ be given. If (𝛼1𝐼1 ∪ 𝛼2𝐼2) = (𝑄1 ∪ 𝑄2) + (𝑊1 ∪ 𝑊2) is a sum 

of two bimatrices from 𝑂𝑛×𝑛, then there exists a secondary skew-symmetric  bimatrix (𝐷1 ∪ 𝐷2) ∈ 𝐶𝑛×𝑛 such that (𝑄1 ∪ 𝑄2) = (𝛼12 𝐼1 ∪ 𝛼22 𝐼2) + (𝐷1 ∪ 𝐷2), (𝑊1 ∪ 𝑊2) = (𝛼12 𝐼1 ∪ 𝛼22 𝐼2) − (𝐷1 ∪ 𝐷2), 
and  (𝐷1𝑉1𝐷1𝑇𝑉1 ∪ 𝐷2𝑉2𝐷2𝑇𝑉2) = [(1 − 𝛼124 ) 𝐼1 ∪ (1 − 𝛼224 ) 𝐼2]. 

Conversely, if there exists a secondary skew-symmetric bimatrix (𝐷1 ∪ 𝐷2) ∈ 𝐶𝑛×𝑛 such that (𝐷1𝑉1𝐷1𝑇𝑉1 ∪𝐷2𝑉2𝐷2𝑇𝑉2) = [(1 − 𝛼124 ) 𝐼1 ∪ (1 − 𝛼224 ) 𝐼2],then(𝑄1 ∪ 𝑄2) ≡ (𝛼12 𝐼1 ∪ 𝛼22 𝐼2) + (𝐷1 ∪ 𝐷2) and (𝑊1 ∪ 𝑊2) ≡(𝛼12 𝐼1 ∪ 𝛼22 𝐼2) − (𝐷1 ∪ 𝐷2) are in 𝑂𝑛×𝑛 and (𝑄1 ∪ 𝑄2) + (𝑊1 ∪ 𝑊2) = (𝛼1𝐼1 ∪ 𝛼2𝐼2). 

 

Proof 

 Let an integer 𝑛 ≥ 2 and 0 ≠ 𝛼1; 0 ≠ 𝛼2 ∈ ℂ be given. Suppose that (𝛼1𝐼1 ∪ 𝛼2𝐼2) ∈ 𝐶𝑛×𝑛 can be written as a 

sum of two secondary orthogonal bimatrices, say (𝛼1𝐼1 ∪ 𝛼2𝐼2) = (𝑄1 ∪ 𝑄2) + (𝑊1 ∪ 𝑊2), 

 Write (𝑄1 ∪ 𝑄2) = [𝑎𝑖𝑗1 ∪ 𝑎𝑖𝑗2 ] = [𝑞11. . . 𝑞𝑛1] ∪ [𝑞12. . . 𝑞𝑛2] and (𝑊1 ∪ 𝑊2) = [𝑏𝑖𝑗1 ∪ 𝑏𝑖𝑗2 ] = [𝑤11 . . . 𝑤𝑛1] ∪[𝑤12. . . 𝑤𝑛2]. Then 𝑏𝑖𝑗1 = −𝑎𝑖𝑗1  and 𝑏𝑖𝑗2 = −𝑎𝑖𝑗2  for 𝑖 ≠ 𝑗. 
Now, for each 𝑖 = 1, . . . , 𝑛, we have ∑ 𝑎𝑖𝑗12𝑛𝑖=1 = 𝑞𝑖1𝑇𝑞𝑖1 = 1 = 𝑤𝑖1𝑇𝑣𝑖1 = ∑ 𝑏𝑖𝑗12𝑛𝑗=1 = 𝑏𝑖𝑖12 + ∑ 𝑎𝑖𝑗12𝑛𝑗≠𝑖,𝑗=1  

and   ∑ 𝑎𝑖𝑗22𝑛𝑗=1 = 𝑞𝑖2𝑇𝑞𝑖2 = 1 = 𝑤𝑖2𝑇𝑣𝑖2 = ∑ 𝑏𝑖𝑗22𝑛𝑗=1 = 𝑏𝑖𝑖22 + ∑ 𝑎𝑖𝑗22𝑛𝑗≠𝑖,𝑗=1  

Hence,  𝑏𝑖𝑖1 = ±𝑎𝑖𝑖1  and 𝑏𝑖𝑖2 = ±𝑎𝑖𝑖2 . 
Because  (𝑄1 ∪ 𝑄2) + (𝑊1 ∪ 𝑊2) = (𝛼1𝐼1 ∪ 𝛼2𝐼2) and 𝛼1 ≠ 0; 𝛼2 ≠ 0 we have 𝑏𝑖𝑖1 = 𝑎𝑖𝑖1 = 𝛼12 ; 𝑏𝑖𝑖2 = 𝑎𝑖𝑖2 =𝛼22 . Set (𝐷1 ∪ 𝐷2) = [𝑑𝑖𝑗1 ] ∪ [𝑑𝑖𝑗2 ],  with 𝑑𝑖𝑗1 = 𝑎𝑖𝑗1 ; 𝑑𝑖𝑗2 = 𝑎𝑖𝑗2  if 𝑖 ≠ 𝑗, and 𝑑𝑖𝑖1 = 0; 𝑑𝑖𝑖2 = 0,so that (𝑄1 ∪ 𝑄2) =(𝛼12 𝐼1 ∪ 𝛼22 𝐼2) + (𝐷1 ∪ 𝐷2) and (𝑊1 ∪ 𝑊2) = (𝛼12 𝐼1 ∪ 𝛼22 𝐼2) − (𝐷1 ∪ 𝐷2). 

Now, since (𝑄1 ∪ 𝑄2) and (𝑉1 ∪ 𝑉2) are secondary orthogonal bimatrices, we have  (𝑄1𝑉1𝑄1𝑇𝑉1 ∪ 𝑄2𝑉2𝑄2𝑇𝑉2) ≡ (𝛼124 𝐼1 ∪ 𝛼224 𝐼2) + [𝛼12 (𝐷1 + 𝐷1𝑇) ∪ 𝛼22 (𝐷2 + 𝐷2𝑇)] + (𝐷1𝑉1𝐷1𝑇𝑉1 ∪ 𝐷2𝑉2𝐷2𝑇𝑉2) 

              = (𝐼1 ∪ 𝐼2)        (6) 

And  (𝑊1𝑊1𝑠 ∪ 𝑊2𝑊2𝑠)      ≡ (𝛼124 𝐼1 ∪ 𝛼224 𝐼2) − [𝛼12 (𝐷1 + 𝐷1𝑇) ∪ 𝛼22 (𝐷2 + 𝐷2𝑇)] + (𝐷1𝑉1𝐷1𝑇𝑉1 ∪ 𝐷2𝑉2𝐷2𝑇𝑉2)  

          = (𝐼1 ∪ 𝐼2)
        

(7) 

Subtracting equation (7) from equation (6), we get (𝐷1 ∪ 𝐷2) = −(𝐷1𝑠 ∪ 𝐷2𝑠), so that (𝐷1 ∪ 𝐷2) is secondary 

skew-symmetric bimatrix. 

Moreover (𝐷1𝑉1𝐷1𝑇𝑉1 ∪ 𝐷2𝑉2𝐷2𝑇𝑉2) = [(1 − 𝛼124 ) 𝐼1 ∪ (1 − 𝛼224 ) 𝐼2]. 
For the converse, suppose that (𝐷1 ∪ 𝐷2) ∈ 𝐶𝑛×𝑛 is secondary skew-symmetric bimatrix and satisfies, (𝐷1𝐷1𝑠 ∪ 𝐷2𝐷2𝑠) = [(1 − 𝛼124 ) 𝐼1 ∪ (1 − 𝛼224 ) 𝐼2]. 
Set  (𝑄1 ∪ 𝑄2) ≡ (𝛼12 𝐼1 ∪ 𝛼22 𝐼2) + (𝐷1 ∪ 𝐷2) and set (𝑊1 ∪ 𝑊2) ≡ (𝛼12 𝐼1 ∪ 𝛼22 𝐼2) − (𝐷1 ∪ 𝐷2). 
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Then one checks that both (𝑄1 ∪ 𝑄2) and (𝑊1 ∪ 𝑊2) are secondary orthogonal bimatrices and [(𝑄1 + 𝑊1) ∪(𝑄2 + 𝑊2)] = (𝛼1𝐼1 ∪ 𝛼2𝐼2). 
 

Remark 4.6 

 When 𝛼1 = 0; 𝛼2 = 0, then for any secondary orthogonal bimatrix (𝑄1 ∪ 𝑄2), notice that  (𝛼1𝐼1 ∪ 𝛼2𝐼2) = [(𝑄1 + (−𝑄1)) ∪ (𝑄2 + (−𝑄2))] is a sum of two secondary orthogonal bimatrices. 

Let n=2 and 𝛼1 ≠ 0; 𝛼2 ≠ 0. Set 𝛽1 ≡ √1 − 𝛼124 ; 𝛽2 ≡ √1 − 𝛼224  (either square root). 

Then (𝐷1 ∪ 𝐷2) ≡ [ 0 𝛽1−𝛽1 0 ] ∪ [ 0 𝛽2−𝛽2 0 ] is secondary skew-symmetric bimatrix and satisfies (𝐷1𝑉1𝐷1𝑇𝑉1 ∪ 𝐷2𝑉2𝐷2𝑇𝑉2) = [(1 − 𝛼124 ) 𝐼1 ∪ (1 − 𝛼224 ) 𝐼2]. 
Lemma 4.5 guarantees that (𝛼1𝐼1 ∪ 𝛼2𝐼2) can be written as a sum of two secondary orthogonal bimatrices. 

 If n=2k and 𝛼1 ≠ 0; 𝛼2 ≠ 0, set (𝐸1 ∪ 𝐸2) = (𝐷1 ∪ 𝐷2) ⊕. . .⊕ (𝐷1 ∪ 𝐷2)  (k copies) and notice that (𝐸1 ∪ 𝐸2)is secondary skew-symmetric bimatrix and satisfies(𝐸1𝑉1𝐸1𝑇𝑉1 ∪ 𝐸2𝑉2𝐸2𝑇𝑉2)(𝐸1𝐸1𝑇 ∪ 𝐸2𝐸2𝑇) = [(1 −𝛼124 ) 𝐼1 ∪ (1 − 𝛼224 ) 𝐼2] . 
Hence, if n=2k and if 𝛼1, 𝛼2 be a scalar, then (𝛼1𝐼1 ∪ 𝛼2𝐼2) can be written as a sum of two secondary 

orthogonal bimatrices. 

 

Theorem 4.7 

 Let n be a given positive integer. For each 𝛼1, 𝛼2 ∈ ℂ and each secondary orthogonal bimatrix  (𝑄1 ∪ 𝑄2) ∈ 𝐶2𝑛, (𝛼1𝑄1 ∪ 𝛼2𝑄2) can be written as a sum of two secondary orthogonal bimatrices. 

Remark 4.8 

 Let an integer 𝑛 ≥ 2 be given. If 𝛼1, 𝛼2 ∈ {−2,0,2} then one checks that (𝛼1𝐼1 ∪ 𝛼2𝐼2) ∈ 𝐶𝑛×𝑛 can be written 

as a sum of two secondary orthogonal bimatrices. 

 

Theorem 4.9 

 Let 𝛼1, 𝛼2 ∈ ℂand let a positive integer n be given. Then (𝛼1𝐼1 ∪ 𝛼2𝐼2) ∈ 𝐶2𝑛+1 can be written as a sum of 

two secondary orthogonal bimatrices from 𝑂𝑛×𝑛 if and only if 𝛼1, 𝛼2 ∈ {−2,0,2}. 
Proof 

 For the forward implication, let 𝛼1, 𝛼2 ∈ ℂand let a positive integer n be given. 

Suppose that (𝛼1𝐼1 ∪ 𝛼2𝐼2) ∈ 𝐶2𝑛+1can be written as a sum of two secondary orthogonal bimatrices. 

Then 𝛼1 = 0; 𝛼2 ≠ 0 (or) 𝛼1 ≠ 0; 𝛼2 ≠ 0. If 𝛼1 = 0; 𝛼2 = 0, then 𝛼1, 𝛼2 ∈ {−2,0,2}. 
If  𝛼1 ≠ 0; 𝛼2 ≠ 0,we show that 𝛼1 = 𝛼2 = ±2. Lemma 3.5 guarantees that there exists a secondary skew-

symmetric bimatrix (𝐷1 ∪ 𝐷2) ∈ 𝐶𝑛×𝑛 satisfying  (𝐷1𝑉1𝐷1𝑇𝑉1 ∪ 𝐷2𝑉2𝐷2𝑇𝑉2) = [(1 − 𝛼124 ) 𝐼1 ∪ (1 − 𝛼224 ) 𝐼2]. 
Now, since n is odd, the secondary skew-symmetric bimatrix (𝐷1 ∪ 𝐷2) is singular. Hence, (𝐷1𝑉1𝐷1𝑇𝑉1 ∪𝐷2𝑉2𝐷2𝑇𝑉2)  is singular and 𝛼1 = 𝛼2 = ±2. 
The backward implication can be show by direct computation. 

 

V. CONCLUSION 

 

Here, we have studied some properties and important results of secondary orthogonal bimatrices as a 

generalization of orthogonal and secondary orthogonal matrices. Also, we have determined which bimatrices (if any) in 𝐶𝑛×𝑛can be written as a sum of secondary unitary or secondary orthogonal bimatrices. 
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	Definition 2.1 [7]
	A bimatrix ,𝐴-𝐵. is defined as the union of two rectangular array of numbers A1 and A2 arranged into rows and columns. It is written as ,𝐴-𝐵.=,𝐴-1.∪,𝐴-2. with ,𝐴-1.≠,𝐴-2. (except zero and unit bimatrices) where,
	,𝐴-1.=,,,𝑎-11-1.-,𝑎-12-1.-⋯-,𝑎-1𝑛-1.-,𝑎-21-1.-,𝑎-22-1.-⋯-,𝑎-2𝑛-1.-⋮-⋮-⋱-⋮-,𝑎-𝑚1-1.-,𝑎-𝑚2-1.-⋯-,𝑎-𝑚𝑛-1... and ,𝐴-2.=,,,𝑎-11-2.-,𝑎-12-2.-⋯-,𝑎-1𝑛-2.-,𝑎-21-2.-,𝑎-22-2.-⋯-,𝑎-2𝑛-2.-⋮-⋮-⋱-⋮-,𝑎-𝑚1-2.-,𝑎-𝑚2-2.-⋯-,𝑎-𝑚𝑛-2...
	′∪′ is just for the notational convenience (symbol) only.
	Definition 2.2 [7]
	Let ,𝐴-𝐵.=,𝐴-1.∪,𝐴-2. and ,𝐶-𝐵.=,𝐶-1.∪,𝐶-2. be any two m x n bimatrices. The sum ,𝐷-𝐵. of the bimatrices ,𝐴-𝐵. and ,𝐶-𝐵. is defined as
	,𝐷-𝐵.=,𝐴-𝐵.+,𝐶-𝐵.=,,𝐴-1.∪,𝐴-2..+,,𝐶-1.∪,𝐶-2..=,,𝐴-1.+,𝐶-1..∪,,𝐴-2.+,𝐶-2..
	Where ,𝐴-1.+,𝐶-1. and ,𝐴-2.+,𝐶-2. are the usual addition of matrices.
	Definition 2.3 [8]
	If ,𝐴-𝐵.=,𝐴-1.∪,𝐴-2. and ,𝐶-𝐵.=,𝐶-1.∪,𝐶-2. be two bimatrices, then ,𝐴-𝐵. and ,𝐶-𝐵. are said to be equal (written as ,𝐴-𝐵.=,𝐶-𝐵.) if and only if A1 and C1 are identical and A2 and C2 are identical. (That is, A1 = C1 and A2 = C2).
	Definition 2.4 [8]
	Given a bimatrix ,𝐴-𝐵.=,𝐴-1.∪,𝐴-2. and a scalar 𝜆, the product of 𝜆 and ,𝐴-𝐵. written as 𝜆,𝐴-𝐵. is defined to be
	𝜆,𝐴-𝐵.=,,𝜆,𝑎-11-1.-𝜆,𝑎-12-1.-⋯-𝜆,𝑎-1𝑛-1.-𝜆,𝑎-21-1.-𝜆,𝑎-22-1.-⋯-𝜆,𝑎-2𝑛-1.-⋮-⋮-⋱-⋮-𝜆,𝑎-𝑚1-1.-𝜆,𝑎-𝑚2-1.-⋯-𝜆,𝑎-𝑚𝑛-1...∪,,𝜆,𝑎-11-2.-𝜆,𝑎-12-2.-⋯-𝜆,𝑎-1𝑛-2.-𝜆,𝑎-21-2.-𝜆,𝑎-22-2.-⋯-𝜆,𝑎-2𝑛-2.-⋮-⋮-⋱-⋮-𝜆,𝑎-𝑚1-2.-𝜆,𝑎-�..
	=,𝜆,𝐴-1.∪𝜆,𝐴-2...
	That is, each element of A1 and A2 are multiplied by 𝜆.
	Remark 2.5 [8]
	If ,𝐴-𝐵.=,𝐴-1.∪,𝐴-2.be a bimatrix, then we call A1 and A2 as the component matrices of the bimatrix AB.
	Definition 2.6 [7]
	If ,𝐴-𝐵.=,𝐴-1.∪,𝐴-2. and ,𝐶-𝐵.=,𝐶-1.∪,𝐶-2. are both n x n square bimatrices then, the bimatrix multiplication is defined as, ,𝐴-𝐵.×,𝐶-𝐵.=,,𝐴-1.,𝐶-1..∪,,𝐴-2.,𝐶-2...
	Definition 2.7 [7]
	Let  ,𝐴-𝐵-𝑚×𝑚.=,𝐴-1.∪,𝐴-2. be a mxm square bimatrix.
	We define ,𝐼-𝐵-𝑚×𝑚.=,𝐼-𝑚×𝑚.∪,𝐼-𝑚×𝑚.=,𝐼-1-𝑚×𝑚.∪,𝐼-2-𝑚×𝑚. to be the identity bimatrix.
	Definition 2.8 [7]
	Let ,𝐴-𝐵-𝑚×𝑚.=,𝐴-1.∪,𝐴-2. be a square bimatrix, AB is a symmetric bimatrix if the component matrices A1 and A2 are symmetric matrices. i.e, ,𝐴-1.=,𝐴-1-𝑇. and ,𝐴-2.=,𝐴-2-𝑇..
	Definition 2.9 [7]
	Let ,𝐴-𝐵-𝑚×𝑚.=,𝐴-1.∪,𝐴-2. be a mxm square bimatrix i.e, A1 and A2 are mxm square matrices. A skew-symmetric bimatrix is a bimatrix AB for which ,𝐴-𝐵.=−,𝐴-𝐵-𝑇., where −,𝐴-𝐵-𝑇.=−,𝐴-1-𝑇.∪−,𝐴-2-𝑇. i.e, the component matrices A1 and A2 a...
	Definition 2.10[4]
	A bimatrix ,𝐴-𝐵.=,𝐴-1.∪,𝐴-2. is said to be unitary bimatrix,
	if ,𝐴-𝐵.,𝐴-𝐵-∗.=,𝐴-𝐵-∗.,𝐴-𝐵.=,𝐼-𝐵. (or) ,,𝐴-1.,𝐴-1-∗.∪,𝐴-2.,𝐴-2-∗..=,,𝐴-1-∗.,𝐴-1.∪,𝐴-2-∗.,𝐴-2..=,𝐼-1.∪,𝐼-2..
	(That is, the component matrices of AB are unitary.)
	That is, ,𝐴-𝐵-∗.=,𝐴-𝐵-−1. (or) ,,𝐴-1-∗.∪,𝐴-2-∗..=,,𝐴-1-−1.∪,𝐴-2-−1...
	Definition 2.11 [5]
	A bimatrix ,𝐴-𝐵.=,𝐴-1.∪,𝐴-2. is said to be orthogonal bimatrix,
	if ,𝐴-𝐵.,𝐴-𝐵-𝑇.=,𝐴-𝐵-𝑇.,𝐴-𝐵.=,𝐼-𝐵. (or) ,,𝐴-1.,𝐴-1-𝑇.∪,𝐴-2.,𝐴-2-𝑇..=,,𝐴-1-𝑇.,𝐴-1.∪,𝐴-2-𝑇.,𝐴-2..=,𝐼-1.∪,𝐼-2..
	(That is, the component matrices of AB are orthogonal.)
	Definition 3.1 [6]
	A bimatrix ,𝐴-𝐵. =,𝐴-1.∪,𝐴-2. is said to be secondary orthogonal bimatrix, if ,𝐴-𝐵.,𝑉-𝐵.,𝐴-𝐵-𝑇.,𝑉-𝐵.=,𝑉-𝐵.,𝐴-𝐵-𝑇.,𝑉-𝐵.,𝐴-𝐵 .=,𝐼-𝐵 . or ,𝐴-𝐵.,𝐴-𝐵-𝑆.=,𝐴-𝐵-𝑆.,𝐴-𝐵.=,𝐼-𝐵. where ,𝑉-𝐵. is a permutation bimatrix with un...
	(That is, the component matrices of AB are secondary orthogonal.)
	That is, ,𝐴-𝐵-𝑆.=,𝐴-𝐵-−1. (or) ,,𝐴-1-𝑆.∪,𝐴-2-𝑆..=,,𝐴-1-−1.∪,𝐴-2-−1...
	Remark 3.2
	Let ,𝐴-𝐵.=,𝐴-1.∪,𝐴-2. be a secondary orthogonal bimatrix. If A1 and A2 are square and possess the same order then  AB is called square secondary orthogonal bimatrix, and if A1 and A2 are of different orders then AB is called mixed square secondar...
	Example 3.3
	(1) ,𝐴-𝐵.=,,,3-5.-,4-5.-0-−,4-5.-,3-5.-0-0-0-1.. ∪   ,,,2-3.-,1-3.-,2-3.-,1-3.-,2-3.-−,2-3.-−,2-3.-,2-3.-,1-3... is a square secondary orthogonal bimatrix.
	(2) ,𝐴-𝐵.=,,,𝑠𝑖𝑛-𝜃.-,𝑐𝑜𝑠-𝜃.-,𝑐𝑜𝑠-𝜃.-−,𝑠𝑖𝑛-𝜃...∪,,1-0-0-0-,𝑐𝑜𝑠-𝜃.-,−𝑠𝑖𝑛-𝜃.-0-,𝑠𝑖𝑛-𝜃.-,𝑐𝑜𝑠-𝜃...is a mixed square secondary orthogonal bimatrix.
	Definition 3.4[4]
	Let ,𝐴-𝐵.=,𝐴-1.∪,𝐴-2. be an 𝑛×𝑛 complex bimatrix. (A bimatrix ,𝐴-𝐵. is said to be complex if it takes entries from the complex field). ,𝐴-𝐵-𝑆. is called a secondary unitary bimatrix if ,𝐴-𝐵.,,𝑉-𝐵.𝐴-𝐵-∗.,𝑉-𝐵.=,,𝑉-𝐵.𝐴-𝐵-∗.,,𝑉-𝐵....
	That is, ,𝐴-1.,𝑉-1.,𝐴-1-∗.,𝑉-1.∪,𝐴-2.,,𝑉-2.𝐴-2-∗.,𝑉-2.=,,𝑉-1.𝐴-1-∗.,,𝑉-1.𝐴-1.∪,𝑉-2.,𝐴-2-∗.,𝑉-2.,𝐴-2.=,𝐼-1.∪,𝐼-2..
	Example 3.5
	,𝐴-𝐵.=,𝐴-1.∪,𝐴-2.=,1-,2..,,𝑖-𝑖-𝑖-−𝑖..∪,1-2.,,1+𝑖-−1+𝑖-1+𝑖-1−𝑖..​​is a secondary unitary bimatrix.
	In this paper, we have determined which bimatrices (if any) in ,𝐶-𝑛×𝑛.can be written as a sum of secondary unitary or secondary orthogonal bimatrices. We let ,𝓤-𝒏×𝒏. and ,𝑂-𝑛×𝑛. are the set of secondary unitary and secondary orthogonal bimatr...
	Lemma 3.6
	Let n be a given positive integer. Let 𝐺⊂,𝐹-𝑛×𝑛. be a group under multiplication. Then ,𝐴-𝐵.∈,𝐹-𝑛×𝑛. can be written as a sum of bimatrices in G if and only if for every ,𝑄-𝐵.,,𝑃-𝐵.∈𝐺, the bimatrix QBABPB can be written as a sum of bimatr...
	Notice that both  ,𝓤-𝒏×𝒏. and ,𝑂-𝑛×𝑛. are groups under multiplication.
	Let ,𝛼-1.,,𝛼-2.∈𝐹 be given. Then lemma 3.6 guarantees that for each ,𝑄-𝐵.∈𝐺, we have that ,𝛼-1.,𝑄-1.∪,𝛼-2.,𝑄-2. can be written as a sum of bimatrices from G if and only if ,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2. can be written as a sum of bimatrices from G.
	Lemma 3.7
	The only bimatrices in the set of all secondary orthogonal bimatrices of order 1 are (1. Hence, not every element of ,𝐹-1×1. can be written as a sum of elements in the set of all secondary orthogonal bimatrices of order 1. In fact, only the integers ...
	Notice that ,𝓤-𝟏.={,𝑒-𝑖,𝜃-1..;,𝜃-1.∈𝑅}∪,{𝑒-𝑖,𝜃-2..;,𝜃-2.∈𝑅
	Set ,𝐶-,𝐵-2..=,,𝐶-1-℩℩.∪,𝐶-2-℩℩..≡,,𝑒-𝑖,𝜃-1..+,𝑒-𝑖,𝛽-1..;,𝜃-1.,,𝛽-1.∈𝑅.∪,,𝑒-𝑖,𝜃-2..+,𝑒-𝑖,𝛽-2..;,𝜃-2.,,𝛽-2.∈𝑅..
	If ,𝜃-1.,,𝜃-2.,,𝛽-1.,,𝛽-2.∈𝑅 are given, then ,,𝑒-𝑖,𝜃-1..+,𝑒-𝑖,𝛽-1...≤2and,,𝑒-𝑖,𝜃-2..+,𝑒-𝑖,𝛽-2...≤2.
	Hence, ,,𝐶-1-℩℩.∪,𝐶-2-℩℩..⊂,,𝐴-1-℩℩.∪,𝐴-2-℩℩..≡,,𝑍-1.∈𝐶;,,𝑍-1..≤2.∪,,𝑍-2.∈𝐶;,,𝑍-2..≤2.
	We show that ,,𝐴-1-℩℩.∪,𝐴-2-℩℩..⊂,,𝐶-1-℩℩.∪,𝐶-2-℩℩...Let 0≤,𝑟-1.≤2 and 0≤,𝑟-2.≤2 are given.
	Set ,𝛽-1.=−,𝜃-1.,,𝛽-2.=−,𝜃-2. and Choose ,𝜃-1. and ,𝜃-2. so that, 2 𝐶𝑜𝑠 ,𝜃-1.=,𝑟-1.  and 2𝐶𝑜𝑠 ,𝜃-2.=,𝑟-2..
	Then ,𝑒-𝑖,𝜃-1..+,𝑒-−𝑖,𝜃-1..=2𝐶𝑜𝑠,𝜃-1.=,𝑟-1.  and ,𝑒-𝑖,𝜃-2..+,𝑒-−𝑖,𝜃-2..= 2𝐶𝑜𝑠 ,𝜃-2.=,𝑟-2..
	If  ,𝑧-1.=,𝑟-1.,𝑒-𝑖,𝛿-1.. and ,𝑧-2.=,𝑟-2.,𝑒-𝑖,𝛿-2.., then choose ,𝛽-1.=−,𝜃-1.+2,𝛿-1.;,𝛽-2.=−,𝜃-2.+2,𝛿-2., and choose ,𝜃-1., ,𝜃-2.  so that 2𝐶𝑜𝑠,,𝜃-1.−,𝛿-1..=,𝑟-1. and 2𝐶𝑜𝑠,,𝜃-2.−,𝛿-2..=,𝑟-2..
	Let 𝑘≥2 be an integer.
	Set ,𝐶-,𝐵-𝑘..=,,𝐶-1-𝑘.∪,𝐶-2-𝑘..≡,,𝑗=1-𝑘-,𝑒-𝑖,𝜃-𝑗-1...;,𝜃-𝑗-1.∈𝑅 𝑓𝑜𝑟𝑗=1,...,𝑘.
	∪,,𝑗=1-𝑘-,𝑒-𝑖,𝜃-𝑗-2...;,𝜃-𝑗-2.∈𝑅 𝑓𝑜𝑟𝑗=1,...,𝑘.
	and set ,𝐴-,𝐵-𝑘..=,,𝐴-1-𝑘.∪,𝐴-2-𝑘..≡,,𝑧-1.∈𝐶;,,𝑧-1..≤𝑘.∪,,𝑧-2.∈𝐶;,,𝑧-2..≤𝑘..
	We show that for each k, we have ,,𝐴-1-𝑘.∪,𝐴-2-𝑘..=,,𝐶-1-𝑘.∪,𝐶-2-𝑘...
	First, notice that for each k, we have ,,𝐶-1-𝑘.∪,𝐶-2-𝑘..⊂,,𝐴-1-𝑘.∪,𝐴-2-𝑘... We now show that  ,,𝐴-1-𝑘.∪,𝐴-2-𝑘..⊂,,𝐶-1-𝑘.∪,𝐶-2-𝑘... If ,𝑧-1.=,𝑟-1.,𝑒-𝑖,𝛽-1..;,z-2.=,𝑟-2.,𝑒-𝑖,𝛽-2..  with ,𝑟-1.,,𝑟-2.,,𝛽-1.,,𝛽-2.∈𝑅 and  ,𝑟-1....
	Hence, ,,𝑧-1.=,𝑟-1.,𝑒-𝑖,𝛽-1..;,𝑧-2.=,𝑟-2.,𝑒-𝑖,𝛽-2...∈,,𝐶-1-𝑘.∪,𝐶-2-𝑘.. if and only if ,𝑟-1.,,𝑟-2.∈,,𝐶-1-𝑘.∪,𝐶-2-𝑘...
	For ,,𝜃-1-1.,...,,𝜃-𝑘-1.;,𝜃-1-2.,....,,𝜃-𝑘-2..∈𝑅, set ,𝑓-𝑘-1.,,𝜃-1-1.,...,,𝜃-𝑘-1..≡,𝑒-𝑖,𝜃-1-1..+...+,𝑒-𝑖,𝜃-𝑘-1...,𝑓-𝑘-2.,,𝜃-1-2.,...,,𝜃-𝑘-2..≡,𝑒-𝑖,𝜃-1-2..+...+,𝑒-𝑖,𝜃-𝑘-2...
	The case k=2 has already been shown. Let k =3, and suppose  0≤,𝑟-1.≤3; 0≤,𝑟-2.≤3 Set ,,𝜃-3-1.,,𝜃-3-2..=0 and set ,𝜃-1-1.=,𝜃-1.=−,𝜃-2-1. and ,𝜃-1-2.=,𝜃-2.=−,𝜃-2-2..
	Then  ,𝑓-3-2.,,𝜃-1-2.,,𝜃-2-2.,,𝜃-3-2..=1+2𝐶𝑜𝑠 ,𝜃-2., and ,,𝜃-1., ,𝜃-2.. may be chosen so that 0≤,𝑟-1.≡1+2𝐶𝑜𝑠 ,𝜃-1.≤3; 0≤,𝑟-2.≡1+2𝐶𝑜𝑠 ,𝜃-2.≤3.
	We use mathematical induction to show the general case. The base cases k = 2 and k = 3 have already been shown. Assume that k>3 and suppose that ,,𝐶-1-𝑘.∪,𝐶-2-𝑘..=,,𝐴-1-𝑘.∪,𝐴-2-𝑘...
	Consider ,𝑓-𝑘+1-1.,,𝜃-1-1.,…,,𝜃-𝑘-1.,,𝜃-𝑘+1-1..≡,𝑒-𝑖,𝜃-1-2..+…+,𝑒-𝑖,𝜃-𝑘-2..+,𝑒-𝑖,𝜃-𝑘+1-2..;
	,𝑓-𝑘+1-2.,,𝜃-1-2.,...,,𝜃-𝑘-2.,,𝜃-𝑘+1-2..≡,𝑒-𝑖,𝜃-1-2..+...+,𝑒-𝑖,𝜃-𝑘-2..+,𝑒-𝑖,𝜃-𝑘+1-2...
	Let ,𝑧-1.=,𝑟-1.,𝑒-𝑖,𝛽-1.. and ,𝑧-2.=,𝑟-2.,𝑒-𝑖,𝛽-2.. are given with 0≤,𝑟-1.≤𝑘+1,0≤,𝑟-2.≤𝑘+1. We show that ,𝑟-1.,,𝑟-2.∈,,𝐶-1-𝑘+1.∪,𝐶-2-𝑘+1...
	First, we show that ,,𝐴-1-℩℩.∪,𝐴-2-℩℩..⊆,,𝐶-1-𝑘+1.∪,𝐶-2-𝑘+1... If k is even, choose ,𝜃-3-1.=...=,𝜃-𝑘−1-1.=0;,𝜃-3-2.=...=,𝜃-𝑘−1-2.=0 and ,𝜃-4-1.=...=,𝜃-𝑘-1.=𝜋;,𝜃-4-2.=...=,𝜃-𝑘-2.=𝜋. Then ,𝑓-𝑘+1-1.,,𝜃-1-1.,...,,𝜃-𝑘-1.,,𝜃-𝑘+1-1...
	If k is odd, choose ,𝜃-4-1.=...=,𝜃-𝑘−1-1.=0; ,𝜃-4-2.=...=,𝜃-𝑘−1-2.=0 and ,𝜃-5-1.=...=,𝜃-𝑘-1.=𝜋; ,𝜃-5-2.=...=,𝜃-𝑘-2.=𝜋.  Then ,𝑓-𝑘+1-1.,,𝜃-1-1.,...,,𝜃-𝑘-1.,,𝜃-𝑘+1-1..≡,𝑒-𝑖,𝜃-1-1..+,𝑒-𝑖,𝜃-2-1..+,𝑒-𝑖,𝜃-3-1..;,𝑓-𝑘+1-2.,,𝜃-...
	In both cases, notice that ,,𝐴-1-℩℩.∪,𝐴-2-℩℩..⊆,,𝐶-1-𝑘+1.∪,𝐶-2-𝑘+1... Hence, we may assume further that ,𝑟-1.,,𝑟-2.≥1; that is, we need to show that ,,𝑟-1.,,𝑟-2..∈,,𝐶-1-𝑘+1.∪,𝐶-2-𝑘+1.. for 1≤,𝑟-1.≤𝑘+1;1≤,𝑟-2.≤𝑘+1.
	Choose ,𝜃-𝑘+1-1.=0;,𝜃-𝑘+1-2.=0, so that ,𝑓-𝑘+1-1.,,𝜃-1-1.,...,,𝜃-𝑘-1.,,𝜃-𝑘+1-1..=,𝑓-𝑘-1.,,𝜃-1-1.,...,,𝜃-𝑘-1..+1; ,𝑓-𝑘+1-2.,,𝜃-1-2.,...,,𝜃-𝑘-2.,,𝜃-𝑘+1-2..=,𝑓-𝑘-2.,,𝜃-1-2.,...,,𝜃-𝑘-2..+1. Now, by our inductive hypothesis, the...
	Lemma 4.1
	Let 𝑘≥2 be a given integer. Let ,,𝐴-1-𝑘.∪,𝐴-2-𝑘..≡,,𝑧-1.∈𝐶;,,𝑧-1..≤𝑘.∪,,𝑧-2.∈𝐶;,,𝑧-2..≤𝑘. and let ,,𝐶-1-𝑘.∪,𝐶-2-𝑘..≡,,𝑗=1-𝑘-,𝑒-𝑖,𝜃-𝑗-1..;,𝜃-𝑗-1.∈𝑅 𝑓𝑜𝑟 𝑗=1,...,𝑘..∪,,𝑗=1-𝑘-,𝑒-𝑖,𝜃-𝑗-2...;,𝜃-𝑗-2.∈𝑅 𝑓𝑜𝑟 𝑗=1,......
	I. The case ,𝓤-𝒏×𝒏.
	Let ,𝛼-1.,,𝛼-2.∈𝐶 be given. Then there exist an integer 𝑘≥2 and  ,𝜃-1-1.,,𝜃-2-1....,,𝜃-𝑘-1.;,𝜃-1-2.,,𝜃-2-2....,,𝜃-𝑘-2.∈𝑅 such that ,𝛼-1.=,𝑓-𝑘-1.,,𝜃-1-1.,...,,𝜃-𝑘-1..;,𝛼-2.=,𝑓-𝑘-2.,,𝜃-1-2.,...,,𝜃-𝑘-2... Now, notice that
	,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2..=,,𝑓-𝑘-1.,,𝜃-1-1.,...,,𝜃-𝑘-1..,𝐼-1..∪,,𝑓-𝑘-2.,,𝜃-1-2.,...,,𝜃-𝑘-2..,𝐼-2..                     =,,𝑒-𝑖,𝜃-1-1..,𝐼-1.+...+,𝑒-𝑖,𝜃-𝑘-1..,𝐼-1..∪,,𝑒-𝑖,𝜃-1-2..,𝐼-2.+...+,𝑒-𝑖,𝜃-𝑘-2..,𝐼-2..
	is a sum of matrices in ,𝓤-𝒏×𝒏..
	When n=1, every ,𝛼-1.,,𝛼-2.∈𝐶 can be written as a sum of elements of the set of all secondary unitary bimatrices of order 1. When 𝑛≥2,  Lemma 3.7 guarantees that every ,,𝐴-1.∪,𝐴-2..∈,𝐶-𝑛×𝑛. can be written as a sum of matrices in ,𝓤-𝒏×𝒏. .
	Lemma 4.2
	Let n be a given positive integer. Then every ,,𝐴-1.∪,𝐴-2..∈,𝐶-𝑛×𝑛. can be written as a sum of matrices in ,𝓤-𝒏×𝒏..
	Proof
	Let ,,𝐴-1.∪,𝐴-2..∈,𝐶-𝑛×𝑛. be given. We look at the number of matrices that make up the sum ,,𝐴-1.∪,𝐴-2...
	Let ,𝛼-1., ,𝛼-2.∈𝐶 be given. If ,,𝛼-1..,,,𝛼-2..≤𝑘 for some positive integer k, then  ,,𝛼-1.,,𝛼-2..∈,,𝐴-1-𝑘.∪,𝐴-2-𝑘... Moreover, ,,𝛼-1.,,𝛼-2..∈,,𝐴-1-𝑚.∪,𝐴-2-𝑚.. for every integer 𝑚≥𝑘.
	For any such m, Lemma 4.1 guarantees that there exist ,𝜃-1-1.,...,,𝜃-𝑚-1.; ,𝜃-1-2.,....,,𝜃-𝑚-2.∈𝑅 such that  ,𝛼-1.=,𝑒-𝑖,𝜃-1-1..+...+,𝑒-𝑖,𝜃-𝑚-1..; ,𝛼-2.=,𝑒-𝑖,𝜃-1-2..+...+,𝑒-𝑖,𝜃-𝑚-2...
	However, if  ,,𝛼-1..,,,𝛼-2..<𝑘 then ,𝛼-1.,,𝛼-2.∉,,𝐴-1-𝑘.∪,𝐴-2-𝑘.. and ,𝛼-1.,,𝛼-2. cannot be written as a sum of k elements of ,𝓤-𝟏.(𝑪).
	Write ,,𝐴-1.∪,𝐴-2..=,,𝑈-1.∪,𝑈-2..,,𝛴-1.∪,𝛴-2..,,𝑉-1.∪,𝑉-2..  where ,,𝑈-1.∪,𝑈-2.., ,,𝑉-1.∪,𝑉-2..∈,𝐶-𝑛×𝑛. are secondary unitary bimatrices and
	,𝛴-1.= 𝑑𝑖𝑎,𝑔-𝐵.,,𝜎-1-1.,...,,𝜎-𝑛-1.. with ,𝜎-1-1.≥...≥,𝜎-𝑛-1.≥0;
	,𝛴-2.=𝑑𝑖𝑎,𝑔-𝐵.,,𝜎-1-2.,...,,𝜎-𝑛-2..  with ,𝜎-1-2.≥...≥,𝜎-𝑛-2.≥0.
	Let k be the least integer such that ,𝜎-1-1.,,𝜎-1-2.≤𝑘.  Suppose that 𝑘≥2. Then for each l, we have ,𝜎-𝑙-1.,,𝜎-𝑙-2.∈,,𝐴-1-𝑘.∪,𝐴-2-𝑘... Moreover, ,𝜎-𝑙-1.,,𝜎-1-2.∉,,𝐴-1-𝑘−1.∪,𝐴-2-𝑘−1...
	Hence, ,,𝐴-1.∪,𝐴-2.. cannot be written as a sum of k-1 secondary unitary bimatrices. However, for each l, we have ,𝜎-𝑙-1.=,𝑒-𝑖,𝜃-𝑙1-1..+...+,𝑒-𝑖,𝜃-𝑙𝑘-1..,,𝜎-𝑙-2.=,𝑒-𝑖,𝜃-𝑙1-2..+...+,𝑒-𝑖,𝜃-𝑙𝑘-2..,where each ,,𝜃-𝑙1-1.,...,,𝜃-𝑙...
	For each 𝑡=1,...,𝑘, set                         ,,𝑈-1-𝑡.∪,𝑈-2-𝑡..=𝑑𝑖𝑎,𝑔-𝐵.,,𝑒-𝑖,𝜃-1𝑡-1..,...,,𝑒-𝑖,𝜃-𝑛𝑡-1...∪𝑑𝑖𝑎,𝑔-𝐵.,,𝑒-𝑖,𝜃-1𝑡-2..,...,,𝑒-𝑖,𝜃-𝑛𝑡-2....
	Then ,,𝑈-1-𝑡.∪,𝑈-2-𝑡..∈,𝐶-𝑛×𝑛. is secondary unitary bimatrix and  ,𝑡=1-𝑘-,,𝑈-1-𝑡.∪,𝑈-2-𝑡...=,,𝛴-1.∪,𝛴-2... Hence, ,,𝐴-1.∪,𝐴-2.. can be written as a sum of k secondary unitary bimatrices.
	Suppose that k=1. If ,𝜎-𝑛-1.=1;,𝜎-𝑛-2.=1, Then ,,𝛴-1.∪,𝛴-2..=,,𝐼-1.∪,𝐼-2.. and ,,𝐴-1.∪,𝐴-2.. is secondary unitary bimatrix. If  ,𝜎-𝑛-1.≠1; ,𝜎-𝑛-2.≠1,then for each l, we have ,𝜎-𝑙-1.,,𝜎-𝑙-2.∈,,𝐴-1-℩℩.∪,𝐴-2-℩℩.., and ,,𝐴-1.∪,𝐴-2.....
	Theorem 4.3
	Let ,,𝐴-1.∪,𝐴-2..∈,𝐶-𝑛×𝑛. be given. Let k be the least (positive) integer so that there exist  ,,𝑈-1-1.∪,𝑈-2-1..,,,𝑈-1-2.∪,𝑈-2-2..,...,,,𝑈-1-𝑘.∪,𝑈-2-𝑘..∈,𝓤-𝒏×𝒏. satisfying ,,𝑈-1-1.∪,𝑈-2-1..+...+,,𝑈-1-𝑘.∪,𝑈-2-𝑘..=,,𝐴-1.∪,𝐴-2...
	1. If ,𝐴-1.∪,𝐴-2. is secondary unitary bimatrix, then k=1.
	2. If  ,𝐴-1.∪,𝐴-2. is not secondary unitary bimatrix and ,𝜎-𝑙-1.,,𝐴-1..∪,𝜎-𝑙-2.,,𝐴-2..≤2 then k=2.
	3. If  𝑚≥2 is an integer such that 𝑚<,𝜎-𝑙-1.,,𝐴-1..∪,𝜎-𝑙-2.,,𝐴-2..≤𝑚+1 then k=m+1.
	For positive integers 𝑚≥𝑘, we have ,,𝐴-1-𝑘.∪,𝐴-2-𝑘..⊆,,𝐴-1-𝑚.∪,𝐴-2-𝑚... Hence, every  ,,𝑈-1.∪,𝑈-2..,∈𝓤-𝒏×𝒏. can be written as a sum of two or more elements of ,𝓤-𝒏×𝒏..
	It follows that every ,,𝐴-1.∪,𝐴-2..∈,𝐶-𝑛×𝑛. that can be written as a sum of k elements of  ,𝓤-𝒏×𝒏. can be written as a sum of m elements of ,𝓤-𝒏×𝒏..
	II. The case ,𝑂-𝑛×𝑛.
	Let n=2. Let ,𝛼-1.,,𝛼-2.,,𝛽-1.,,𝛽-2.∈𝐶 be given.
	Set ,,𝐴-1.,,𝛼-1.,,𝛽-1..∪,𝐴-2.,,𝛼-2.,,𝛽-2...≡,,,𝛼-1.-,𝛽-1.-−,𝛽-1.-,𝛼-1...∪,,,𝛼-2.-,𝛽-2.-−,𝛽-2.-,𝛼-2...      (2)
	Choose ,𝛽-1.,,𝛽-2. such that ,𝛼-1-2.+,𝛽-1-2.=1;,𝛼-2-2.+,𝛽-2-2.=1  and notice that     ,,𝐴-1.,±,𝛼-1.,±,𝛽-1..∪,𝐴-2.,±,𝛼-2.,±,𝛽-2...∈,𝑂-2×2.
	Set ,,𝐴-1-℩.∪,𝐴-2-℩..≡,,𝐴-1.,,𝛼-1.,,𝛽-1..∪,𝐴-2.,,𝛼-2.,,𝛽-2... and
	,,𝐴-1-℩℩.∪,𝐴-2-℩℩..≡,,𝐴-1.,,𝛼-1.,−,𝛽-1..∪,𝐴-2.,,𝛼-2.,−,𝛽-2...
	Then ,,𝐴-1-℩.∪,𝐴-2-℩..+,,𝐴-1-℩℩.∪,𝐴-2-℩℩..=2,,𝛼-1.,𝐼-1-𝐼𝐼.∪,𝛼-2.,𝐼-2-𝐼𝐼... Lemma 3.7 guarantees that every ,,𝐴-1.∪,𝐴-2..∈,𝐶-2×2. can be written as a sum of bimatrices from ,𝑂-2×2..
	We look at the case when n=3. Let ,𝛼-1.,,𝛼-2.,,𝛽-1.,,𝛽-2.∈𝐹 be given.
	Set ,,𝐵-1.,,𝛼-1.,,𝛽-1..∪,𝐵-2.,,𝛼-2.,,𝛽-2...≡,,1-0-0-0-,𝛼-1.-,𝛽-1.-0-−,𝛽-1.-,𝛼-1...∪,,1-0-0-0-,𝛼-2.-,𝛽-2.-0-−,𝛽-2.-,𝛼-2...,    (3)
	set ,,𝐶-1.,,𝛼-1.,,𝛽-1..∪,𝐶-2.,,𝛼-2.,,𝛽-2...≡,,,𝛼-1.-0-,𝛽-1.-0-1-0-−,𝛽-1.-0-,𝛼-1...∪,,,𝛼-2.-0-,𝛽-2.-0-1-0-−,𝛽-2.-0-,𝛼-2...    (4)
	and  set ,,𝐷-1.,,𝛼-1.,,𝛽-1..∪,𝐷-2.,,𝛼-2.,,𝛽-2...≡,,,𝛼-1.-,𝛽-1.-0-−,𝛽-1.-,𝛼-1.-0-0-0-1..∪,,,𝛼-2.-,𝛽-2.-0-−,𝛽-2.-,𝛼-2.-0-0-0-1..    (5)
	Choose ,𝛽-1.,,𝛽-2. so that  ,𝛼-1-2.+,𝛽-1-2.=1;,𝛼-2-2.+,𝛽-2-2.=1. Then ,,𝐵-1.,±,𝛼-1.,±,𝛽-1..∪,𝐵-2.,±,𝛼-2.,±,𝛽-2..., ,,𝐶-1.,±,𝛼-1.,±,𝛽-1..∪,𝐶-2.,±,𝛼-2.,±,𝛽-2..., and ,,𝐷-1.,±,𝛼-1.,±,𝛽-1..∪,𝐷-2.,±,𝛼-2.,±,𝛽-2..., are all elements o...
	Set   ,,𝐵-1-℩.∪,𝐵-2-℩..≡,,𝐵-1.,,𝛼-1.,,𝛽-1..∪,𝐵-2.,,𝛼-2.,,𝛽-2...,
	,,𝐵-1-℩℩.∪,𝐵-2-℩℩..≡,,𝐵-1.,−,𝛼-1.,,𝛽-1..∪,𝐵-2.,−,𝛼-2.,,𝛽-2...,
	,,𝐶-1-℩.∪,𝐶-2-℩..≡,,𝐶-1.,,𝛼-1.,,𝛽-1..∪,𝐶-2.,,𝛼-2.,,𝛽-2...,
	,,𝐶-1-℩℩.∪,𝐶-2-℩℩..≡,,𝐶-1.,−,𝛼-1.,,𝛽-1..∪,𝐶-2.,−,𝛼-2.,,𝛽-2...,
	,,𝐷-1-𝐼.∪,𝐷-2-𝐼..≡,,𝐷-1.,,𝛼-1.,,𝛽-1..∪,𝐷-2.,,𝛼-2.,,𝛽-2...,
	And ,,𝐷-1-℩℩.∪,𝐷-2-℩℩..≡,,𝐷-1.,−,𝛼-1.,,𝛽-1..∪,𝐷-2.,−,𝛼-2.,,𝛽-2....
	Then, ,,𝐵-1-℩.∪,𝐵-2-℩..−,,𝐵-1-℩℩.∪,𝐵-2-℩℩..+,,𝐶-1-℩.∪,𝐶-2-℩..−,,𝐶-1-℩℩.∪,𝐶-2-℩℩..
	+,,𝐷-1-𝐼.∪,𝐷-2-𝐼..−,,𝐷-1-℩℩.∪,𝐷-2-℩℩..=2,,𝛼-1.,𝐼-1-℩℩℩.∪,𝛼-2.,𝐼-2-℩℩℩..
	Lemma 3.7 now guarantees that every  ,,𝐴-1.∪,𝐴-2..∈,𝐶-3×3. can be written as a sum of bimatrices in ,𝑂-3×3..
	Let n=2m be a positive even integer, and let ,𝛿-1.,,𝛿-2.∈𝐶 be given. Choose  ,,𝐴-1- ℩.∪,𝐴-2- ℩..,,,𝐴-1- ℩℩.∪,𝐴-2- ℩℩..∈,𝑂-2×2.so that ,,,𝐴-1- ℩.∪,𝐴-2- ℩..+,,𝐴-1-℩℩.∪,𝐴-2- ℩℩...=,,𝛿-1.,𝐼-1- ℩℩.∪,𝛿-2.,𝐼-2- ℩℩...
	Set   ,,𝐸-1- ℩.∪,𝐸-2- ℩..=,,𝐴-1- ℩.∪,𝐴-2- ℩..⊕...⊕,,𝐴-1- ℩.∪,𝐴-2- ℩..,𝑚 𝑐𝑜𝑝𝑖𝑒𝑠.
	and set          ,,𝐸-1- ℩℩.∪,𝐸-2- ℩℩..=,,𝐴-1- ℩℩.∪,𝐴-2- ℩℩..⊕...⊕,,𝐴-1- ℩℩.∪,𝐴-2- ℩℩..,𝑚 𝑐𝑜𝑝𝑖𝑒𝑠..
	Then,,𝐸-1- ℩.∪,𝐸-2- ℩..,,,𝐸-1- ℩℩.∪,𝐸-2- ℩℩..∈,,𝑂-2.-𝑚×2𝑚., and ,,,𝐸-1- ℩.+,𝐸-1- ℩℩..∪,,𝐸-2- ℩.+,𝐸-2- ℩℩...=,,𝛿-1.,𝐼-1-2𝑚.∪,𝛿-2.,𝐼-2-2𝑚..
	Let 𝑛=2𝑚+1≥3 be an odd integer, and let ,𝛿-1.,,𝛿-2.∈𝐶 be given.
	Choose ,,𝐴-1- ℩.∪,𝐴-2- ℩..,,,𝐴-1- ℩℩.∪,𝐴-2- ℩℩..∈,𝑂-2×2.so that ,,,𝐴-1- ℩.+,𝐴-1- ℩℩..∪,,𝐴-2- ℩.+,𝐴-2- ℩℩...=,,𝛿-1.,𝐼-1- ℩℩.∪,𝛿-2.,𝐼-2- ℩℩...
	Also, choose ,,𝐵-1- ℩.∪,𝐵-2- ℩..,,,𝐵-1- ℩℩.∪,𝐵-2- ℩℩..,,,𝐶-1- ℩.∪,𝐶-2- ℩..,,,𝐶-1- ℩℩.∪,𝐶-2- ℩℩..,,,𝐷-1- ℩.∪,𝐷-2- ℩..,,,𝐷-1- ℩℩.∪,𝐷-2- ℩℩..∈,𝑂-3×3..
	Such that ,,,𝐵-1- ℩.−,𝐵-1- ℩℩..∪,,𝐵-2- ℩.−,𝐵-2- ℩℩...+,,,𝐶-1- ℩.−,𝐶-1- ℩℩..∪,,𝐶-2- ℩.−,𝐶-2- ℩℩...+      ,,,𝐷-1- ℩.−,𝐷-1- ℩℩..∪,,𝐷-2- ℩.−,𝐷-2- ℩℩...=,,𝛿-1.,𝐼-1- ℩℩℩.+,𝛿-2.,𝐼-2-  ℩℩℩..
	Set ,,𝐸-1- ℩.−,𝐸-2- ℩..=,,𝐴-1- ℩.∪,𝐴-2- ℩..⊕...⊕,,𝐴-1- ℩.∪,𝐴-2- ℩..⊕,,𝐵-1- ℩.∪,𝐵-2- ℩..,𝑚−1 𝑐𝑜𝑝𝑖𝑒𝑠 𝑜𝑓,,𝐴-1- ℩.∪,𝐴-2- ℩...
	Set     ,,𝐸-1-℩℩.∪,𝐸-2- ℩℩..=,,𝐴-1-  ℩℩.∪,𝐴-2- ℩℩..⊕...⊕,,𝐴-1-℩℩.∪,𝐴-2- ℩℩..⊕,−,𝐵-1- ℩℩.∪−,𝐵-2- ℩℩..,𝑚−1 𝑐𝑜𝑝𝑖𝑒𝑠 𝑜𝑓,,𝐴-1- ℩℩.∪,𝐴-2- ℩℩...,
	Set  ,,𝐸-1- ℩℩℩.∪,𝐸-2- ℩℩℩..=,,𝐼-1-2𝑚−2.∪,𝐼-2-2𝑚−2..⊕,,𝐶-1- ℩.∪,𝐶-2- ℩..,
	Set ,,𝐸-1- ℩𝑣.∪,𝐸-2- ℩𝑣..=−,,𝐼-1-2𝑚−2.∪,𝐼-2-2𝑚−2..⊕−,,𝐶-1- ℩℩.∪,𝐶-2- ℩℩..,
	Set     ,,𝐸-1-𝑣.∪,𝐸-2-𝑣..=,,𝐼-1-2𝑚−2.∪,𝐼-2-2𝑚−2..⊕,,𝐷-1- ℩.∪,𝐷-2- ℩..,
	and    set ,,𝐸-1- 𝑣℩.∪,𝐸-2- 𝑣℩..=−,,𝐼-1-2𝑚−2.∪,𝐼-2-2𝑚−2..⊕−,,𝐷-1- ℩℩.∪,𝐷-2- ℩℩...
	Then each ,,𝐸-1-𝑗.∪,𝐸-2-𝑗..∈,𝑂-2𝑚+1., and ,,𝐸-1- ℩.∪,𝐸-2- ℩..+...+,,𝐸-1- 𝑣℩.∪,𝐸-2- 𝑣℩..=,,𝛿-1.,𝐼-1-2𝑚+1.∪,𝛿-2.,𝐼-2-2𝑚+1...
	Hence, for every ,𝛼-1.,,𝛼-2.∈𝐶 and for every integer 𝑛≥2,,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2.. can be written as a sum of bimatrices from ,𝑂-𝑛×𝑛.. Lemma 4.2 guarantees that every ,,𝐴-1.∪,𝐴-2..∈,𝐶-𝑛×𝑛. can be written as a sum of bimatrices from ,𝑂-�..
	Theorem 4.4
	Let 𝑛≥2 be a given integer. Then every ,,𝐴-1.∪,𝐴-2..∈,𝐶-𝑛×𝑛. can be written as a sum of bimatrices from ,𝑂-𝑛×𝑛..
	Proof
	Suppose that ,,𝐴-1.∪,𝐴-2..=,,,𝑄-1- ℩.+,𝑄-1- ℩℩..∪,,𝑄-2- ℩.+,𝑄-2- ℩℩..., where ,,𝑄-1- ℩.∪,𝑄-2- ℩..,,,𝑄-1- ℩℩.∪,𝑄-2- ℩℩..∈,𝑂-𝑛×𝑛..
	Then one checks that ,,𝐴-1.,𝑉-1.,𝐴-1-𝑇.,𝑉-1.∪,𝐴-2.,𝑉-2.,𝐴-2-𝑇.,𝑉-2..=,,𝑄-1- ℩.,𝐴-1-𝑠.∪,𝑄-2- ℩.,𝐴-2-𝑠..,,𝐴-1.,𝑄-1-, ℩-𝑠..∪,𝐴-2.,𝑄-2-, ℩-𝑠..., so that ,,𝐴-1.,𝑉-1.,𝐴-1-𝑇.,𝑉-1.∪,𝐴-2.,𝑉-2.,𝐴-2-𝑇.,𝑉-2.. and ,,,𝑉-1.𝐴-1-𝑇.,,...
	Suppose now that has a ,,𝑄-1.,𝑆-1.∪,𝑄-2.,𝑆-2.. bidecomposition. Is it true that ,,𝐴-1.∪,𝐴-2.. can be written as a sum of two (complex) secondary orthogonal bimatrices?
	Take the case n=1, and notice that every ,,𝐴-1.∪,𝐴-2..∈,𝐶-𝑛×𝑛. is a scalar and has a ,,𝑄-1.,𝑆-1.∪,𝑄-2.,𝑆-2.. bidecomposition.
	However, only the integers can be written as a sum of secondary orthogonal bimatrices in this case.
	Lemma 4.5
	Let an integer 𝑛≥2 and 0≠,𝛼-1.;0≠,𝛼-2.∈ℂ be given. If ,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2..=,,𝑄-1.∪,𝑄-2..+,,𝑊-1.∪,𝑊-2.. is a sum of two bimatrices from ,𝑂-𝑛×𝑛., then there exists a secondary skew-symmetric  bimatrix ,,𝐷-1.∪,𝐷-2..∈,𝐶-𝑛×𝑛. such th...
	and  ,,𝐷-1.,𝑉-1.,𝐷-1-𝑇.,𝑉-1.∪,𝐷-2.,,𝑉-2.𝐷-2-𝑇.,𝑉-2..=,,1−,,𝛼-1-2.-4..,𝐼-1.∪,1−,,𝛼-2-2.-4..,𝐼-2...
	Conversely, if there exists a secondary skew-symmetric bimatrix ,,𝐷-1.∪,𝐷-2..∈,𝐶-𝑛×𝑛. such that ,,𝐷-1.,𝑉-1.,𝐷-1-𝑇.,𝑉-1.∪,𝐷-2.,,𝑉-2.𝐷-2-𝑇.,𝑉-2..=,,1−,,𝛼-1-2.-4..,𝐼-1.∪,1−,,𝛼-2-2.-4..,𝐼-2..,then,,𝑄-1.∪,𝑄-2..≡,,,𝛼-1.-2.,𝐼-1.∪,,𝛼-2...
	Proof
	Let an integer 𝑛≥2 and 0≠,𝛼-1.;0≠,𝛼-2.∈ℂ be given. Suppose that ,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2..∈,𝐶-𝑛×𝑛. can be written as a sum of two secondary orthogonal bimatrices, say ,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2..=,,𝑄-1.∪,𝑄-2..+,,𝑊-1.∪,𝑊-2..,
	Write ,,𝑄-1.∪,𝑄-2..=,,𝑎-𝑖𝑗-1.∪,𝑎-𝑖𝑗-2..=,,𝑞-1-1....,𝑞-𝑛-1..∪,,𝑞-1-2....,𝑞-𝑛-2.. and ,,𝑊-1.∪,𝑊-2..=,,𝑏-𝑖𝑗-1.∪,𝑏-𝑖𝑗-2..=,,𝑤-1-1....,𝑤-𝑛-1..∪,,𝑤-1-2....,𝑤-𝑛-2... Then ,𝑏-𝑖𝑗-1.=−,𝑎-𝑖𝑗-1. and ,𝑏-𝑖𝑗-2.=−,𝑎-𝑖𝑗-2. for ...
	Now, for each 𝑖=1,...,𝑛, we have ,𝑖=1-𝑛-,𝑎-𝑖𝑗-,1-2...=,𝑞-𝑖-,1-𝑇..,𝑞-𝑖-1.=1=,𝑤-𝑖-,1-𝑇..,𝑣-𝑖-1.=,𝑗=1-𝑛-,𝑏-𝑖𝑗-,1-2...=,𝑏-𝑖𝑖-,1-2..+,𝑗≠𝑖,𝑗=1-𝑛-,𝑎-𝑖𝑗-,1-2...
	and   ,𝑗=1-𝑛-,𝑎-𝑖𝑗-,2-2...=,𝑞-𝑖-,2-𝑇..,𝑞-𝑖-2.=1=,𝑤-𝑖-,2-𝑇..,𝑣-𝑖-2.=,𝑗=1-𝑛-,𝑏-𝑖𝑗-,2-2...=,𝑏-𝑖𝑖-,2-2..+,𝑗≠𝑖,𝑗=1-𝑛-,𝑎-𝑖𝑗-,2-2...
	Hence,  ,𝑏-𝑖𝑖-1.=±,𝑎-𝑖𝑖-1. and ,𝑏-𝑖𝑖-2.=±,𝑎-𝑖𝑖-2..
	Because  ,,𝑄-1.∪,𝑄-2..+,,𝑊-1.∪,𝑊-2..=,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2.. and ,𝛼-1.≠0;,𝛼-2.≠0 we have ,𝑏-𝑖𝑖-1.=,𝑎-𝑖𝑖-1.=,,𝛼-1.-2.;,𝑏-𝑖𝑖-2.=,𝑎-𝑖𝑖-2.=,,𝛼-2.-2.. Set ,,𝐷-1.∪,𝐷-2..=,,𝑑-𝑖𝑗-1..∪,,𝑑-𝑖𝑗-2..,  with ,𝑑-𝑖𝑗-1.=,𝑎-𝑖𝑗-1.;,�..
	Now, since ,,𝑄-1.∪,𝑄-2.. and ,,𝑉-1.∪,𝑉-2.. are secondary orthogonal bimatrices, we have
	,,𝑄-1.,,,𝑉-1.𝑄-1.-𝑇.,𝑉-1.∪,𝑄-2.,,,𝑉-2.𝑄-2.-𝑇.,𝑉-2..≡,,,𝛼-1-2.-4.,𝐼-1.∪,,𝛼-2-2.-4.,𝐼-2..+,,,𝛼-1.-2.,,𝐷-1.+,𝐷-1-𝑇..∪,,𝛼-2.-2.,,𝐷-2.+,𝐷-2-𝑇...+,(𝐷-1.,𝑉-1.,𝐷-1-𝑇.,𝑉-1.∪,𝐷-2.,,𝑉-2.𝐷-2-𝑇.,𝑉-2.)               =,,𝐼-1.∪,𝐼-2.. ...
	And  ,,𝑊-1.,,𝑊-1.-𝑠.∪,𝑊-2.,,𝑊-2.-𝑠..      ≡,,,𝛼-1-2.-4.,𝐼-1.∪,,𝛼-2-2.-4.,𝐼-2..−,,,𝛼-1.-2.,,𝐷-1.+,𝐷-1-𝑇..∪,,𝛼-2.-2.,,𝐷-2.+,𝐷-2-𝑇...+,,𝐷-1.,𝑉-1.,𝐷-1-𝑇.,𝑉-1.∪,𝐷-2.,,𝑉-2.𝐷-2-𝑇.,𝑉-2..
	=,,𝐼-1.∪,𝐼-2..        (7)
	Subtracting equation (7) from equation (6), we get ,,𝐷-1.∪,𝐷-2..=−,,𝐷-1-𝑠.∪,𝐷-2-𝑠.., so that ,,𝐷-1.∪,𝐷-2.. is secondary skew-symmetric bimatrix.
	Moreover ,,𝐷-1.,𝑉-1.,𝐷-1-𝑇.,𝑉-1.∪,𝐷-2.,,𝑉-2.𝐷-2-𝑇.,𝑉-2..=,,1−,,𝛼-1-2.-4..,𝐼-1.∪,1−,,𝛼-2-2.-4..,𝐼-2...
	For the converse, suppose that ,,𝐷-1.∪,𝐷-2..∈,𝐶-𝑛×𝑛. is secondary skew-symmetric bimatrix and satisfies, ,,𝐷-1.,𝐷-1-𝑠.∪,𝐷-2.,𝐷-2-𝑠..=,,1−,,𝛼-1-2.-4..,𝐼-1.∪,1−,,𝛼-2-2.-4..,𝐼-2...
	Set  ,,𝑄-1.∪,𝑄-2..≡,,,𝛼-1.-2.,𝐼-1.∪,,𝛼-2.-2.,𝐼-2..+,,𝐷-1.∪,𝐷-2.. and set ,,𝑊-1.∪,𝑊-2..≡,,,𝛼-1.-2.,𝐼-1.∪,,𝛼-2.-2.,𝐼-2..−,,𝐷-1.∪,𝐷-2...
	Then one checks that both ,,𝑄-1.∪,𝑄-2.. and ,,𝑊-1.∪,𝑊-2.. are secondary orthogonal bimatrices and ,,,𝑄-1.+,𝑊-1..∪,,𝑄-2.+,𝑊-2...=,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2...
	Remark 4.6
	When ,𝛼-1.=0;,𝛼-2.=0, then for any secondary orthogonal bimatrix ,,𝑄-1.∪,𝑄-2.., notice that  ,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2..=,,,𝑄-1.+,−,𝑄-1...∪,,𝑄-2.+,−,𝑄-2.... is a sum of two secondary orthogonal bimatrices.
	Let n=2 and ,𝛼-1.≠0; ,𝛼-2.≠0. Set ,𝛽-1.≡,1−,,𝛼-1-2.-4..;,𝛽-2.≡,1−,,𝛼-2-2.-4.. (either square root).
	Then ,,𝐷-1.∪,𝐷-2..≡,,0-,𝛽-1.-−,𝛽-1.-0..∪,,0-,𝛽-2.-−,𝛽-2.-0.. is secondary skew-symmetric bimatrix and satisfies
	(,𝐷-1.,𝑉-1.,𝐷-1-𝑇.,𝑉-1.∪,𝐷-2.,,𝑉-2.𝐷-2-𝑇.,𝑉-2.)=,,1−,,𝛼-1-2.-4..,𝐼-1.∪,1−,,𝛼-2-2.-4..,𝐼-2...
	Lemma 4.5 guarantees that ,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2.. can be written as a sum of two secondary orthogonal bimatrices.
	If n=2k and ,𝛼-1.≠0; ,𝛼-2.≠0, set ,,𝐸-1.∪,𝐸-2..=,,𝐷-1.∪,𝐷-2..⊕...⊕,,𝐷-1.∪,𝐷-2..  (k copies) and notice that ,,𝐸-1.∪,𝐸-2..is secondary skew-symmetric bimatrix and satisfies,,𝐸-1.,𝑉-1.,𝐸-1-𝑇.,𝑉-1.∪,𝐸-2.,,𝑉-2.𝐸-2-𝑇.,𝑉-2..,,𝐸-1.,𝐸-1...
	Hence, if n=2k and if ,𝛼-1., ,𝛼-2. be a scalar, then ,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2.. can be written as a sum of two secondary orthogonal bimatrices.
	Theorem 4.7
	Let n be a given positive integer. For each ,𝛼-1.,,𝛼-2.∈ℂ and each secondary orthogonal bimatrix  ,,𝑄-1.∪,𝑄-2..∈,𝐶-2𝑛., ,,𝛼-1.,𝑄-1.∪,𝛼-2.,𝑄-2.. can be written as a sum of two secondary orthogonal bimatrices.
	Remark 4.8
	Let an integer 𝑛≥2 be given. If ,𝛼-1.,,𝛼-2.∈,−2,0,2. then one checks that ,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2..∈,𝐶-𝑛×𝑛. can be written as a sum of two secondary orthogonal bimatrices.
	Theorem 4.9
	Let ,𝛼-1.,,𝛼-2.∈ℂand let a positive integer n be given. Then ,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2..∈,𝐶-2𝑛+1. can be written as a sum of two secondary orthogonal bimatrices from ,𝑂-𝑛×𝑛. if and only if ,𝛼-1.,,𝛼-2.∈,−2,0,2..
	Proof
	For the forward implication, let ,𝛼-1.,,𝛼-2.∈ℂand let a positive integer n be given.
	Suppose that ,,𝛼-1.,𝐼-1.∪,𝛼-2.,𝐼-2..∈,𝐶-2𝑛+1.can be written as a sum of two secondary orthogonal bimatrices.
	Then ,𝛼-1.=0; ,𝛼-2.≠0 (or) ,𝛼-1.≠0; ,𝛼-2.≠0. If ,𝛼-1.=0; ,𝛼-2.=0, then ,𝛼-1.,,𝛼-2.∈,−2,0,2..
	If  ,𝛼-1.≠0; ,𝛼-2.≠0,we show that ,𝛼-1.=,𝛼-2.=±2. Lemma 3.5 guarantees that there exists a secondary skew-symmetric bimatrix ,,𝐷-1.∪,𝐷-2..∈,𝐶-𝑛×𝑛. satisfying  ,,𝐷-1.,𝑉-1.,𝐷-1-𝑇.,𝑉-1.∪,𝐷-2.,,𝑉-2.𝐷-2-𝑇.,𝑉-2..=,,1−,,𝛼-1-2.-4..,𝐼-1.∪,...
	Now, since n is odd, the secondary skew-symmetric bimatrix ,,𝐷-1.∪,𝐷-2.. is singular. Hence, ,,𝐷-1.,𝑉-1.,𝐷-1-𝑇.,𝑉-1.∪,𝐷-2.,,𝑉-2.𝐷-2-𝑇.,𝑉-2..  is singular and ,𝛼-1.=,𝛼-2.=±2.
	The backward implication can be show by direct computation.
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